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ON ANTICUT RULES: CLASSICAL, FDE-BASED AND INTUITIONISTIC
LOGICS

MARIO PIAZZA AND ANDREA SABATINI

Abstract. In this paper, we investigate certain intricacies and peculiarities of the proof theory of
deduction-refutation systems (D-R systems, henceforth), namely systems integrating theorems and
antitheorems of a given logic. The logics considered here are classical, first-degree entailment-based
(FDE-based, henceforth) and intuitionistic logics, formulated within a sequent calculus framework.
Our primary focus is on establishing the general conditions under which anticut rules (the con-
trapositive versions of the familiar cut rule) can be eliminated from D-R sequent calculi, while
distinguishing between two main variants of these systems. This proof-theoretic investigation leads
to the introduction of a new, Gentzen-style refutation calculus for intuitionistic logic, which is
interesting in its own right.

1. Introduction

While the idea of a refutation calculus traces back to Łukasiewicz’s study of Aristotelian syllogis-
tic in the early 1950s [25], deduction-refutation systems (D-R systems, henceforth) have garnered
increasing attention only in recent decades as a burgeoning area within structural proof theory
[11, 13]1. D-R systems are syntactic frameworks designed to derive both valid and refutable formu-
las. These formulas are filtered by their respective deducibility and refutability relations, denoted
by the turnstile symbols (⊢) and (⊣) for sequents and antisequents.

For reasons that will become soon evident, we find it useful to distinguish between hybrid and
unmixed D-R systems. Hybrid systems include (binary) rules that combine both ⊢ and ⊣, so that
an antisequent follows from a sequent and an antisequent as premises, while unmixed systems lack
such combined rules, instead featuring rules that involve either sequents or antisequents exclusively.

In this paper, we aim to provide a comprehensive analysis of the so-called anticut rules in D-R
sequent calculi for classical, FDE-based and intuitionistic logics. This is a topic that has recently
been highlighted in the context of D-R sequent calculi for FDE-based logics [26]. In traditional
sequent calculi, the cut rule is a generalisation of the venerable rule of modus ponens:

Γ ⊢ ∆, A A,Π ⊢ Σ
cut

Π,Γ ⊢ ∆,Σ

Scuola Normale Superiore di Pisa, Classe di Lettere e Filosofia
E-mail address: mario.piazza@sns.it, andrea.sabatini@sns.it.
1D-R systems may be considered part of the broader class of bilateral systems, as argued elsewhere [29, 32, 33].

However, we do not intend to pursue this point further here.
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Cut rule corresponds to the ubiquitous mathematical tactics of using intermediate lemmas or general
theorems within a proof. It composes two sequents while eliminating the cut formula, namely the
formula that appears among the conclusions of the first sequent and the premises of the second. In
hybrid sequent calculi, the anticut rules have the following form:

Γ ⊢ ∆, A Π,Γ ⊣ ∆,Σ
acut1

A,Π ⊣ Σ

A,Γ ⊢ ∆ Π,Γ ⊣ ∆,Σ
acut2

Π ⊣ Σ, A

If ⊣ is interpreted as the metatheoretic negation of ⊢, then anticut rules can be understood as
contrapositive versions of the cut rule for ⊢2:

Γ ⊢ ∆, A Π,Γ ̸⊢ ∆,Σ
acut1

A,Π ̸⊢ Σ

A,Γ ⊢ ∆ Π,Γ ̸⊢ ∆,Σ
acut2

Π ̸⊢ Σ, A

The anticut rules operate simultaneously on a sequent and an antisequent, producing a refuta-
tional conclusion in which the anticut formula is introduced. In the special case where Γ and ∆ are
empty, the anticut rules effectively function as controlled weakening rules within the framework of
refutability:

⊢ A Π ⊣ Σ
acut1

A,Π ⊣ Σ
A ⊢ Π ⊣ Σ

acut2
Π ⊣ Σ, A

Analogously to the cut rule, anticut rules are impractical for refutation search. Furthermore,
it is not immediately clear whether these rules are necessary to guarantee Ł-completeness, that is
completeness with respect to both deducibility and refutability3. In a recent paper [26], the author
examines a family of FDE-based propositional logics and raises the question of finding anticut-free
hybrid sequent calculi capable of refuting all the antitheorems of these logics4. In what follows, we
address this unresolved problem by establishing three claims:

(i) anticut rules cannot be eliminated from hybrid sequent calculi without sacrificing
Ł-completeness;

(ii) when anticut rules are combined with an appropriate set of axioms, the resulting system is
refutation-complete;

(iii) in unmixed sequent calculi, anticut rules can be constructively eliminated without compro-
mising Ł-completeness.

2It is worth stressing that our metatheory is grounded in classical logic, ensuring that the metatheoretic negation
of ⊢ obeys the law of contraposition.

3In [12], a hybrid D-R system is said to be ‘Ł-complete’ exactly when it is complete with respect to deducibility
and refutability. In this paper, we employ ‘Ł-completeness’ to refer to completeness with respect to both deducibility
and refutability, irrespective of whether hybrid or unmixed D-R systems are considered.

4Note that this issue is specific to sequent-based calculi and does not arise in [12], which presents a hybrid (sequent-
style) natural deduction calculus for classical logic. As expected, the system in [12] achieves Ł-completeness without
the need for anticut rules.
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Unlike [26], this paper also addresses intuitionistic propositional logic. We introduce the first hy-
brid sequent calculus for intuitionistic propositional logic, combining anticut rules with a suitable
set of axioms and an (infinite) set of specific refutational rules. We prove that such rules yield
contrapositive, Gentzen-style versions of (restricted) Visser’s rules – namely, the rules from which
any rule which is admissible but not derivable in a Hilbert-style calculus for intuitionistic logic can
be derived [38]. Moreover, we show that the anticut-elimination strategy designed for FDE-based
logics can be adapted to a (terminating) unmixed sequent calculus for intuitionistic logic.

The paper is organized as follows. In Section 2, we set the stage by introducing basic concepts
and an array of auxiliary notions serving our machinery. In Section 3, we show that the anticut
rules cannot be eliminated from hybrid sequent calculi for classical propositional logic, and that the
system resulting from the complementarity axiom and the anticut rules is refutation-complete for
classical propositional logic. Moreover, we introduce a strategy for eliminating anticut rules from
an unmixed sequent calculus for classical propositional logic. In Section 4, we build on the basic
concepts of hybrid and unmixed sequent calculi for FDE, K3, and LP to establish that results
analogous to those presented in Section 3 can similarly be achieved for these logics. In Section 5,
we present a structural analysis of our hybrid calculus for intuitionistic propositional logic, together
with a detailed exposition of the anticut-elimination argument for the unmixed sequent calculus for
the same logic. Finally, in Section 6, we outline potential directions for future research. Appendices
A, B and C provide all the proof systems discussed throughout the paper.

2. Preliminary notions and basic results

We use capital Greek letters Γ,∆,Π,Σ, . . . to denote finite multisets of formulas; in the present
and the following section, we employ Θ,Λ . . . to denote multisets of atomic formulas. The logical
complexity C(A) of a formula A is 0 if A is atomic, C(B)+1 if A is of the form ¬B and C(B)+C(C)+1

if A is of the form B ⊗ C, with ⊗ ∈ {∧,∨,→}.
We shall be dealing with Gentzen-style sequents Γ ⊢ ∆ as well as antisequents Γ ⊣ ∆, where

Γ ⊣ ∆ is valid if, and only if, Γ ⊢ ∆ is invalid [11, 13]. In the case of classical logic, an antisequent
is valid if and only if there is some Boolean valuation verifying all the formulas in Γ and falsifying
all those in ∆. The measure C can be easily extended to any multiset Γ = A1, . . . , An by writing
C(Γ) = C(A1) + . . . + C(An), as well as to any sequent Γ ⊢ ∆ and antisequent Γ ⊣ ∆ by writing
C(Γ ⊢ ∆) = C(Γ ⊣ ∆) = C(Γ) + C(∆).

A deduction-refutation sequent calculus features rules dealing with sequents and antisequents. A
derivation π in the calculus may end either in a sequent Γ ⊢ ∆ or in an antisequent Γ ⊣ ∆: in the
first case, we say that π is a proof for Γ ⊢ ∆; in the second, π qualifies as a refutation for Γ ⊢ ∆.
As usual, the height of a derivation π – denoted by, h(π) – is defined as the number of nodes in its
longest branch.

