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Abstract

This paper deals with the natural deduction systems R*", R;l,
and RCAf(opp) for the relational syllogistics R*', R . and
RC AT (opp), respectively, studied by L.S. Moss and his coauthors.
Characteristic features of R*'—the weakest of these syllogistics—are
two-place relations only expressed with transitive verbs or compara-
tive adjectives, such as ‘like’ or ‘happier than’, which, together with
quantifiers, could form a nested relative clause—set terms—such as ‘a
thing that likes some women, who is happier than all men’. Rf:am
extends R*! with the transitivity property of the comparative adjec-
tives, and RCA'(opp)—the strongest of these syllogistics—extends
R;‘,Tans with the Boolean conjunction applied inside the set terms, such
as ‘a thing that likes and sees some women’, and converse relations,
such as ‘is liked by’. Each of the syllogistics allows set term negation,
such as ‘nonwoman’, ‘dislike’; or ‘unhappier than’, and this negation
enjoys the bar notation consisting of the (standard) equivalences that
hold true on the level of the set terms. Being propositional connective-
free, the syllogistic languages employ atomic sentences only, which are
composed of the set terms and constants, such as ‘Angelina likes some
women who do not know any puppy’, with the bar notation holding
true for them as well. Another specifics of RC AT (opp) is that its for-
mulation demands extending its language with individual variables to
compose general sentences, such as ‘x likes some women’.

The main result of this paper is the normalization theorems for
the systems under consideration: each derivation in any of them is
converted to a normal one via detour, permutation, and simplification
conversions, where the normal derivation is efficient in the sense that
it does not contain detours, hidden detours, or vacuous applications
of rules canceling assumptions, respectively. The important corollary
of these theorems is that each system has a syllogistic analog of the

«t
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subformula property in the case of propositional logics—the so-called
sub-set-term-property, i.e., in a normal derivation of ¢ from I', each set
term is a subterm of d, where d is a term in ¢ and/or I, and each con-
stant is a constant in ¢ and/or I'. An overview of future plans, a conclu-
sion, and a reference to some previous work are at the end of this paper.

Keywords natural logic, syllogistic, natural deduction, normal-
ization, subformula, subterm

1 Introduction

The strongest syllogistics in natural logic In the literature on syllo-
gistics, one could find some candidates for the strongest one. Of course, king
of the hill depends on the underlying language and thus could not be deter-
mined once and for all in principle. However, a few syllogistics are far more
common due to the tradition and teaching in logic: they are usually part
of the modern trivium in humanities and (applied) mathematics. Roughly,
the core of these syllogistics consists of assertoric syllogistics built over the
four conventional formulae (a), (i), (e), (0) and of (a fragment of) relational
syllogistics built over the conventional two-place relational formulae (for in-
stance, ‘All women like some puppies’) such that it is strong enough to be
suitable for the purposes of natural logic [Moss(2015)] and, because of these
purposes, is decidable yet. If one is content herself with these boundaries—
natural-friendly simplicity plus decidability—then one could find the needed
candidates among the variety of syllogistics that Moss and his coauthors®
have been systematically studying for the recent dozen of years [Pratt(2009),
Moss(2010), Moss(2010a), Moss(2015), KruckMoss(2021), the list is very far
from being exhaustive]. Then to determine the strongest of these syllogistics
seems to be easy because the needed one is supposed to be the last item on
their list. In [Pratt(2009), p. 669], the strongest one is R* that is shown
not to have natural deduction systems of two special kinds. In [Moss(2010),
pp. 547, 557, respectively], it is a modified variant of R*T and its exten-
sion by the rule (trans). In [Moss(2015), p. 578, it is RC.AT(opp). Finally,
in [KruckMoss(2021), p. 33], it is R*T, again. Hence, the quest for a proper
candidate to be the strongest of the syllogistics in natural logic boils down
to this trio in [Moss(2010), Moss(2015)].

1Such a collocation that we employ through this paper is not to evaluate personal
contributions of a handful of the logicians cited a little lower. Rather, it reflects the
obvious fact that L.S. Moss is the only one (co)author of the cited papers.
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In this paper, we are going to explicate the candidates by their nat-
ural deduction systems—this is the proof system format [Gentzen(1969),
Prawitz(1965)] Moss and his coauthors choose in presenting these syllogis-
tics®>—rather than by their languages and entailment relations. The sys-
tems for the above untitled one of the syllogistics and for its extension that
we dub R* and Rﬂans, respectively, contain 10 and 11 rules. Both sys-
tems are shown to be sound and complete [Moss(2010), pp. 549-53, 557-8].
RCA'(opp) has 15 rules: the 11 R:Ians—rules plus 4 new ones. Without
providing any reference or proof, Moss explicitly states its soundness and
completeness, ‘All of the proof systems in this chapter will be sound and
complete: they define relations I' - ¢ based on formal proofs in the various
systems, and we always have I' - ¢ iff I' = ¢, where the latter relation is
semantic’ [Moss(2015), pp. 563-4]. To sum it up, three natural deduction
systems sorted by deductive strength are R*t, R:Ians, RCA'(opp), with
the latter being the needed candidate.

A syllogistic variant of the subformula property When it comes to
natural deduction as one of the most popular proof system formats in mod-
ern proof theory, the normalization problem—given any derivation, obtain
a normal form of it such that it contains no detours, or rules applications
which are not efficient in some obvious sense [PelletierHazen(2023)]. Tra-
ditionally, proving the normalization theorem is just the beginning of the
story. Its importance lies within its corollaries, of which the subformula
property—each formula occurring in a normal derivation of ¢ from I" is (a
negation of) a subformula of {¢,I'}—is arguably the important one. Hold-
ing this property opens well-grounded perspectives for proof searching by
confining it to an always finite set of the subformulae (in the propositional
case at least).

To ease understanding, let us explicate Moss and his coauthors’ original
terminology that we use through this paper, ‘General sentences in (...) are
what are usually called formulas. We prefer to change the standard termi-
nology to make the point that here, sentences are not built from formulas
by quantification. In fact, our sentences do not have variable occurrences.
But general sentences do include variables. They are only used in our proof
theory’ [Moss(2015), p. 578; the italics original]. However, we would like
to avoid more changes of the standard terminology by proposing the sub-
sentence property, which would imply speaking of the subformula property

2Frankly, some syllogistics presented by them do not have proof systems because their
motivation is mostly not proof-theoretic, which is in contrast to the one of this paper.
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without speaking of ‘formula’. Another change of the standard terminology
is to use ‘(un)canceled’ instead of the more conventional ’(non)discarded’,
or ‘(non)discharged’.