Kleene’s G4 calculus for classical propositional logic5 is imported from [23] (see Appendix A.1).
For our purposes, it suffices to recall the following facts about G4:

5Kleene’s G4 is the same as the G3 calculus for classical propositional logic in [43].
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Theorem 1. G4 enjoys the following properties.

(i) Each logical rule of G4 is height-preserving invertible.

(ii) The weakening, contraction and cut rules are admissible in G4.

Proof. For proofs see [4, 43, 29]. □

The hybrid calculus G4H1 is obtained from G4 by incorporating the complementarity axiom
axcl ⊣ along with the contrapositive versions of the logical and cut rules (see Appendix A.2). The
method of adding contrapositive versions of deductive rules to design deduction-refutation calculi
is illustrated in [12].

Conversely, the hybrid calculus G4H2 is constructed from G4 by including the complementarity
axiom axcl ⊣, refutational versions of unary logical rules, hybrid versions of binary logical rules, and
contrapositive versions of the cut rule (see Appendix A.3). To our knowledge, the G4H2 calculus
is not explicitly labeled in the literature. Since the logical rules of G4, when read bottom-up,
correspond to tableaux rules for provability [42], any refutational branch of an anticut-free derivation
in G4H2 can be viewed as an open branch of the corresponding tableaux.

Finally, the unmixed system G4⊣⊢ is imported from [29]. The method for constructing refutational
calculi that underlies the design of G4⊣⊢ offers an alternative approach to the one presented by [12].
Beginning with an invertible and terminating proof calculus, we obtain a refutational calculus by
first converting unary rules into their refutational counterparts. Then, for each binary rule, we
introduce a unary rule featuring one of the original premises as refutational premise.

We write Γ ∗ ∆ to generalize over the union of sequents and antisequent. The rules of G4⊣⊢

can be understood as a two-step procedure for decomposing any (anti)sequent Γ ∗ ∆ into a set of
atomic (anti)sequents, as follows:

(1) (bottom-up) decompose the (anti)sequent Γ ∗ ∆ using the logical rules of G4, with ∗ in
place of ⊢, until each leaf of the resulting tree ends with an atomic (anti)sequent;

(2) (top-down) turn each occurrence of ∗ into an occurrence of ⊢ or ⊣, following the rules of
G4⊣⊢.

Let us recall a crucial feature of the G4⊣⊢ proof system:

Theorem 2. Maximal G4⊣⊢-decomposition yields a unique set of atomic (anti)sequents.

Proof. For a proof see [4, 29]. □

Example 1. This is a G4⊣⊢-based decomposition-tree of p → q, p ∨ s ∗ r:

p → q, p ∨ s ∗ r
→ ∗

p ∨ s ∗ p, r
∨ ∗

p ∗ p, r
axcl ⊢

p ⊢ p, r

s ∗ p, r
axcl ⊣

s ⊢ p, r

p ∨ s, q ∗ r
∨ ∗

p, q ∗ r
axcl ⊣

p, q ⊣ r

s, q ∗ r
axcl ⊣

s, q ⊣ r
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3. Anticut and classical logic

In this section, we illustrate the deductive power of anticut by proving a cluster of results: to this
aim, we employ the hybrid G4H1∩2 calculus, which gathers all the rules shared by G4H1 and G4H2

(see Appendix A.4).
We begin by showing that the contrapositive versions of standard weakening rules can be seen as

anticut applications in disguise.

Lemma 3. The rules of strengthening
A,Γ ⊣ ∆

str
Γ ⊣ ∆

Γ ⊣ ∆, A
str

Γ ⊣ ∆

are admissible in the G4H1∩2 calculus.

Proof. If Γ ∪∆ = ∅, the conclusion is in both cases immediate. On the other hand, if Γ = Γ′ ∪ [B]

or ∆ = ∆′ ∪ [C], we proceed as follows:

...
A,B ⊢ B A,B,Γ′ ⊣ ∆

acut1
B,Γ′ ⊣ ∆

...
A,C ⊢ C A,Γ ⊣ ∆′, C

acut2
Γ ⊣ ∆′, C

...
B ⊢ B,A B,Γ′ ⊣ ∆, A

acut1
B,Γ′ ⊣ ∆

...
C ⊢ C,A Γ ⊣ ∆′, C,A

acut2
Γ ⊣ ∆′, C

□

Moreover, the contrapositive versions of standard contraction rules are admissible in G4H1∩2.

Lemma 4. The rules of duplication
A,Γ ⊣ ∆

dup
A,A,Γ ⊣ ∆

Γ ⊣ ∆, A
dup

Γ ⊣ ∆, A,A

are admissible in G4H1∩2.

Proof. We focus on Left Duplication, the other case being analogous. Reasoning by induction on
the height of the G4H1∩2-derivation π of A,Γ ⊣ ∆, we prove the existence of a G4H1∩2-derivation
ρ of A,A,Γ,Γ ⊣ ∆,∆ (cf. the copy rule in Lemma 9). Hence, we apply Lemma 3 to ρ to get a
G4H1∩2-derivation of A,A,Γ ⊣ ∆.

If h(π) = 1, the conclusion is trivial. If h(π) > 1 and the last rule applied is acut1, we reason by
cases over A. If A is principal in the acut1-application, then ρ has the following form:

...
Π ⊢ Σ, A

...
Γ,Π ⊣ Σ,∆

acut1
A,Γ ⊣ ∆

copy
A,A,Γ,Γ ⊣ ∆,∆

We consider the following derivation:
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...
Π ⊢ Σ, A

...
Π ⊢ Σ, A

...
Γ,Π ⊣ Σ,∆

copy
Γ,Γ,Π,Π ⊣ Σ,Σ,∆,∆

acut1
A,Γ,Γ,Π ⊣ Σ,∆,∆

acut1
A,A,Γ,Γ ⊣ ∆,∆

The copy application can be removed by inductive hypothesis. On the other hand, if A is not
principal in the acut1-application, then ρ has the following form:

...
Π ⊢ Σ, B

...
A,Γ′,Π ⊣ Σ,∆

acut1
A,B,Γ′ ⊣ ∆

copy
A,A,B,B,Γ′,Γ′ ⊣ ∆,∆

with Γ = Γ′ ∪ [A]. We take the following derivation:

...
Π ⊢ Σ, B

...
Π ⊢ Σ, B

...
A,Γ′,Π ⊣ Σ,∆

copy
A,A,Γ′,Γ′,Π,Π ⊣ Σ,Σ,∆,∆

acut1
A,A,B,Γ′,Γ′,Π ⊣ Σ,∆,∆

acut1
A,A,B,B,Γ′,Γ′ ⊣ ∆,∆

Finally, if the last rule applied is acut2, ρ has the following form:

...
B,Π ⊣ Σ

...
A,Γ,Π ⊣ Σ,∆′

acut2
A,Γ ⊣ ∆′, B

copy
A,A,Γ,Γ ⊣ ∆′,∆′, B,B

with ∆ = ∆′ ∪ [B]. We consider the following derivation to get the conclusion:

...
B,Π ⊣ Σ

...
B,Π ⊣ Σ

...
A,Γ,Π ⊣ Σ,∆′

copy
A,A,Γ,Γ,Π,Π ⊣ Σ,Σ,∆′,∆′

acut2
A,A,Γ,Γ,Π ⊣ Σ,∆′,∆′, B

acut2
A,A,Γ,Γ ⊣ ∆′,∆′, B,B

□

Next, we show that any application of the contrapositive of a G4 logical rule can be turned into
a number of acut and dup applications:

Theorem 5. Each logical rule of G4H1 is admissible in the G4H1∩2 calculus.

Proof. We consider the refutational rules for ∧ and →, leaving the other cases to the reader.
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a∧ Consider the following derivations, with i = 1, 26:

...
A ∧B ⊢ B

...
A ∧B ⊢ A

A ∧B,Γ ⊣ ∆
dup

A ∧B,A ∧B,Γ ⊣ ∆
acut1

A ∧B,A,Γ ⊣ ∆
acut1

A,B,Γ ⊣ ∆

Γ ⊢ ∆, Ai
wk

A3−i,Γ ⊢ ∆, Ai

...
A3−i,Γ ⊢ ∆, A3−i

⊢ ∧
A3−i,Γ ⊢ ∆, A1 ∧A2

Γ ⊣ ∆, A1 ∧A2
dup

Γ,Γ ⊣ ∆,∆, A1 ∧A2
acut2

Γ ⊣ ∆, A3−i

a → Consider the following derivations:

Γ ⊢ ∆, A
wk

Γ ⊢ ∆, A,B

...
B,Γ ⊢ ∆, B

→ ⊢
A → B,Γ ⊢ ∆, B

A → B,Γ ⊣ ∆
dup

A → B,Γ,Γ ⊣ ∆,∆
acut1

B,Γ ⊣ ∆

...
A,Γ ⊢ ∆, A

B,Γ ⊢ ∆
wk

B,A,Γ ⊢ ∆
→ ⊢

A → B,A,Γ ⊢ ∆

A → B,Γ ⊣ ∆
dup

A → B,Γ,Γ ⊣ ∆,∆
acut2

Γ ⊣ ∆, A

...
B ⊢ A → B

...
⊢ A → B,A

Γ ⊣ ∆, A → B
dup

Γ ⊣ ∆, A → B,A → B
acut1

A,Γ ⊣ ∆, A → B
acut2

A,Γ ⊣ ∆, B

□

On the other hand, any application of a G4H2 refutational logical rule can be turned into a
number of acut and dup applications:

Theorem 6. Each logical rule of G4H2 is admissible in the G4H1∩2 calculus.

Proof. We consider the refutational rules for ∨ and →, leaving the other cases to the reader.

a′∨ Take the following derivations:

...
A3−i ⊢ A1 ∨A2

...
Ai,Γ ⊢ ∆

...
A3−i,Γ ⊣ ∆

dup
A3−i,Γ,Γ ⊣ ∆,∆

acut2
A3−i,Γ ⊣ ∆, Ai

acut1
A1 ∨A2,Γ ⊣ ∆, Ai

str
A1 ∨A2,Γ ⊣ ∆

6We use dashed lines to denote admissible rules, and doubled (dashed) lines to refer to multiple applications of
(admissible) rules.
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...
A ∨B ⊢ A,B

...
Γ ⊣ ∆, A,B

acut2
Γ ⊣ ∆, A ∨B

a′ → Consider the following derivations:

...
B ⊢ A → B

...
Γ ⊢ ∆, A

...
B,Γ ⊣ ∆

dup
B,Γ,Γ ⊣ ∆,∆

acut1
A,B,Γ ⊣ ∆

acut1
A → B,A,Γ ⊣ ∆

str
A → B,Γ ⊣ ∆

...
⊢ A → B,A

...
B,Γ ⊢ ∆

...
Γ ⊣ ∆, A

dup
Γ,Γ ⊣ ∆,∆, A

acut2
Γ ⊣ ∆, A,B

acut1
A → B,Γ ⊣ ∆, B

str
A → B,Γ ⊣ ∆

...
A → B,A ⊢ B

...
A,Γ ⊣ ∆, B

acut2
Γ ⊣ ∆, A → B

□

We conclude this section by showing that any application of a refutational logical rule of G4⊣⊢
can be replaced by applications of acut:

Theorem 7. Each refutational logical rule of G4⊣⊢ is admissible in the G4H1∩2 calculus.

Proof. We consider only the ⊣ ∧,∨ ⊣ and → ⊣ rules.

⊣ ∧ Consider the following derivations:
...

A ∧B ⊢ A

...
Γ ⊣ ∆, A

acut2
Γ ⊣ ∆, A ∧B

...
A ∧B ⊢ B

...
Γ ⊣ ∆, B

acut2
Γ ⊣ ∆, A ∧B

∨ ⊣ Take the following derivations:
...

A ⊢ A ∨B

...
A,Γ ⊣ ∆

acut1
A ∨B,Γ ⊣ ∆

...
B ⊢ A ∨B

...
B,Γ ⊣ ∆

acut1
A ∨B,Γ ⊣ ∆

→ ⊣ Consider the following derivations:
...

⊢ B → C,B

...
Γ ⊣ ∆, B

acut1
B → C,Γ ⊣ ∆

...
C ⊢ B → C

...
C,Γ ⊣ ∆

acut1
B → C,Γ ⊣ ∆

□
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Remark 1. In the proofs of Theorems 6 and 7 we establish the admissibility of the refutational
logical rules of G4⊣⊢ in G4H1∩2 leveraging the following provable sequents:

(3.1) A,B ⊢ A ∧B A ∧B ⊢ A A ∧B ⊢ B

(3.2) A ⊢ A ∨B B ⊢ A ∨B A ∨B ⊢ A,B

(3.3) ⊢ A → B,A B ⊢ A → B A → B,A ⊢ B

(3.4) ⊢ A,¬A ¬A,A ⊢

This approach to logical rules is analogous to that of Gentzen’s LDK calculus: there, the sequents
(3.1), (3.2) and (3.4) played the role of axioms (under the label of ‘logical groundsequents’) and
standard structural rules were sufficient to recover each logical rule for deducibility [44, 27].

3.1. Anticut elimination in classical logic. In this subsection, we focus on the topic of anticut
elimination from D-R sequent calculi for classical logic. In order to illustrate a constructive approach
to acut elimination in G4⊣⊢, we first prove two preliminary results.

Theorem 8. For any sequent Γ ⊢ ∆, either G4⊣⊢ proves Γ ⊢ ∆ or refutes Γ ⊢ ∆ – but not both.

Proof. Since the complexity of each of the premises of any logical rule of G4⊣⊢ is strictly smaller
than that of the conclusion, the decomposition procedure for a given sequent always terminates on
a set of atomic (anti)sequents. By Theorem 2, this set is unique – and this suffices to the conclusion.

□

Lemma 9. The copy rule
Γ ⊣ ∆ Γ ⊣ ∆ copy

Γ,Γ ⊣ ∆,∆
is admissible in G4⊣⊢.

Proof. Let us assume (without loss of generality) that for any copy application the two premisses
have the same derivation π: we reason by induction on 2h(π) to get the conclusion. If h(π) = 1,
the conclusion is immediate; otherwise, we reason by cases over the last rule applied in π.

∨ If the last rule applied in π is ∨ ⊣, we have e.g.

...
A,Γ ⊣ ∆

∨ ⊣
A ∨B,Γ ⊣ ∆

...
A,Γ ⊣ ∆

∨ ⊣
A ∨B,Γ ⊣ ∆

copy
A ∨B,A ∨B,Γ,Γ ⊣ ∆,∆

⇝

...
A,Γ ⊣ ∆

...
A,Γ ⊣ ∆

copy
A,A,Γ,Γ ⊣ ∆,∆

∨ ⊣
A ∨B,A,Γ,Γ ⊣ ∆,∆

∨ ⊣
A ∨B,A ∨B,Γ,Γ ⊣ ∆,∆

On the other hand, if the last rule applied in π is ⊣ ∨, we have

...
Γ ⊣ ∆, A,B

⊣ ∨
Γ ⊣ ∆, A ∨B

...
Γ ⊣ ∆, A,B

⊣ ∨
Γ ⊣ ∆, A ∨B

copy
Γ,Γ ⊣ ∆,∆, A ∨B,A ∨B

⇝

...
Γ ⊣ ∆, A,B

...
Γ ⊣ ∆, A,B

copy
Γ,Γ ⊣ ∆,∆, A,B,A,B

⊣ ∨
Γ,Γ ⊣ ∆,∆, A,B,A ∨B

⊣ ∨
Γ,Γ ⊣ ∆,∆, A ∨B,A ∨B
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¬ If the last rule applied in π is ¬ ⊣, we have

...
Γ ⊣ ∆, A

¬ ⊣ ¬A,Γ ⊣ ∆

...
Γ ⊣ ∆, A

¬ ⊣ ¬A,Γ ⊣ ∆
copy

¬A,¬A,Γ,Γ ⊣ ∆,∆

⇝

...
Γ ⊣ ∆, A

...
Γ ⊣ ∆, A

copy
Γ,Γ ⊣ ∆,∆, A,A

¬ ⊣¬A,Γ,Γ ⊣ ∆,∆, A
¬ ⊣¬A,¬A,Γ,Γ ⊣ ∆,∆

On the other hand, if the last rule applied in π is ⊣ ¬, we have

...
A,Γ ⊣ ∆

⊣ ¬
Γ ⊣ ∆,¬A

...
A,Γ ⊣ ∆

⊣ ¬
Γ ⊣ ∆,¬A

copy
Γ,Γ ⊣ ∆,∆,¬A,¬A

⇝

...
Γ ⊣ ∆, A

...
Γ ⊣ ∆, A

copy
Γ,Γ ⊣ ∆,∆, A,A

⊣ ¬¬A,Γ,Γ ⊣ ∆,∆, A
⊣ ¬¬A,¬A,Γ,Γ ⊣ ∆,∆

□

We are ready to prove the main result of this section:

Theorem 10. There exists an algorithm which turns any G4⊣⊢ + acuti-derivation of Π ⊣ Σ into a
G4⊣⊢-derivation of Π ⊣ Σ, with i = 1, 2.