In the syllogistic case without propositional connectives, one is hardly
able to speak of subformulae of atomic formulae—the only sentences which
R*t, R:Ians, and RCAT(opp) employ are of this kind. Rather, we present a
syllogistic analog of the subformula property—sub-set-term-constant prop-
erty>—in definition 11 below in order to underline a derivation where there
are (negations of) the set terms and constants that its assumption(s) and
conclusion contain only. Arguably it is the best one could achieve given
the fact that in the derivation considered there are expressions that its as-
sumption(s) and conclusion do not contain. To sum this chapter and make
contrasts with the propositional case brighter, let us highlight the specifics of
how we tackle the normalization problem for R*T, Rﬂans, and RCA'(opp)
below. First, detour 3.3 has a special case (detour 3.3.2) because sometimes
a genus conversion (chapter 3 below) causes a certain unwanted effect. Sec-
ond, maximal segments (definition 7) might be formed by other general
sentences than an ‘arbitrary’ « (for example, permutation 3.9 below).

This paper is organized as follows. Section 2 presents Moss and his
coauthors’ natural deduction systems R*f, RZIanS, and RCAf(opp). The
normalization procedures consisting of detour, permutation, and simplifica-
tion conversions for these systems, as well as the main results are in section 3.
Section 4 outlines previous works. In section 5, one finds a conclusion and

an outline for future studies.

2 Natural deduction systems R*', Rl RCAf(opp)

trans?’

Our exposition mainly focuses on RCAT(opp)—the most powerful sys-
tem among the ones section 1 mentions above—and from time to time we
highlight its parts which belong to R*' and RZIanS. In general, we stick
to [Moss(2015)] while making some comments.*

In table 1, there are mutually exclusive sets of unary atoms {p1, q1, p2, . . .},
of adjective atoms {ai,as,...}, of tv atoms {t|,t5,...} and of constants
{k1,71,k2,...} that, in English, stand for general names (nouns), such as

‘woman’, comparative adjectives, such as ‘bigger than’, transitive® verbs,

3This philological monster is, of course, due to a lack of a better name.

4We fix the original variable ¢ over tv atoms to ¢’ for the reason that the passage under
table 2 below explicates, and remove the misprinting—the variable b runs over both binary
atoms and set terms no more.

5One needs transitive verbs to form binary relational terms, which is impossible in the
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Table 1: Syntax of terms and sentences of RCAT(opp) [Moss(2015), Table
18.2]

Expression Variables Syntax
unary atom D, q
adjective atom a
tv atom t’
binary atom b alt
constant k, j
unary relational term l, m pll|lAnm
binary relational term T, S blr | 7|rAs
set term ¢, d U] 3(e,r) | Y(e,r)
sentence o, V(e,d) | A(e,d) | c(k) | r(k,j)

such as ‘like’, and proper names, such as ‘Angelina’, respectively. In fact,
we will use the respective subscripted variables running over them (and all
the expressions to follow) instead. Binary atoms are either tv atoms or ad-
jective atoms, which reflects the idea that binary relations are formed with
them only. Unary relational terms are either unary atoms or their nega-
tions,% such as ‘nonwoman’. Binary relational terms are either binary atoms
or their inverses, such as ‘is liked’, or their negations, such as ‘dislike’, or
their conjunctions, such as ‘is disliked and is seen’. Set terms are either
unary relational terms or their existential concatenations with the binary
relational terms, such as ‘a thing that likes some women’, or their univer-
sal concatenations with binary relational terms, such as ‘a thing that likes
all women’.” Sentences are either universal concatenations of a pair of set
terms, such as ‘All puppies like some women’, or existential concatenations
of a pair of set terms, such as ‘Some puppies like no women’, or concate-
nations of a set term and a constant, such as ‘Angelina likes some puppy’,
or concatenations of a pair of constants, such as ‘Angelina likes Basil the

case of intransitive verbs, such as ‘go’ that do not have a direct object. Notice the trivial

truth that interpretations of the tv atoms are ‘not necessary transitive. By stipulation,

those of binary adjectives are’ [Moss(2015), p. 574]. For example, Angelina likes Basil the

puppy, and it likes to eat each stick, but it might not be the case that Angelina likes to eat

each stick. Conversely, ‘by stipulation’ can imply that, unless, for example, The Happiness

Index(©) is applicable, the transitive interpretation of ‘happier than’ is debatable.
5Details are in the quote on page 256 below.

"Notice that set terms containing constants such as ‘a thing that does not like Angelina’
are illegitimate, ‘We should note that the relative clauses that can be obtained in this way
are all “missing the subject”, never “missing the object”. The language is too poor to
express predicates like Az.all boys see z’ [Moss(2015), p. 573].
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puppy’. The letter I' with subscripts runs over sentences.

Table 2: Syntax of general sentences of RCAf(opp), with ¢ ranging over
sentences, ¢ over set terms, and r over relational terms. [Moss(2015), Ta-
ble 18.3]

Expression Variables Syntax
individual variable x, y
individual term t, u x|y
general sentence ! o | c(x)]| r(zy)| L

Notice that in the original table 1 (see footnote 4 above), ¢t rather than
t' runs over the tv atoms. Hence, the use of ¢ in the original table 2 is
inaccurate. We fix this by introducing #' instead of ¢ in table 1. In this
paper, t is used in the sense of table 2 only.

In table 2, there is added a set of individual variables {z1, y1, 2, ...} that,
in English, stand for pronouns, such as ‘she’, instead of which we will use the
respective subscripted variables running over them (and the expressions to
follow). Individual terms are either the individual variables or the constants
from table 1. General sentences are either the sentences or concatenations of
a set term and a variable, such as ‘She likes some puppies’, concatenations of
a binary relational term and a pair of the variables, such as ‘She likes it’, or
the falsum constant.® Notice that no variable occurs in the set terms—the
expression ‘a thing that likes her’ is illegitimate— therefore, there are no
nested occurrences of the variables in the general sentences—the expression
‘Angelina, who knows it, likes her’ is illegitimate.

Definition 1. (Bar notation [Moss(2015), pp. 573, 577-8; clause 3 below is
given implicitly by Moss]) The bar notation satisfies the following equations:

= Q.

w
=
L
L
I
=
<l
I
&
Qll

For instance, ‘It is not the case that Angelina likes some puppy who
eats any stick’ is ‘Angelina does not like any puppy who eats some sticks’

8A falsum, such as ‘Angelina, who likes no puppy, likes Basil the puppy’, could have
been specified in the language of table 1 already, but there is no need in it.
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or ‘Angelina likes no puppy who eats some sticks’.” Thus, ‘Angelina likes
some puppy who eats every stick’ is inconsistent with each of the following
sentences: ‘It is not the case that Angelina likes some puppy who eats
any stick’, ‘Angelina does not like any puppy who eats some sticks’, and
‘Angelina likes no puppy who eats some sticks’.