Proof. We focus on the topmost acuti application, proceeding by primary induction on the logical
complexity of the acuti formula and by secondary induction on the height of the derivation of the
right premise.
First, there are cases of reduction of the size of the acuti formula where the inductive hypothesis
applies to smaller acut3−i formulas:

...
Γ ⊢ ∆,¬B

...
Π,Γ ⊣ ∆,Σ

acut1 ¬B,Π ⊣ Σ

⇝

...
Γ ⊢ ∆,¬B

inv
B,Γ ⊢ ∆

...
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, B

¬ ⊣¬B,Π ⊣ Σ

...
¬B,Γ ⊢ ∆

...
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ,¬B

⇝

...
¬B,Γ ⊢ ∆

inv
Γ ⊢ ∆, B

...
Π,Γ ⊣ ∆,Σ

acut1
B,Π ⊣ Σ

⊣ ¬
Π ⊣ Σ,¬B

On the other hand, there are cases of reduction where a single acuti application is replaced by
multiple acuti and acut3−i applications on smaller formulas. Take e.g. the following derivations:

...
Γ ⊢ ∆, B ∧ C

...
Π,Γ ⊣ ∆,Σ

acut1
B ∧ C,Π ⊣ Σ

...
B ∨ C,Γ ⊢ ∆

...
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, B ∨ C
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...
B → C,Γ ⊢ ∆

...
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, B → C

We transform these derivations as follows:

...
Γ ⊢ ∆, B ∧ C

inv
Γ ⊢ ∆, C

...
Γ ⊢ ∆, B ∧ C

inv
Γ ⊢ ∆, B

wk
Π,Γ ⊢ ∆,Σ, B

...
Π,Γ ⊣ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut1
B,Π,Γ ⊣ ∆,Σ

acut1
B,C,Π ⊣ Σ

∧ ⊣
B ∧ C,Π ⊣ Σ

...
B ∨ C,Γ ⊢ ∆

inv
C,Γ ⊢ ∆

...
B ∨ C,Γ ⊢ ∆

inv
B,Γ ⊢ ∆

wk
B,Π,Γ ⊢ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut2
Π,Γ ⊣ ∆,Σ, B

acut2
Π ⊣ Σ, B,C

⊣ ∨
Π ⊣ Σ, B ∨ C

...
B → C,Γ ⊢ ∆

inv
Γ ⊢ ∆, B

...
B → C,Γ ⊢ ∆

inv
C,Γ ⊢ ∆

wk
C,Π,Γ ⊢ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut1
Π,Γ ⊣ ∆,Σ, C

acut1
B,Π ⊣ Σ, C

⊣ →
Π ⊣ Σ, B → C

A different strategy must be employed to deal with the following case:

...
Γ ⊢ ∆, B ∨ C

...
Π,Γ ⊣ ∆,Σ

acut1
B ∨ C,Π ⊣ Σ

Take a G4⊣⊢-proof π of Π,Γ ⊢ ∆,Σ, B,C: if we unthread (say) B from π, we obtain either a G4⊣⊢-
proof π′ of Π,Γ ⊢ ∆,Σ, C or (at least) one acuti-free derivation π′′ of Π,Γ ⊣ ∆,Σ, C7. We reason
by cases to reach the conclusion:

7Intuitively, a formula D occurring in the conclusion of a derivation ρ is unthread from ρ whenever D and its
ancestors are deleted from ρ, up to the initial (anti)sequents of ρ. For a formal treatment of the notion of unthreading,
see [36].
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...
C,Γ ⊢ ∆, C

...π′

Π,Γ ⊢ ∆,Σ, C

...
Π,Γ ⊣ ∆,Σ

...
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut1
C,Π,Γ ⊣ ∆,Σ

acut1
C,Π ⊣ Σ

∨ ⊣
B ∨ C,Π ⊣ Σ

...
Γ ⊢ ∆, B ∨ C

inv
Γ ⊢ ∆, B,C

...π′′

Π,Γ ⊣ ∆,Σ, C
acut1

B,Π ⊣ Σ
∨ ⊣

B ∨ C,Π ⊣ Σ

The same argument applies to the following cases:

...
B ∧ C,Γ ⊢ ∆

...
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, B ∧ C

...
Γ ⊢ ∆, B → C

...
Π,Γ ⊣ ∆,Σ

acut1
B → C,Π ⊣ Σ

We can thus reduce ourselves to the case where the topmost acuti formula is atomic. Notice that
if π is the derivation of the right premiss Π,Γ ⊣ ∆,Σ of the topmost acuti application, then π is
acuti-free. Now, we proceed by induction on h(π) to show that the topmost acuti application can
be eliminated.
If h(π) = 1, the antisequent Π,Γ ⊢ ∆,Σ has the form Θ ⊣ Λ.

(i) If i = 1, then the left premise has the form Θ′ ⊢ Λ′, A, with Θ′ ⊆ Θ and Λ′ ⊆ Λ. This implies
that A ∈ Θ′, and thus that A ̸∈ Λ: as a result, we infer that G4⊣⊢ derives A,Θ′′ ⊣ Λ′′, with
Θ′′ = Θ \Θ′ and Λ′′ = Λ \ Λ′.

(ii) If i = 2, then the left premise has the form A,Θ′ ⊢ Λ′, with Θ′ ⊆ Θ and Λ′ ⊆ Λ. This implies
that A ∈ Λ′, and thus that A ̸∈ Θ: as a result, we infer that G4⊣⊢ derives Θ′′ ⊣ Λ′′, A, with
Θ′′ = Θ \Θ′ and Λ′′ = Λ \ Λ′.

On the other hand, if h(π) > 1 and some formula in Γ∪∆ is principal in the last rule applied in π,
we exploit the secondary inductive hypothesis as follows:

...
Γ ⊢ ∆, A

...
Π,Γ′ ⊣ ∆′,Σ

⊣
Π,Γ ⊣ ∆,Σ

acut1
A,Π ⊣ Σ

⇝

...
Γ ⊢ ∆, A

inv
Γ′ ⊢ ∆′, A

...
Π,Γ′ ⊣ ∆′,Σ

acut1
A,Π ⊣ Σ

...
A,Γ ⊢ ∆

...
Π,Γ′ ⊣ ∆′,Σ

⊣
Π,Γ ⊣ ∆,Σ

acut1
Π ⊣ Σ, A

⇝

...
A,Γ ⊢ ∆

inv
A,Γ′ ⊢ ∆′

...
Π,Γ′ ⊣ ∆′,Σ

acut1
Π ⊣ Σ, A
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Finally, if h(π) > 1 and some formula in Π∪Σ is principal in the last rule applied in π, we leverage
the secondary inductive hypothesis as follows:

...
Γ ⊢ ∆, A

...
Π′,Γ ⊣ ∆,Σ′

⊣
Π,Γ ⊣ ∆,Σ

acut1
A,Π ⊣ Σ

⇝

...
Γ ⊢ ∆, A

...
Π′,Γ ⊣ ∆,Σ′

acut1
A,Π′ ⊣ Σ′

⊣
A,Π ⊣ Σ

...
A,Γ ⊢ ∆

...
Π′,Γ ⊣ ∆,Σ′

⊣
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, A

⇝

...
A,Γ ⊢ ∆

...
Π′,Γ ⊣ ∆,Σ′

acut2
Π′ ⊣ Σ′, A

⊣
Π ⊣ Σ, A

□

The strategy for acut-elimination does not work for either G4H1 or G4H2: it is instructive to
highlight the features hindering acut elimination in both cases.