Remark 1. Following Moss,!? we explicitly acknowledge the bar in defini-
tion 1 not to be a first-class citizen of the syllogistics treated. On the one
hand, it is applicable to terms within (general) sentences; on the other hand,
its applications to (general) sentences are identifiable to certain (general)
sentences such that it is applicable to terms occurring in the latter ones
only.

The semantics for R*T, Rﬁans, and RCA'(opp) is in [Moss(2015)].
Cosmetically, the RCA'(opp)-rules in [Moss(2015), Figure 18.3.] are
modified as follows.!!
R*" consists of the rules in the top three rows, and R

the R*-rules plus (trans).

*f

trans consists of

o) Vied) . cw) Ve ) de) - rltu) cw)
R R R R L0
[e(x)] [e(z)] (9]
I d(:c) VI r(t; x) 5@ @ 7 J_
(e, d) " (e, r)(t) L K3
9Semi-formally, ~ ((puppy, V(stick, eat)), like)(Angelina) =
(Y(puppy, A(stick, eat)), like)(Angelina). Formally, 3(p,¥Y(q, 7)), s)(k) =

(v(p, 3(a, 7)), 3) (k).

10¢We intend the bar notation for negation to be involutive: that is, we shall never
iterate the bar notation, and so we simply will not see expressions such as p. We make the
choice that our syntax does not include such a notation. However, it will be convenient
to adopt a syntactic negation and to say that the syntax should be closed under the
bar notation; this means that we would be identifying p with p, and making similar
identifications’ [Moss(2015), p. 573; the italics original].

1YWe split the double line rules and name the eponymous rules differently, where .’
refers to a binary rather than unary relational term that its counterpart rule deals with,
‘Returning to the two rules with the same name, we could have chosen to use different
names, say (VE1) and (VE2). But the result would have been a more cluttered notation,
and it is always clear from context which rule is being used’ [Moss(2015), p. 546]. In
tackling the normalization problem, one has to use ‘a more cluttered notation’, i.e., a
more explicit one. See also remark 2 about (E) and (I).
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(e, d) c'v (e, r)(t) o.z

1F - dE, 5
a(k.5) a(j.1) rk.g) s(hk,g) (r A 8)(k. )
frans = &.1) Mo amn My
CAS) k)R
2 s(k, j) r=1(j,k) r(k, j)

There are side conditions on the (VI)-rules that  must not occur free in
any uncanceled assumption and on the (FE)-rules that the variable  must
not occur free in the conclusion « or in any uncanceled assumption in the
subderivation of a.1?

Remark 2. We explicitly demarcate each of these rules as an introduction
or an elimination. There are 9 eliminations—(VE), (3E), (VE,), (3E,),
(trans), (AE1), (AE3), (E), and (invE)—and 7 introductions—(V1), (31),
(VI,), (31,), (AI), (I), and (invI).'* (AEY), (AE3), and (invE) are one-
premiss; the others are two-premiss. The original names for (I) and (F) are
(RAA)™ and (LI), respectively, which we find quite misleading, especially
the latter. In the proof-theoretic tradition, (LI) is a (negation) elimination
rather than an introduction,'® which is best seen together with its counter-

part (Reductio Ad Absurdum), or a (negation) introduction.
Once remark 2 demarcates the eliminations, we are ready for the follow-
ing

Definition 2. (An adaptation of 1.2.3. Major and minor premisses [Prawitz(1971),
p. 241]) The major premiss is the occurrences of ¥(c,d), ¥(c,r)(t), 3(c,d),
3(c,7)(t), and @ in (VE), (VE,), (3E), (3E,), and (E), respectively, as well

1216t us draw the reader’s attention to the fact that the standard dichotomy of a
free/bound occurrence of a variable in a formula does not apply here because all occur-
rences of each variable in a general sentence are free, or bound by no quantifier. In table 2,
neither sentences nor L contain variables, whilst in the general sentences c¢(z) and r(z,y),
the set term ¢ and the binary relational term 7, respectively, contain no occurrences of
any variable. Hence, one could have dropped the specification ‘free’ as redundant.

13With regard to the rules that [Moss(2015)] does not demarcate, applications of (trans),
the A-eliminations, and (invE) eliminate the corresponding terms from a derivation (for
instance, 7!, in the case of (invE)). Applications of (invl) and (AI), in turn, introduce
r~Y and 7 A s into a derivation, respectively.

1See its formulation on page 274 below.

15Generally, this rule allows one to derive an arbitrary —including L, ¢, p—from its
premisses [Kurbis(2022)].
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as the occurrences of a(k,j) and a(j,1) in (trans). The minor premiss is
the occurrences of c(t), ¢(u), and « in (VE), (VE,), (3E), (3E,), and (E),
respectively, as well as the above-line occurrence of a in (3E) and (3E;).

Definition 2 is analogical to the standard one in the case of natural
deduction for propositional logics, excepting (trans), both premisses of which
are major by analogy to the rule of cut in the case of the sequent calculus
there.

The notion of a derivation in each system in question is defined in
the standard Gentzen-Prawitz tree-like way with updates [Gentzen(1969),
Prawitz(1965), Prawitz(1971), NegriPlato(2001), Kurbis(2022)]. By default,
we follow [Prawitz(1971)]. Hence, we skip its definition as well as the ones
of the most basic notions related to it: a node, to be above (below), or suc-
ceeding (preceding) in a branch (path), etc., while highlighting the following

Definition 3. (An adaptation of 3.2.1. Branches and paths [Prawitz(1971),
p. 249]) A branch in a derivation is a sequence of (general) sentence oc-
currences o1, 2, ...,0, in the derivation, where «; is an assumption not
canceled by (3E) or (IE,), a1 is the (general) sentence occurrence imme-
diately below «;, ay, is either the conclusion of the derivation or the minor
premiss of (VE), (VE,), and (E), but no «; with i < n is such a minor pre-
miss. A path is like a branch except that the (general) sentence occurrence
immediately succeeding the major premiss of (3E) or (IE,) is not the (gen-
eral) sentence occurrence immediately below, but one of the assumptions
canceled by this application of (3E) or (3E,).'6

I' Fr ¢ means the existence of a R-derivation of ¢ from a set of un-
canceled assumptions T', where R € {R*!, R;I  RCAT(opp)}.t” [Moss(2015)]

trans’
contains examples of RCAT(opp)-derivations, and

Theorem 1. ([Moss(2015), pp. 565-4]) I Fr ¢ iff I' =r ¢, where I is a
set of uncanceled assumptions and R € {R*T, R RCA'(opp)}.

trans’

The letter ¥ with super- and subscripts runs over R-derivations. By
default, we mean RCAT (opp)-derivations. Sometimes space reasons make
us use the ‘horizontal’ notation, not the usual ‘vertical’ one, in presenting
derivations (remark 4 below).

If there is an occurrence of a term from the above tables 1 and 2 in ¢
or a, then the term is said to be from/in ¢ or a. While using the variable
denotations from tables 1 and 2 above, let us present

Y5Sometimes path is called thread [Plato(2012), p. 208]. Sometimes branch in the mean-
ing of path, or thread is introduced only [Kurbis(2022), p. 123].
"Let us remind the readers that T is a set of sentences rather than general sentences.
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Definition 4. (Subterm st of a term, of a sentence, of a general sentence)

e stof p, a, t', k zisonly p, a, o stsof 3(c,r), V(e,r) are I(e, 1),
t', k, x, respectively. V(e,r), respectively, sts of ¢
and of 7.

e sts of [ are [ and sts of L

e sts of L Am are l Am, sts of | e sts of I(c,d), V(c,d) are sts

and of m. of ¢ and of d.
o stsof r Ns are r A's, sts of 1 o sts of c(k), r(kj) are sts of c,
and of s. of r, j, respectively, and k.

o stsof r=1, 7 are r—!

tively, and sts of 7.

, T, respec-
o sts of c(x), r(r,y) are sts of c,

of r, y, respectively, and .
e stsof rANsarerAs, stsofT
and of s. e st of L isonly L.

Remark 3. First of all, let us remind the readers that the identification in
definition 1 does not allow ‘double negation’ expressions. While making
the ‘passive voice construction’” more complex, from the standpoint of the
subterm property, we are governed by its plain higher syntactic complexity
that (Invl) and (InvE) above reflect rather than by certain grammatical
arguments. Due to the fact that definition 1 does not work inside r A s, we
are to ‘apply’ the respective De Morgan law to it. Third, the bar notation
makes certain (general) sentences equal, which means they have the same
subterms.'® At last, neither ¢(z) nor d(z) are subterms of 3(c, d) because z
is not in the latter.'?

Definition 5. (Degree dg of a term, of a sentence, of a general sentence)

e dg(p) = dgla) = dg(t') = e dg(lAm) =dg(l)+ dg(m) + 1.
dg(k) = dg(z) = 1.
e dg(7) =dg(r) + 1.

e dg(l) = dg(l) + 1. o dg(r=1) =dg(r) + 1.

874 is unlike FOL, where Yo P(z) and 3zP(z) do not have the same subformulae.

1911 the other ‘quantifier’ rules, the situation is analogous. This is in quite a contrast
with the following situation, ‘In a step of indirect inference in natural deduction, a negative
temporary assumption —A is closed and A concluded. When assumptions are closed
otherwise, they are subformulas of the conclusion, as in implication introduction, or of the
major premiss, as in those elimination rules that close assumptions, and the subformula
property of normal derivations follows’ [Plato(2012), p. 205].
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e dg(I(c,r)) = dg(¥(e,7)) = o dg(¢) = dg(o) + 1.
dg(c) +dg(r) + 1.
o dg(r As) = dg(r) + dg(s) + e dg(c(x)) =dg(c) + dg(x) + 1.
e dg(3(c,d)) = dg(V(c, d) = e dg(r(z,y)) = dg(r) + dg(z) +
dg(c) + dg(d) + dg(y) + 1.
o dg(c(k)) = dg(c) + dg(k) + 1. . dg(@) — dglo) 1 1.
o dg(r(k ,J)) dg(r) + dg(k) +
dg(j) + e dg(L)=0.

Let us remind the readers again about the identification in definition 1.

Definition 6. (An adaptation of 3.1.1. Maximum formulas [Prawitz(1971),
p. 248]) A (general) sentence occurrence in a derivation that stands at the
same time as the conclusion of an introduction and as the major premiss of
an elimination is called a mazximal (general) sentence.

Definition 7. (An adaptation of 3.1.2. Maximum segments [Prawitz(1971),
p. 248]) A sequence of (general) sentence occurrences aj,qs,...,q, in a
derivation is said to be a mazimal segment in the derivation when they are
of the same form, «;;1 stands immediately below «;, a is the conclusion
of an introduction rule, and «,, is the major premiss of an elimination rule
(v, for i < m, is then a minor premiss of (VE), (3E), (VE,), (3E,), or (E)).

The length of a maximal segment is the parameter n. The degree of «
is the degree of a mazimal segment that a forms, or consists of a.

Definition 8. (An adaptation of 3.1.3. Normal derivations [Prawitz(1971),
p. 248]) A derivation in any of the systems considered above is now defined as
normal or said to be in normal form when it contains no maximal (general)
sentence and no maximal segment.

ull

3 Detour and permutation conversions for R*', R;|__

RCAT(opp)

In section 3, we conbecutively consider detour and permutation conversions

for R*, then for R}l . and finally for RCA'(opp).

trans’
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Detour conversions for R*' 5 introduction and 5 elimination R*'-
rules make 25 detours, at most. Detours (3I) — (VE), (3I) — (VE,), and
(3I) — (3E,) are impossible because no major premisses of (VE), (VE,),
and (JE,), respectively, are derivable via (3I). The analogy holds for their
(3I,)-counterparts. (VI)—(IE), (VI)—(VE,), and (VI)— (IE,) are impossi-
ble because no major premisses of (3E), (VE,), and (FE,), respectively, are
derivable via (VI). The analogy holds for their (VI,)-counterparts. There
are 13 detours left. We start with 8 detours without (E) and then consider
5 with it.

3.1 (VI)— (VE). (VI,) — (VE,) is analogous.

[e(2)]* %,
dfl) c(t)
x 2 Tt

I ed )
d(t) d(t)

Remark 4. E:f/ " results from ¥ via replacing the occurrences of x with t.
Let us show the correctness of (c(t),Z‘f/t,d(t)). It is obvious in the case
of applications of (VE), (3I), and (E). Any application of (VI), (3IE),
and (I) remains correct because the latter applies to sentences only, whilst
applying the former ones needs other variables than z. At last, there are no
occurrences of z in the uncanceled assumptions in X1, by theorem 1.

3.2 (3I)—(3E). (3I,) — (IE,) is analogous.

E(tl) f(;) @' W@r T =
g &Y A e % s c(x) . d(z)
EEl ? o aS

The correctness of Ei/ ¥ and Eg/ ¥ is shown by analogy with that in re-
mark 4.
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3.3 (I)— (VE). (I) — (VE,) is analogous.
3.3.1 General case of (I) — (VE).

b))
V(e d)]'  eft)
[V(;fl)]l VE . d0) [d(1)]?