For G4H1, it is clear that unthreading formulae from G4-proofs is insufficient to produce G4H1

refutations. Take e.g. the following G4-proof π:
axcl ⊢

p ⊢ p, q
⊢ ¬ ⊢ p,¬p, q

axcl ⊢
p, q ⊢ q

⊢ ¬
q ⊢ ¬p, q

→ ⊢
p → q ⊢ ¬p, q

If we unthread q from the conclusion of π, we get the following derivation π′:
axcl ⊢

p ⊢ p
⊢ ¬ ⊢ p,¬p

axcl ⊣
p, q ⊣

a′R¬
q ⊣ ¬p

a′L →1
p → q ⊣ ¬p

Since a′R¬ and a′L →1 are admissible but not derivable in G4H1, the derivation π′ does not count as
a G4H1-refutation. Instead, a G4H1-refutation of the same end-antisequent must include (at least)
one acut-application – as witnessed by the following derivation:

axcl ⊢
q, p ⊢ q

⊢ →
q ⊢ p → q

axcl ⊢
p ⊢ p

¬ ⊢
p,¬p ⊢

axcl ⊣
q, p ⊣

acut2
q ⊣ ¬p

acut1
p → q ⊣ ¬p

Additionally, the secondary inductive hypothesis cannot be applied – as witnessed e.g. by the
following configurations, where the acuti formula is atomic:

...
Γ ⊢ ∆, A

...
Π,Γ ⊢ ∆,Σ, C

...
Π,Γ ⊣ ∆,Σ, B ∧ C

Π,Γ ⊣ ∆,Σ, B

A,Π ⊣ Σ, B
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...
Γ ⊢ ∆, B,A

...
Π,Γ ⊢ ∆,Σ, C

...
Π,Γ ⊣ ∆,Σ, B ∧ C

Π,Γ ⊣ ∆,Σ, B

A,Π ⊣ Σ

On the other hand, the fact that acut rules cannot be eliminated from G4H1 without compromising
completeness is not unexpected. As a matter of fact, the refutational logical rules of G4H1 do not
allow for the introduction of logically complex formulas without assuming the introduction of even
more complex formulas: since initial antisequents involve only atomic formulas, it is essential to
have rules (actually, the acut rules) which introduce logically complex formulas following a distinct
pattern.

As for G4H2, although unthreading remains well-defined, the elimination process cannot be fully
executed. For instance, consider the following scenario:

...
Γ ⊢ ∆, B ∨ C

...
Π,Γ ⊣ ∆,Σ

B ∨ C,Π ⊣ Σ

If G4H2 proves Γ ⊢ ∆, C, we have
...

Γ ⊢ ∆, C

...
Π,Γ ⊣ ∆,Σ

C,Π ⊣ Σ

If G4H2 refutes B,Π ⊣ Σ, one cannot infer B ∨C,Π ⊣ Σ from C,Π ⊣ Σ. Again, this is unsurprising.
The binary refutational rules of G4H2 are sufficiently strong to ensure soundness, but they are too
weak to achieve completeness, because they do not account for scenarios where both premises are
invalid.

4. Anticut and FDE-based logics

In this section, we shall use capital Greek letters Θ,Λ . . . to denote multisets of literals – i.e.,
atoms and negated atoms. Moreover, we take the logical complexity C(A) of a formula A to be 0 if
A is a literal, C(B) + 1 if A is of the form ¬¬B, C(B) + C(C) + 1 if A is of the form B ⊗ C and
C(¬B) + C(¬C) + 1 if A is of the form ¬(B ⊗ C), with ⊗ ∈ {∧,∨}.

In this section, we shall deal with the following logics: Belnap’s first-degree entailment logic [1, 2],
Kleene’s strong three-valued logic [22] and Priest’s logic of paradox [35] – in short, FDE, K3 and
LP. The Gfde,Gk3 and Glp systems are sequent calculi for FDE, K3 and LP (see Appendices
B.1, B.6 and B.7 for detailed expositions)8. On the other hand, the GfdeH1,GfdeH2,GfdeH1∩2 and
Gfde⊣⊢ calculi – as well as their counterparts for K3 and LP – are analogous to the G4H1, G4H2,
G4H1∩2 and G4⊣⊢ calculi, respectively (see Appendices B.2, B.3, B.4, B.5, B.6 and B.7).

Let G be any system among Gfde,Gk3,Glp: we recall some basic facts about G⊣⊢.

8These systems are multi-succedent sequent calculi, modeled after the multi-succedent sequent calculus for FDE

introduced in [37]. In contrast, [26] employs single-succedent calculi, based on the single-succedent sequent calculus
for FDE first presented in [9]
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Theorem 11. G⊣⊢ enjoys the following properties.

(i) Each logical rule of G is height-preserving invertible.

(ii) The weakening, contraction and cut rules are admissible in G⊣⊢.

(iii) Maximal G⊣⊢-decomposition yields a unique set of atomic (anti)sequents.

Proof. For proofs we refer to [31]. □

As a preliminary result, we establish that applications of the contrapositives of standard weak-
ening and contraction rules are admissible in the GH1∩2 calculi.

Lemma 12. The strengthening rules are admissible in the GH1∩2 calculus.

Proof. We argue as in the proof of Lemma 3: it suffices to prove that G proves Γ, A ⊢ A,∆ for any
formula A – proceeding by induction on the logical complexity of A. □

Lemma 13. The duplication rules are admissible in the GH1∩2 calculus.

Proof. We argue as in the proof of Lemma 4. □

Now, we show that any application of the contrapositive of a logical rule in G can be interpreted
as a series of acut and dup applications.

Theorem 14. Each logical rule of GH1 is admissible in the GH1∩2 calculus.

Proof. It suffices to consider the refutational rules which are not featured by G4H1: we focus on
a¬∧, leaving the others to the reader.

a¬∧ Consider the following derivations:

¬A,Γ ⊢ ∆
wk ¬A,Γ ⊢ ∆,¬B

...
¬B,Γ ⊢ ∆,¬B

¬ ∧ ⊢
¬(A ∧B),Γ ⊢ ∆,¬B

¬(A ∧B),Γ ⊣ ∆
dup

¬(A ∧B),Γ,Γ ⊣ ∆,∆
acut1¬B,Γ ⊣ ∆

¬B,Γ ⊢ ∆
wk ¬B,Γ ⊢ ∆,¬A

...
¬A,Γ ⊢ ∆,¬A

¬ ∧ ⊢
¬(A ∧B),Γ ⊢ ∆,¬A

¬(A ∧B),Γ ⊣ ∆
dup

¬(A ∧B),Γ,Γ ⊣ ∆,∆
acut1¬A,Γ ⊣ ∆

...
¬B ⊢ ¬(A ∧B)

...
¬A ⊢ ¬(A ∧B)

Γ ⊣ ∆,¬(A ∧B)
dup

Γ ⊣ ∆,¬(A ∧B),¬(A ∧B)
acut2

Γ ⊣ ∆,¬A,¬(A ∧B)
acut2

Γ ⊣ ∆,¬A,¬B

□

We can also reduce applications of logical rules in GH2 to applications of acut and dup rules.

Theorem 15. Each logical rule of GH2 is admissible in the GH1∩2 calculus.
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Proof. It suffices to consider the refutational rules which do not belong to G4H2: we focus on a′R¬∨,
leaving the other cases to the reader.

a′R¬∨ Take the following derivations, with i = 1, 2:

...
¬(A1 ∨A2) ⊢ ¬A3−i

Γ ⊢ ∆,¬Ai

Γ ⊣ ∆,¬A3−i
dup

Γ,Γ ⊣ ∆,∆,¬A3−i
acut1¬Ai,Γ ⊣ ∆,¬A3−i

acut2¬Ai,Γ ⊣ ∆,¬(A1 ∨A2)
str

Γ ⊣ ∆,¬(A1 ∨A2)

□

Finally, we prove the following.

Theorem 16. Each refutational rule in G⊣⊢ is admissible in the GH1∩2 calculus.

Proof. We consider only the ¬∧ ⊣ and ⊣ ¬∨ rules.

¬∧ ⊣ Consider the following derivations:
...

¬A ⊢ ¬(A ∧B)

...
¬A,Γ ⊣ ∆

acut1 ¬(A ∧B),Γ ⊣ ∆

...
¬B ⊢ ¬(A ∧B)

...
¬B,Γ ⊣ ∆

acut1¬(A ∧B),Γ ⊣ ∆

⊣ ¬∨ Take the following derivations:
...

¬(A ∨B) ⊢ ¬A

...
Γ ⊣ ∆,¬A

acut2
Γ ⊣ ∆,¬(A ∨B)

...
¬(A ∨B) ⊢ ¬B

...
Γ ⊣ ∆,¬B

acut2
Γ ⊣ ∆,¬(A ∨B)

□

4.1. Anticut elimination in FDE-based logics. We extend now the anticut-elimination strategy
presented in Section 3 to logics based on FDE. First, we state a basic fact about all these systems:

Theorem 17. For any sequent Γ ⊢ ∆, either G⊣⊢ proves Γ ⊢ ∆ or refutes Γ ⊢ ∆ – but not both.