1 L Yo -2 T =
I Ved o) v(;’d)
1
d(t) w2 _ L

d(t)

Remark 5. There are three things worth mentioning. First, having been
proposed in [Plato(2012)] to solve the notoriously hard normalization prob-
lem for the Gentzen-Prawitz natural deduction system [Gentzen(1969),
Prawitz(1965)], the technique applied in detour 3.3 is known under the name
of classicizing [PelletierHazen(2023)]. The cost of classicizing solutions is
that the subformula property must be understood more broadly in order to
include negations of the formulae under consideration. Second, having been
thus classicized, the normal derivation obtains the property desired (theo-
rem 2 and corollary 11 below) in propositional and modal cases.? Third, it
is possible that, in the initial derivation, the application of (I) cancels more
than one occurrence of the assumption V(c, d), i.e., the ones in ¥, which the
uppermost application of (I) cannot cancel in the derivation converted. In
such a case, one replaces each occurrence of V(c,d) in ¥; in the derivation
converted by its derivation there. The strategy from definition 10 below
guarantees that in ¥, there is no maximal « such that dg(a) > dg(V(c, d)).

3.3.2 Special case of (I) — (VE).

A special case of detour 3.3 announced in chapter 1 above happens if in the
derivation converted, the occurrence of V(c,d) is the major premiss of an
application of (E)—the only elimination rule it could be the major premiss
of. Hence, V(c,d)—a sentence that is not maximal in the initial derivation—
becomes maximal in the derivation converted, and an unwanted situation
happens that detour 3.3 increases the rank of a derivation (definition 9

20For normal derivability and the subformula property, it is sufficient to permute down
instances of indirect proof whenever they have been used for concluding a major premiss
of an elimination rule’ [Plato(2012), abstract]. The Plato—Siders rule of indirect proof

cited is (1), by and large.
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below).2! In the special case, the unwanted variant of detour 3.3 looks as
follows, where ¥ is (¥7,V(c, d), L, 7).

X1
_ Vedl! Yed)
2 I
i+ s
Tl 1 E2
Y(e,d) c(t)
VE 0
b))
V(e,d)]* )
) ()
] L P3N
I Sea (e, d)
E I
1
Ty

A straightforward solution to get rid of the unwanted variant of the
derivation converted would have been its shortened variant:

¥ b))
Y(c,d) c(t)

VE @)

However, ¥} might have the occurrences of the assumption V(c, d) such
that the application of (I) discharges them in the initial derivation, which
implies the incorrectness of the shortened variant as well. So, an updated
version of the special case is as follows, where X7 is (V(c, d), ¥£7**), and there
are no occurrences of the assumption V(c, d) in X7**.

dg(V(e,d)) < dg(¥(c,d)), according to definition 5.
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V(c,d)]*
ET**
— [V(e,d)]! V(c,d)
E T
ET*
T ed N
c, c(t
VE d(t)

Now, the permutation proceeds in two steps. First, one gets rid of the
occurrences of the assumption V(c,d) in X7 in the unwanted variant of the
initial derivation. Second, the shortened variant with X7** of the derivation
converted is obtained.

[V(c, d)]!
ZT**
_, V(e d)
_ (e, d))! T V(c, d) i N
E T - VE V(e, d) c(t)
X7 d(t)
7 L b2
V(e,d) c(t)
VE i

3.4 (I)- (3E). (I) — (3E,) is analogous.

3(e,d)]*
X1 (@) [d(2)]?
Tl L 22 ?
g2 (e, d) o
(@) [d(x)]?
1 2
) A

E 71 1

(e, d)
2

Pa
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See remark 5, detours 3.3.1 and 3.3.2 above.
Let us consider 5 detours with (E).

3.5 (I)—(E)
¢ 5,
ol ;
= 27 oy
6 0 N
1

Notice that, in the initial derivation, E = ¢, according to definition 1 (see
also remark 1).22 Notice also that if, in the initial derivation, the application

of (I) cancels more than one occurrence of ¢ in X, then, in the converted
derivation, all of them are replaced with the subderivation (X9, ¢).

3.6 (VI)— (E). (VI,) — (E) is analogous.

[e(x)]!

>

d(x) Y, ?

VIi Y(c,d) 3(c,2d)
B I
b))
e, d)  e(x)]'  [d(=)])!
I (z) o
X1 3(c, d) [e(x))? [d(x)]?

) 3E* ()
E I

Notice that 3(c,d) = V¥(e, d), according to definition 1.

3.7 (3I) - (E). (3I,) — (E) is analogous.

21 E2 E3 E1

c(t) d(t) S, V(c,d) c(t) )
I (e, d) V(c,Sd) 0 d(t)

E T E T

Notice that 3(c,d) = V¥(e, d), according to definition 1.

22Notice also that (T) applies to sentences only.
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Permutation conversions for R*T  Traditionally, permutation conver-
sions remove a maximal segment (definition 7), or a hidden detour that
relates to applications of the elimination rules, such as (3F) and (3E,),
whose conclusions are arbitrary formulae.?? However, one of the specifics of
the present systems announced in chapter 1 above is that maximal segments
could relate to applications of some of the other eliminations as well.

5 introduction R*f-rules make 25 permutations, at most. (VE) — (IE)
and (VE) — (VE) are impossible because there is no (general) sentence such
that, in an application of (VE), one of its occurrences is its minor premiss
and another one is its conclusion. Their (VE,)-counterparts are analogous.
(E)—(VE), (E)—(3E), (E)—(3E,), and (E)— (VE,) are impossible because
1 cannot be major premisses of (VE), (VE,), (3E), and (3E, ), respectively.
So, there are 17 permutations left.

3.8 (E)—(E)
22 E1
Ll T %o, %
_ 1
EJ_ L

L
Notice that in both conversions, 1= 1, according to definition 1, and the

valid L is a theorem in the syllogistics treated and therefore is skipped.
(See also the derivation below corollary 2.2 to follow.)

3.9 (VE)-— (VE,)

> > X 23
V(V(C, 7’), V(C, T)) V(C, T)(t) E3
VE --> V(e,r)(t)  c(u)
VE, V(e,r)(t) — c(u) VE, r(t )

(VE) - (E), (VE) - (ElET)7 (VET) - (E)’ (VET) - (VEr)a and (VET‘) - (ElEr)

are analogous.