Proof. The argument follows the same reasoning as in the proof of Theorem 8. □

We prove the desired result exploiting the following.

Lemma 18. The copy rule is admissible in G⊣⊢.

Proof. We argue as in the proof of Lemma 9. □

Theorem 19. There exists an algorithm which turns any G⊣⊢ + acuti-derivation of Π ⊣ Σ into
G⊣⊢-derivation of Π ⊣ Σ, with i = 1, 2.

Proof. We argue as in the proof of Theorem 10: here, we consider only one case arising when the
acuti formula is a literal – leaving the others to the reader.
Let A be the acuti formula and π the derivation of the right premise. If C(A) = 0, h(π) = 1, i = 1

and G is Gfde, consider the derivation
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axfde ⊢

Θ ⊢ Λ, A
axfde ⊣

Φ,Θ ⊣ Λ,Ψ
acut1

A,Φ ⊣ Ψ

We have that Θ∩Λ = ∅ and thus that A ∈ Θ: since Θ∩Ψ = ∅, we infer that A ̸∈ Ψ. Hence, we can
derive A,Φ ⊣ Ψ by a single application of axfde ⊣. Notice that if G is Gk3 (Glp) and A ̸∈ Θ, then
[p,¬p] ⊆ Θ ([p,¬p] ⊆ Λ, respectively) – contrary to the hypothesis that Φ,Θ ⊢ Λ,Ψ is refutable.

□

For the same reasons we detailed in the case of G4H1 and G4H2, the elimination strategy just
presented does not apply to either GH1 or GH2 calculi.

4.2. A glimpse on anticut and Ł-adequacy. Let H denote any system among Kleene’s G4, Gfde,
Gk3, and Glp. Theorems 8 and 17 state that, for any pair of multisets Γ and ∆, there exists either
an H⊣⊢-derivation of Γ ⊢ ∆ or an H⊣⊢-derivation of Γ ⊣ ∆ (but not both). Furthermore, H⊣⊢
derives Γ ⊢ ∆ precisely when

∨
∆ is a logical consequence of

∧
Γ. Consequently, Theorems 8 and

17 guarantee that H⊣⊢ derives Γ ⊣ ∆ exactly when
∨

∆ is not a logical consequence of
∧

Γ. This
establishes that the (strong) Ł-adequacy of unmixed H⊣⊢ systems can be proven without relying on
anticut rules. Moreover, it is important to observe that the anticut-elimination strategy employed
in the proofs of Theorems 10 and 19 presupposes Ł-adequacy.

With respect to hybrid systems, Theorems 5, 6, 10, as well as 14, 15, and 19, establish the
equivalence of these systems with the corresponding unmixed systems for the same logic. This
equivalence indirectly confirms the (strong) Ł-adequacy of each hybrid system. A direct argument
for establishing the Ł-adequacy of hybrid calculi for both classical and FDE-based logics can be
uniformly constructed by leveraging acut rules.

Specifically, concerning refutational completeness, one can provide an argument which differs
from the one detailed in [26, pp. 610–612]. Whenever H is one of classical, FDE, K3, or LP logic,
if Γ ̸|= A in H, we can proceed by induction on C(Γ ∪ [A]) to show that HH1∩H2 derives Γ ⊣ A

(details omitted).

5. Anticut and intuitionistic logic

In this section, we examine anticut rules in D-R systems for intuitionistic propositional logic9.
We begin by considering the unmixed sequent calculus G4ip⊣⊢ (see Appendices C.1 and C.2), and
start our exposition by revisiting some fundamental results.

Theorem 20. G4ip⊣⊢ enjoys the following properties.

(i) Each logical rule of G4ip is height-preserving invertible, except for →→ ⊢ (which fails to be
invertible with respect to the left premise) and ⊢ → .

(ii) The weakening, contraction and cut rules are admissible in G4ip.

9We emphasize that this work adheres to Łukasiewicz’s approach to refutation within an intuitionistic framework.
As highlighted by a referee, this approach diverges from that of [24], where the author introduces informal conditions
on the concept of refutation that are analogous to the BHK interpretation of constructive proof.
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(iii) Maximal G4ip⊣⊢-decomposition yields (at least) one set of irreducible (anti)sequents – namely,
(anti)sequents of the form A1 → B1, . . . , Al → Bl, q1, . . . , qm

∗ r1, . . . , rn with A1, . . . , Al

being atoms or ⊥ and [A1, . . . , Al] ∩ [q1, . . . , qm] = ∅.

Proof. For proofs see [7, 34]. □

To the best of our knowledge, no hybrid sequent calculus for intuitionistic logic has been formulated
so far10. One may be tempted to design Gentzen-style hybrid systems for intuitionistic logic modeled
after the hybrid sequent calculi for classical and FDE-based logics. Let us consider the following
candidates:

(i) G4ipH1, obtained from G4ip by adding axint ⊣, the acut rules and the contrapositive versions
of the logical rules of G4ip;

(ii) G4ipH2, defined as the extension of G4ip with axint ⊣, the acut rules and the hybrid rules
obtained from the logical rules of G by turning one of the premises and the conclusion into
an antisequent.

The following results show that these candidates are not qualified for the job.

Proposition 21. The G4ipH1 is not Ł-complete.

Proof. We prove a stronger statement – namely, that if G4ipH1 derives Γ ⊣ ∆, then G4H1 derives
Γ ⊣ ∆: since G4H1 does not derive (say) ⊣ p ∨ (p → ⊥), this implies that G4ipH1 is not complete
with respect to refutability.
We proceed by induction on the height of the G4ipH1-derivation π of Γ ⊣ ∆. Suppose by con-
tradiction that Γ ⊣ ∆ is an initial antisequent A1 → B1, . . . , Al → Bl, q1, . . . , qm ⊣ r1, . . . , rn of
G4ipH1, and that G4H1 derives A1 → B1, . . . , Al → Bl, q1, . . . , qm ⊢ r1, . . . , rn. By Theorem 2, point
(i) we infer that G4H1 proves q1, . . . , qm ⊢ r1, . . . , rn, A1, . . . , Al: since [q1, . . . , qm] ∩ [r1, . . . , rn] =

[q1, . . . , qm] ∩ [A1, . . . , Al] = ∅, we get the contradiction. If h(π) > 1, we reason by cases over
the last rule applied, exploiting the inductive hypothesis as well as Lemma 3, Theorem 5 and the
following derivations to reach the conclusion.

...
p, p → B ⊢ B

p, p → B,Γ ⊣ ∆
dup

p, p, p → B,Γ ⊣ ∆
acut1

p,B,Γ ⊣ ∆

...
(C ∧D) → B ⊢ C → (D → B) (C ∧D) → B,Γ ⊣ ∆

acut1
C → (D → B),Γ ⊣ ∆

10This is not true of Hilbert-style D-R systems for intuitionistic logic, as witnessed by [39] and [40].
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...
(C ∨D) → B ⊢ D → B

...
(C ∨D) → B ⊢ C → B

(C ∨D) → B,Γ ⊣ ∆
dup

(C ∨D) → B, (C ∨D) → B,Γ ⊣ ∆
acut1

C → B, (C ∨D) → B,Γ ⊣ ∆
acut1

C → B,D → B,Γ ⊣ ∆

...
C → D, (C → D) → B ⊢ B

...
(C → D) → B ⊢ D → B C,D → B,Γ ⊢ D

cut
C, (C → D) → B,Γ ⊢ D

⊢ →
(C → D) → B,Γ ⊢ C → D

(C → D) → B,Γ ⊣ ∆
dup

(C → D) → B, (C → D) → B,Γ,Γ ⊣ ∆
acut1

C → D, (C → D) → B,Γ ⊣ ∆
acut1

B,Γ ⊣ ∆

...
(C → D) → B ⊢ D → B

...
(C → D) → B,C → D ⊢ B

B,Γ ⊢ ∆

(C → D) → B,Γ ⊣ ∆
dup

(C → D) → B, (C → D) → B,Γ,Γ ⊣ ∆
acut1

(C → D) → B, (C → D) → B,Γ ⊣ B
acut2

(C → D) → B,Γ ⊣ C → D
aR →

(C → D) → B,Γ, C ⊣ D
acut1

D → B,Γ, C ⊣ D

□

Proposition 22. The G4ipH2 is not Ł-sound.

Proof. Theorem 20, point (ii) ensures that the following rule is not sound:

C,D → B,Γ ⊣ D B,Γ ⊢ ∆
a′L →→

(C → D) → B,Γ ⊣ ∆

□

To obtain Ł-adequate, hybrid sequent calculi for intuitionistic logic we introduce new refutational
rules – namely, the adpm rules (see Appendix C.3). These are Gentzen-style reformulations of the
refutational principles presented in [39] and [40]. On this basis, we define the minimal G4ipH calculus
as the extension of G4ip with axint ⊣, the acut rules and the adpm rules (see Appendix C.3). Since
this calculus makes its first appearance in this paper, we devote the first part of this section to the
investigation of its structural properties.

Henceforth, we shall consider ⊥ as a 0-ary connective instead of an atomic formula. We use
capital Greek letters Θ,Λ, . . . to denote multisets of atomic formulas and ⊥. Moreover, we take the
logical complexity C(A) of a formula A to be defined as follows [7]: 0 if A is ⊥, 1 if A is atomic,
C(B) + C(C) + 1 if A is B → C, C(B) + C(C) + 2 if A is B ∧C and C(B) + C(C) + 3 if A is B ∨C.
The other proof-theoretic notions are defined in the same way as in the previous sections of this
paper.

Lemma 23. The strengthening and duplication rules are admissible in the minimal G4ipH calculus.

Proof. We argue as in the proofs of Lemmas 3 and 4. □

Theorem 24. Each refutational rule of G4ip⊣⊢ is admissible in the minimal G4ipH calculus.
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Proof. We focus on the most interesting case, leaving the others to the reader.

→ ⊣ → Take the following derivations πi, π′
j and π′′

i , for any 1 ≤ i ≤ m and 1 ≤ j ≤ m:

...
Ci → Di, Ci ⊢ Di

...
Di → Bi, Ci ⊢ (Ci → Di) → Bi

Di → Bi, Ci,Γi,Θ ⊣ Di
dup

Di → Bi, Ci, Ci,Γi,Θ ⊣ Di
acut

(Ci → Di) → Bi, Ci,Γi,Θ ⊣ Di
acut

(Ci → Di) → Bi,Γi,Θ ⊣ Ci → Di

...
⊢ (En → Fn) → (En → Fn)

...
⊢ (E1 → F1) → (E1 → F1)

...
Ej → Fj , Ej ⊢ Fj Γ,Θ, Ej ⊣ Fj

acut
Γ,Θ ⊣ Ej → Fj

acut
(E1 → F1) → (E1 → F1),Γ,Θ ⊣ Ej → Fj

...
acut

(E1 → F1) → (E1 → F1), . . . , (En → Fn) → (En → Fn),Γ,Θ ⊣ Ej → Fj

...
⊢ (En → Fn) → (En → Fn)

...
⊢ (E1 → F1) → (E1 → F1)

...πi

(Ci → Di) → Bi,Γi,Θ ⊣ Ci → Di
acut

(E1 → F1) → (E1 → F1), (Ci → Di) → Bi,Γi,Θ ⊣ Ci → Di

...
acut

(E1 → F1) → (E1 → F1), . . . , (En → Fn) → (En → Fn), (Ci → Di) → Bi,Γi,Θ ⊣ Ci → Di

Let Π = (E1 → F1) → (E1 → F1), . . . , (En → Fn) → (En → Fn). We obtain the conclusion
by considering the following derivation:

...{π′′
i }1≤i≤m

{Π,Γ,Θ ⊣ Ci → Di}1≤i≤m

...{π′
j}1≤j≤n

{Π,Γ,Θ ⊣ Ej → Fj}1≤j≤n
adp

Π,Γ,Θ ⊣ C1 → D1, . . . , Cm → Dm, E1 → F1, . . . , En → Fn,Λ
str

Π,Γ,Θ ⊣ E1 → F1, . . . , En → Fn,Λ
str

Γ,Θ ⊣ E1 → F1, . . . , En → Fn,Λ
□

Remark 2. In the proof of Theorem 24 we establish the admissibility of the refutational logical rules
of G4ip⊣⊢ in the minimal G4ipH calculus leveraging the provable sequents (3.1) and (3.2) of Section
3 as well as the following ones:

(5.1) p, p → B ⊢ p ∧B

(5.2) (C ∧D) → B ⊢ C → (D → B)

(5.3) (C ∨D) → B ⊢ (C → B) ∧ (C → D)

(5.4) B ⊢ (C → D) → B

It should be noticed that the provability of sequents (5.1) – (5.3) can be reduced to the provability
of the following instances of the sequent A,A → B ⊢ B:
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p, p → B ⊢ B (C ∧D) → B,C ∧D ⊢ B (C ∨D) → B,C ∨D ⊢ B

This approach to logical rules is analogous to that of Gentzen’s LIG calculus: there, the sequents
(3.1), (3.2) and A,A → B ⊢ B played the role of axioms (under the label of ‘logical groundsequents’),
and standard structural rules together with the single-succedent version of ⊢ → were sufficient to
recover each logical rule for deducibility [44, 3].

Lemma 25. Let A1, . . . , Am be formulas such that Ai is not an implication, for some 1 ≤ i ≤ m,
Γ→ = C1 → D1, . . . , Cn → Dn with C1, . . . , Cn being atoms or ⊥ and Θ∩ [C1, . . . , Cn] = Θ∩Λ = ∅.
The rules

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ A1 . . . A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Am
adp′m

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ A1, . . . , Am,Λ

are admissible in the G4ipH calculus.

Proof. For any Ai which is not implicational we consider the following derivations πj and π′
i, with

1 ≤ j ≤ m:

...
p, p → Ai ⊢ p

...
Ai ⊢ Ai→→ ⊢

(p → p) → Ai ⊢ Ai

...
Ai → Bi, Ai ⊢ Bi

cut
Ai → Bi, (p → p) → Ai ⊢ Bi

⊢ →
Ai → Bi ⊢ ((p → p) → Ai) → Bi A1 → B1, . . . , Ai → Bi, . . . , Am → Bm,Γ→,Θ ⊣ Aj

acut1
A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ Aj

...
p, p → Ai ⊢ p

...
Ai ⊢ Ai→→ ⊢

(p → p) → Ai ⊢ Ai

...πj=i

A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ Ai
acut2

A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ (p → p) → Ai

A single application of adpm yields A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣
A1, . . . , (p → p) → Ai, . . . , Am,Λ. If Π = A1 → B1, . . . , Ai−1 → Bi−1, Ai+1 → Bi+1, . . . , Am →
Bm,Γ→,Θ and Σ = A1, . . . , Ai−1, Ai+1, . . . , Am,Λ, we take the following derivation ρ to reach the
conclusion:

...
Ai ⊢ (p → p) → Ai

...
p → p,Ai → Bi, Ai ⊢ Ai

...
Bi, Ai ⊢ Bi→→ ⊢

((p → p) → Ai) → Bi, Ai ⊢ Bi⊢ →i
((p → p) → Ai) → Bi ⊢ Ai → Bi

...
((p → p) → Ai) → Bi,Π ⊣ (p → p) → Ai,Σ

acut1
Ai → Bi,Π ⊣ (p → p) → Ai,Σ

acut2
Ai → Bi,Π ⊣ Ai,Σ

□

Theorem 26. Let Γ→ = D1 → E1, . . . , Dn → En, D1, . . . , Dn being atoms or ⊥, Θ∩[D1, . . . , Dn] =

∅ and m ≥ 1. Any rule of the form
{A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ai}1≤i≤m {A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ch}1≤h≤k

vism
A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ C1, . . . , Ck
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is admissible in the minimal G4ipH calculus, with Ai ̸= Ch for any 1 ≤ i ≤ m and 1 ≤ h ≤ k.