23 A powerful line of research concerns natural deduction systems with the so-called
general—both elimination and introduction—rules only, whose conclusions are just arbi-
trary formulae [Segerberg(1983), Prawitz(1971), Plato(2012), Milne(2015), Kurbis(2022),
Shangin(2023), Geuvers(2024)].
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3.10 (3E)— (3E)

s ) (@) [d@)?
e, dy) 3(c, d) A ’
3(c,d) a

3E2 a
@] @) @) [d@)]?
21 E2
X3 - (¢, d) -
3E? ey, d1) « .

(3E) - (VE), (3E) — (E), (3E) - (VE,), (3E) — (3E,), (3E,) — (VE),
(3E,)—(3E), (3E,)— (F), (3E,) — (VE,), and (3E,) — (IE,) are analogous.

Considering the detour and permutation conversions for R*f—the weak-
est syllogistic in this paper—ends here. Now, we start doing the ones for
R:Ians‘
Detour conversions for R:Ians The new elimination R:Ians—rule (trans)
adds 5 detours to the above ones, at most. 4 of them are impossible because
no premiss of (trans) can be derived via (VI), (31), (VI;), or (3I,). Besides,
let us remind the readers of the specifics of (trans) on page 258—both pre-
misses of it are major. Hence, there are 3 variants for detour 3.11 below:
both occurrences of its premisses are maximal, and only one occurrence of
them is maximal.
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3.11 (I) — (trans). The other two variants are analogous.

la(k, j)]' [a(4, 1))
o %
-1 1 -9 1 -
otk g) a0
a(k,l)
el LGP
— alk, ) [a(k, 1))?
I —
)
>
—9 1
G
b))
a1
r a(k, 1)

Detour 3.11 is essentially detour 3.3 above. See also remark 5 above.

Permutation conversions for Rﬂans The new elimination R:Ians—rule
(trans) adds 11 permutations to the ones above, at most. (trans) — (VE),
(trans)— (VE,), (trans) — (IE), and (trans) — (IE,.) are impossible because
no major premisses of (VE), (VE,), (3E), or (3E,), respectively, can be
derived via (trans). (VE) — (trans) is impossible because no premiss of
(trans) can be derived via (VE). (VE,) — (trans) is impossible because
there is no sentence such that one of its occurrences is a premiss of (VE;)
and another one is a premiss of (trans). (E) — (trans) is impossible because
L cannot be a premiss of (trans). (trans) — (E) is impossible because no
premiss of (trans) can be of the form a(k,j). At last, (trans) — (trans) is
impossible because (trans) does not have the minor premiss. So, there are
2 permutations left.

As in detour 3.11 above, due to the specifics of (trans), there are 3
variants for permutation 3.12 below: both premiss occurrences in (trans)

form different maximal segments, and only one of them does.
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3.12 (3JE)— (trans). The other two variants as well as (3E,) —
(trans) are analogous.

@]t ()] e(=)]?  [d(@)]?
Y3 %} Yy Yo
trans 2 T) a(j, 1)
a(k,l)
-——>
@]t (@]t @) [d(@))?
21 E2
S, k) a1
33 ) (¢, d) a(k,l)
ot Hend) Ik a(k, D)
a(k,l)
Considering the detour and permutation conversions for R:Ians—the

intermediate system in this paper—ends here. Now, we start doing the ones
for RCAT(opp).

Detour conversions for RCAf(opp) 2 new introduction and 3 new
elimination RCAT(opp)—rules add 33 detours to the ones above, at most.
12 detours with (3I), (VI), (3I,), and (VI,) are impossible because their
conclusions cannot be major premisses of 3 new elimination RCA'(opp)-
rules. There are 9 detours with (AI), of which 2 are possible only because
the major premisses of (AE7) and (AE2) can be derived via (AI), trivially.
There are 9 detours with (invI), of which 3 are possible only because the
major premisses of (AE1), (AE2), and (invE) can be derived via (invl),
where (invl) — (invE) is trivial. So, there are 8 detours left, of which 3 are
already said to be trivial and therefore skipped below.

3.13 (invl) — (AE;). (invl) — (AE,) is analogous

21 21
CA)GR) L CASGE)

(r A s) (k. ) . r(j: k)
) " )
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3.14 (I) — (invE). (I) — (AEy), (I) — (AE,) are analogous.

R %)
[(7)~ (k. 5)] _FGRE T r(k)
21 b —2 1
5” @)k, )
. r )J 21
nmvE r(j,k) 71 |
r(j, k)

Detour 3.14 is essentially detour 3.3 above. See also remark 5 above.

Permutation conversions for RCAt(opp) 3 new elimination RCAf(opp)-
rules add 45 permutations to the ones above. To save some space, we employ
abbreviations for them in this passage. (AE:1)—, (AE2)—, (invE)—, and
(trans)— are 30 impossible permutations because these rules have no minor
premisses. (E)— are 3 impossible permutations because no elimination has
the premiss L. (VE)— and (VE,)— are 6 impossible permutations because
their minor premisses cannot be premisses of 3 new elimination RCA(opp)-
rules. So, (3F)— and (3E,)— are 6 possible permutations, which are par-
ticular cases of permutation 3.10 above and therefore are skipped.

Considering the detour and permutation conversions for RCAT(opp)—
the strongest system in this paper—ends here.

Simplification conversions for each of the syllogistics treated Tra-
ditionally, one also considers simplification conversions, or immediate sim-
plifications [Prawitz(1971), p. 254], whose purpose is to ‘get rid of redundant
applications’ of rules canceling assumptions. Due to the fact that such rules
in our systems are conventional, we left these conversions to the readers.

The main results of this paper

Definition 9. (Rank of a derivation [Kurbis(2022), definition 8]) The rank
of a derivation is the pair (e,l), where e is the highest degree of a maximal
sentence or maximal segment in it or 0 if there is none, and [ is the sum of
the lengths of maximal segments of the highest degree and the number of
maximal sentences in the derivation. (e,l) < (¢/,1') iff either (i) e < €' or
(ii)e=¢€ and I <!

While tackling the normalization problem, we stick to the following
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Definition 10. (An updated adaptation of the strategy in [Kurbis(2022),
p. 122])>* To reduce the rank of the derivation, the detour (permutation)
conversions to follow apply to a maximal sentence (segment) of highest de-
gree such that no maximal sentence (segment) of highest degree stands above
it in the derivation. The permutation conversions are of priority.

Theorem 2. R*T, R

trans: RCA'(opp) normalize.

Proof. 1t follows by induction on the rank of a derivation (definition 9).
First, being governed by the strategy above, the detour conversions from
section 3 imply e < €/.?®> Second, in the case e = ¢/, the detour conversions
from section 3 either imply I < I’ or simplify a derivation (for instance,
detour 3.2). The same reasoning holds for the permutation conversions

from section 3 as well. O

Both corollaries to follow are anticipated and therefore are stated without
proofs.

Corollary 2.1. (Form of a normal R*t-, R RCA'(opp)-derivation)

trans ’

In a normal R* -, R RCA(opp)-derivation, all major premises of

trans ™’
eliminations are (canceled or uncanceled) assumptions of it.
Corollary 2.2. Any branch in a normal derivation consists of three con-
secutive parts: (possibly, empty) E-part that consists of applications of the
eliminations only; the minimal sentence; (possibly, empty) I-part that con-
sists of applications of the introductions only.

Corollary 2.2 implies that no path in a normal derivation has more than
one application of (I) because L is R*I-, R;jans—, RC AT (opp)-valid, and

therefore is a R*%-, R:Ians—, RCA(opp)-theorem (theorem 1). Hence, it is
skipped.

(o]} -1
X [1]? [g]
1
E2 -—3 22
72 i -1 J_
¢

24To put it with Prawitz, ‘Although it is true that new maximal formulas and maximal
segments may arise by a reduction, it can be seen that the reductions always can be chosen
so that the formulas occurring as new maximal formulas or occurring in new maximal
segments are of less degree than the removed one. Thus, we can use an induction over
these measures’ [Prawitz(1971), p. 256; the italics originally ‘choosen’].

Z5Notice that it also holds in the special cases of detours 3.3 and 3.4, when the usual
respective detour conversions lead to the unwanted e’ > e.
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Notice that in contrast to a path, a branch might have more than one
application of (I).26

It is hopeless to expect each term in an (even normal) derivation to be a
subterm (definition 4) of its uncanceled assumptions or its conclusion simply
because in order to prove that a sentence follows from a set of sentences, one
could use general sentences—the peculiar scaffolding of the syllogistic lan-
guages considered. The individual variables, the individual terms composed
from those variables, and the general sentences composed of them both, in-
cluding 1, which is not a sentence—all these expressions from table 2 are
absent in the entailments one could prove in the systems considered (the
syntax of these entailments is in table 1 only). Yet, normal derivations are
closed with respect to subterms and constants, which we state as a particular
case of the subterm property.

Definition 11. (Sub-set-term-constant property) A normal R*f-, RIIanS—,

RCA'(opp)-derivation of ¢ from T' has the sub-set-term-constant property
iff in it, each set term c is a subterm of d, where a set term d is a subterm
of ¢ and/or I', and each constant k is a constant of ¢ and/or T

Sub-set-term-constant is not to be understood as related to the mean-
ingless subset of a term or subset of a constant.

Definition 12. (An adaptation of definition 11. Order of branches [Kurbis(2022),
p. 123]) A path is of order 0 if its last sentence is the conclusion of the deriva-
tion; it is of order m 4+ 1 if its last sentence is the minor premiss of (VE ),
(VE, ), (3E ), (3E, ), or (E) such that its major premiss is on a path of
order n. A path of order 0 is also called a main path in the derivation.

Corollary 2.3. R*, Rﬂans, RCA'(opp) have the sub-set-term-constant
property.

Proof. It goes by induction on the order of paths in a normal derivation and
starts with a main path. If its F-part starts with a canceled assumption,
then its I-part has the conclusion of the respective application of an intro-
duction, whose subterms and constants satisfy definition 11, by introspection

26¢There is at most one instance of rule DN (i.e., our (I)—the author) along any thread
of a normal derivation, for otherwise there would be an instance of DN with the conclusion
1. The assumption closed by DN, however, would then be the provable formula L D
1 (i.e., our 1—the author). Therefore, as in [Prawitz(1965)], steps of indirect proof
separate a part with E-rules (i.e., our eliminations—the author) from a successive part
with I-rules (i.e., our introductions—the author), save in threads instead of derivation
branches’ [Plato(2012), p. 208].

Australasian Journal of Logic (23:3) 2026, Article no. 1



274

of the introductions. If its F-part starts with an uncanceled assumption,
then it is the major one, by definition 3. Then its E-part has the conclusion
of the respective application of an elimination, whose set terms and con-
stants satisfy definition 11, by introspection of the eliminations excepting

(E), (3E), and (3E,).

In the former case, 1 —which is not a sentence—is the minimal sentence
of the main path in question, and the main path continues with an appli-
cation of (1), as is said above.2” In the latter cases, the major premisses of
(3F) and (3E,) might not share set terms or constants with the conclusion
« of these rules. However, the Prawitz trick of definition 3 is to guarantee
that the set terms and constants in « satisfy definition 11 with respect to
the assumptions that the applications of these rules cancel. And these as-
sumptions, in turn, satisfy definition 11 with respect to the major premisses
of the applications considered.

At last, according to the bar-notation (definition 1, remark 3), 3(I,r) =
V(Il,7), which means the subterms of the former are the ones of the latter,
and vice versa. The same applies to the other equations there. O

4 Related Work

In section 4, we confine ourselves to some works that combine syllogistics
and the normalization problem rather than outline the colossal massive of
the literature concerning these two topics separately. To the best of our
knowledge, Moss and his coauthors have never discussed the normalization
problem for the syllogistic natural deduction systems they propose. How-
ever, there are believed to be two glimpses worth relating here.

The first one is in [Moss(2010a), pp. 12-18], where Moss explicitly dis-
cusses a normal form of a derivation and implicitly discusses the normal-
ization problem. The language he uses is a fragment of the present one.
The main purpose of the normalization procedure proposed is, in unified
notation,

Theorem 3. (Theorem 4.8 [Moss(2010a)]) If I' Fraa ¢, then I' - ¢.

Fraa, b are derivability relations of the natural deduction systems that
both contain the seven rules in [Moss(2010a), p. 3, Figure 1] plus the rule
(RAA) and the rule (Contrad), respectively, in unified notation.

2TOtherwise, one would have a derivation whose conclusion is |, which is impossible by
definition 1.
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RAAlU Contrad V(e d) 3(6’8)
¢ ¢

(RAA) is discussed on page 258 above (notice that the bar notation
from definition 1 is in effect as well). (Contrad)—a syllogistic variant of
(E)—derives an arbitrary sentence because its premisses are inconsistent.

Whilst its opposite is trivial, theorem 3 is surely not. To this end, Moss
presents the normalization procedure whose aim is to obtain a derivation of
the three variants of a normal form defined in [Moss(2010a), p. 13, Figure 3].
Below, in unified notation, we formulate the rules it employs in order to
ease understanding and then make comments on the second variant of the
normal form. The readers, nevertheless, are referred to [Moss(2010a)] for
more details.

\V/(C, E) V(Ea C) V(C, Cl) \V/(Cl, d)
Zero W One W Barbara v(c’ d)

The second variant of the normal form is as follows:

Y1 Yo
V(e,c) Y(e,©)
. bO "Nde) 2T Viea)
aroara V(d, C]_)

With regard to (One) and (Zero), both are introductions due to the fact
that their application introduces d into a derivation. The premiss of (Zero),
as its name suggests, states that ¢ is empty, and therefore it is included in
any d.?8 Symmetrically, the premiss of (One), as its name suggests, states
that ¢ is universal, and therefore it includes any d. With regard to (Barbara),
its name obviously refers to the most famous syllogistic mood, which is a
syllogistic variant of the (cut), or the transitivity rule. It is an elimination,
due to the fact that its application eliminates ¢; from a derivation.

With regard to the second variant of the normal form (and the other
ones that we skip here), such normal derivations do not satisfy corollary 2.1
or 2.2 above. In it, the major premisses of (Barbara)—as in the case of
(trans), both premisses are major—are not assumptions, as well as the ap-
plication of (Barbara) succeeding the applications of (One) and (Zero). It

Z8Notice that semantically, set terms are understood as sets.
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does not follow, however, that normal derivations in the system in question
do not enjoy a variant of the subterm property—the syllogistic analog of
the subformula property. This topic is not of Moss’ concern there. Hence,
it might belong to future studies.

The second glimpse is shorter than the previous one. Without explicitly
mentioning a normal form or normalization, [KruckMoss(2021), pp. 4-5; ex-
ample 1.2] presents the following derivation of V(¢, d), V(c1, ¢) F V(¥(d, ), V(c1

Y(e, d) ANTT Y(er,c)
v(V(d,r),¥(e, 1)) V(V(e,r),V(c1,7))
v(v(d,r),Y(c1,7))

ANTI
Barbara

Notice that V(e,r) occurs neither in the assumptions nor in the conclu-
sion. From the Kruckman—Moss standpoint, it is a shortcoming because it
does not allow one to show the PTime complexity of the entailment relation
in question [KruckMoss(2021), theorem 1.5]. To get rid of the shortcoming,
they set up another derivation.3%

V(eq, ) Y(e,d)

V(Cl, d)
Y(V(d,r),¥(c1,1))

Barbara
ANTI

From the proof-theoretic standpoint, the uppermost derivation is noth-
ing but a detour, where both major premisses of the elimination are derived
via the introduction. So, a term that does not occur in its assumptions
or conclusion appears in the derivation. The Kruckman—Moss solution is
standard—to convert the derivation by permuting the respective applica-
tions of these rules.

Notice that ¥(c,d), V(c1,¢) could not be assumptions, generally. Hence,
in another derivation, the occurrences of ¢ might be a detour, which is not
the case in the uppermost derivation, i.e. there is an unwanted situation
when getting rid of this detour gives rise to another. However, it does not
cause a problem because dg(c) < dg(V(c,r)), by definition 5, which secures
the inductive hypothesis of the normalization theorem.

Both glimpses above concern syllogistics without propositional connec-
tives. Mineshima—QOkada—Takemura’s paper, which we briefly mention, pro-
poses ‘a simple inference system for the syllogistic fragment of natural lan-

29We refer to [KruckMoss(2021)] for the formulation of the introduction (ANTI), while
unifying the notation.

39Notice that Kruckman-Moss do not elaborate on the way they find another derivation,
and they do not consider the other shortcomings of this kind in the system.

Australasian Journal of Logic (23:3) 2026, Article no. 1

)



277

guage, thereby making a connection between proof theory and natural lan-
guage semantics’ [Mineshima(2012), p. 753; the dtalics original]. Without
using relational terms, they employ just one sentential connective—a gen-
eralization of the conventional conjunction, and it is the conjunction only
that has eliminations and introductions. In other words, the syllogistic
connective-free rules of their system are neither introductions nor elimina-
tions. (Strictly, all those rules are eliminations, but we consider the distinc-
tion introductions/eliminations not to hold in this case.) Hence, in contrast
to our approach, posing the normalization problem stays, so to speak, on the
standard level of propositional connectives without going down to the ‘syllo-
gistic’ one.?! As a result, Mineshima-Okada-Takemura obtain the standard
normalization theorem for their system.

5 Conclusion and Plans for Future

The paper gives a solution to the normalization problem for the sound and
complete natural deduction systems R*T, R and RCA'(opp) which

trans’

formalize the relational syllogistics R*T, R;‘:ans, and RCAT(opp), respec-

tively, that Moss introduces with his coauthors [Moss(2010), Moss(2010a),
Moss(2015), KruckMoss(2021), Pratt(2009), to mention but a few]. Their so-
phisticated languages and syntax make R*T, R;jans, and RC A (opp) (ordered
by expressive power) a proper candidate to be the most powerful of syllogis-
tics without propositional connectives. As a result, it is of much importance
to solve the normalization problem—to obtain detour-free derivations in the
syllogistics considered—for them. The specifics of tackling the problem in
question is that the variety of methods that have been successfully applied in
the case of propositional and quantifier logics [Prawitz(1965), Prawitz(1971),
Plato(2012), Kurbis(2022), PelletierHazen(2023), Parigot(1997), Geuvers(2024),
Plato(2017)] fail the specifics of the syllogistics, and therefore could not be
mechanically applied to them. Hence, instead of the subformula property—
one of the main corollaries from the normalization theorem in the proposi-
tional case—one needs to speak of a particular case of the subterm property,
due to the fact that the syllogistics considered deal with atomic sentences
only and due to the fact that the proof theory for RC Af(opp) needs ex-
tending the respective language with general sentences, which do not occur
in valid, or provable entailments. This specificity implies that the normal-
ization theorem 2 proven for each system in question leads to the so-called
sub-set-term-constant property only (corollary 2.3).

31We do not consider it to be a shortcoming of their approach, by any means.
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With regard to the future plans, the present approach could be developed
extensively and intensively. The former opens perspectives of its applica-
tions to the syllogistics with [Mineshima(2012)] and without propositional
connectives [Moss(2010a), KruckMoss(2021)] that chapter 4 reviews, as well
as to the syllogistics related to generalized quantifiers [Westerstaahl(1989)].
The latter concerns tackling the proof search problem for the systems in this
paper and would definitely need a stronger result on the subterm property
than the sub-set-term-constant property. We conjecture that proof search
procedures would affect the current presentation of the systems in ques-
tion: dropping down the ad-hoc syntax of general sentences introduced—
especially for RCAT(opp)—would go hand-in-hand with introducing some
machinery in order to avoid losing its deductive power, as is done for FOL
in [Quine(1950)], for instance.
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