Proof. Suppose that each Ai is implicational and each Ch atomic: for any 1 ≤ h ≤ k, if the minimal
G4ipH calculus refutes A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ch, then Ch ̸∈ Θ. Hence, it suffices to
consider the following derivation:

{A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ai}1≤i≤m
adpm

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ A1, . . . , Am, C1, . . . , Ck
str

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ C1, . . . , Ck

If there exists an Ai which is not implicational, we replace Ai → Bi with ((p → p) → Ai) → Ai and
Ai with (p → p) → Ai as in Lemma 25: hence, we obtain a derivation πi of A1 → B1, . . . , ((p →
p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ (p → p) → Ai as well as, for any h, a derivation π′

h of
A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ Ch. Moreover, if there exists a Ch

which is not atomic, we take the following derivations ρh and ρ′i:

p, p → Ch ⊢ p Ch ⊢ Ch→→ ⊢
(p → p) → Ch ⊢ Ch

p, p → Ch ⊢ p Ch ⊢ Ch→→ ⊢
(p → p) → Ch ⊢ Ch

⊢ → ⊢ ((p → p) → Ch) → Ch

...π′
h

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ch
acut1

((p → p) → Ch) → Ch, A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Ch
acut2

((p → p) → Ch) → Ch, A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ (p → p) → Ch

p, p → Ch ⊢ p Ch ⊢ Ch→→ ⊢
(p → p) → Ch ⊢ Ch

⊢ → ⊢ ((p → p) → Ch) → Ch

...πi

A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ (p → p) → Ai
acut1

((p → p) → Ch) → Ch, A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm,Γ→,Θ ⊣ (p → p) → Ai

Let Π = ((p → p) → Ch) → Ch, A1 → B1, . . . , ((p → p) → Ai) → Bi, . . . , Am → Bm, Π′ =

Π \ [((p → p) → Ch) → Ch], Π′′ = Π′ \ [((p → p) → Ai) → Bi] and Σ = C1, . . . , Ch−1, Ch+1, . . . , Ck.
We plug ρh and ρ′i into the following derivations ρ and ρ′:

...
{Π,Γ→,Θ ⊣ Aj}1≤j ̸=i≤m

...ρh
Π,Γ→,Θ ⊣ (p → p) → Ch

...ρ′i
Π,Γ→,Θ ⊣ (p → p) → Ai

adpm+1
Π,Γ→,Θ ⊣ A1, . . . , Ai−1, Ai+1, . . . , Am, C1, . . . , Ch−1, Ch+1, . . . , Ck, (p → p) → Ai, (p → p) → Ch

str
Π′,Γ→,Θ ⊣ C1, . . . , Ch−1, Ch+1, . . . , Ck, (p → p) → Ch

Ch ⊢ (p → p) → Ch

((p → p) → Ai) → Bi ⊢ Ai → Bi

...ρ
((p → p) → Ai) → Bi,Π

′′,Γ→,Θ ⊣ Σ, (p → p) → Ch
acut1

Ai → Bi,Π
′′,Γ→,Θ ⊣ Σ, (p → p) → Ch

acut2
Ai → Bi,Π

′′,Γ→,Θ ⊣ Σ, Ch

Notice that Ai → Bi,Π
′′,Γ→,Θ ⊣ Σ, Ch is identical to A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣

C1, . . . , Ck, as desired. The same argument applies whenever there are multiple non-implicational
Ai’s and non-atomic Ch’s. □

Australasian Journal of Logic (23:2) 2026, Article no. 2



131

Remark 3. The vism rules are Gentzen-style formulations of the contrapositive versions of (re-
stricted) Visser’s rules [18, 19]11. If we drop the requirement that Ai ̸= Ch, then vism and adp′m
rules are equivalent in presence of acut rules (cf. [21, p. 256] and [14, p. 339]).

We say that B is an Harrop formula whenever B is either an atom, or ⊥, or a conjunction of
Harrop formulas, or an implication whose consequent is Harrop [15]. It is well-known that the
disjunction property of intuitionistic logic is preserved under Harrop formulas: if Γ contains only
Harrop formulas, then A∨B is a logical consequence of Γ only if either A or B is a logical consequence
of Γ. The following is a refutation-theoretic formulation of this result12:

Theorem 27. Let Γ be a multiset of Harrop formulas. The rule
Γ ⊣ ∆1 Γ ⊣ ∆2

ahdp
Γ ⊣ ∆1,∆2

is admissible in the minimal G4ipH calculus.

Proof. If Γ = ∅, ∆1 = A11, . . . , A1m and ∆2 = A21, . . . , A2m where m ≥ 1, we take the following
derivation πi, with i = 1, 2:

⊢ A(3−i)m → A(3−i)m

⊢ Ai1 → Ai1 ⊣ Ai1, . . . , Aim
acut1

Ai1 → Ai1 ⊣ Ai1, . . . , Aim

...
Ai1 → Ai1, . . . , A(3−i)(m−1) → A(3−i)(m−1) ⊣ Ai1, . . . , Aim

acut1
Ai1 → Ai1, . . . , A(3−i)(m−1) → A(3−i)(m−1), A(3−i)m → A(3−i)m ⊣ Ai1, . . . , Aim

Hence, for any 1 ≤ j ≤ m we consider the following derivation π′
j :

...πi

Ai1 → Ai1, . . . , A(3−i)m → A(3−i)m ⊣ Ai1, . . . , Aim
str

Ai1 → Ai1, . . . , A(3−i)m → A(3−i)m ⊣ Aij

Let Π = Ai1 → Ai1, . . . , A(3−i)m → A(3−i)m: we plug the π′
j ’s into the following derivation ρ to

reach the conclusion.

...π11

Π ⊣ A11 · · ·

...π2m

Π ⊣ A2m
adp′2m

Π ⊣ ∆1,∆2
str⊣ ∆1,∆2

11It suffices to notice that the minimal G4ipH calculus derives A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Dj for any
1 ≤ j ≤ n.

12Let us recall that the disjunction property of intuitionistic logic extends to the broader class of projective
formulas, which includes non-Harrop formulas such as p → (q ∨ r) [10]. Consequently, we assert that the generalized
version of ahdp, where Γ is a multiset of projective formulas, is admissible in the minimal G4ipH calculus. However,
we leave this claim without a proof, as a complete inductive characterization of the class of projective formulas (if
any) remains an open problem [5].
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If Γ ̸= ∅, then Γ = A1 → B1, . . . , Am → Bm,Γ′, with m ≥ 0, A1, . . . , Am being atoms or ⊥ and
Γ′ lacking implications with atoms or ⊥ as antecedent: to reach the conclusion, we reason by cases
over deg(Γ′), defined as the maximal logical complexity of a formula in Γ′, and proceed by induction
on the logical complexity of Γ.
If deg(Γ′) = 1, then Γ′ = q1, . . . , qn. If Ai ̸= qj for any 1 ≤ i ≤ m and 1 ≤ j ≤ n, then for any
A ∈ ∆1,∆2 we apply acut2 to ⊢ A → A and Γ ⊣ ∆1 as well as ⊢ A → A and Γ ⊣ ∆2: hence,
we exploit adp′m to get the conclusion. On the other hand, if Ai = qj for some 1 ≤ i ≤ m and
1 ≤ j ≤ n, we apply at → ⊣inv and exploit the inductive hypothesis.
If deg(Γ′) > 1, we reason by cases over Γ′. If Γ′ = B∧C,Γ′′, we leverage acut1 to replace B∧C with
(say) B, and apply the inductive hypothesis. If Γ′ = B → C,Γ′′ and B = D ∧ E, we exploit acut1

to replace (D ∧E) → C with D → (E → C); if B = D ∨E or D → E, we leverage acut1 to replace
B → C with D → C. In all cases, we apply the inductive hypothesis to reach the conclusion.

□

Remark 4. Theorems 26 and 27 establish that, in presence of acut rules, the admissibility of adp′m
rules entails the admissibility of contrapositive versions of the disjunction property and Visser rules
vism, for any m. Since the only intermediate logic where the disjunction property and all the Visser
rules hold is intuitionistic logic [17], we infer that for any intermediate logic L distinct from the
latter there must exist (at least) one n ≥ 2 such that some adp′n rules are not admissible in any
hybrid calculus for L. A(n algebraic) proof of the fact that there exists (at least) one n ≥ 2 such
that all adp′n rules are not admissible in any hybrid calculus for L is detailed in [40, pp. 79-80].

5.1. Anticut elimination in intuitionistic logic. In this subsection, we illustrate a constructive
approach to acut admissibility in G4ip⊣⊢. First, we recall a crucial result:

Theorem 28. For any sequent Γ ⊢ ∆, either G4ip⊣⊢ proves Γ ⊢ ∆ or refutes Γ ⊢ ∆ – but not both.

Proof. For a proof see [34, pp. 227-228]. □

In what follows, we establish a number of intermediate lemmas, which we will exploit in the proof
of the main result – namely, Theorem 36.

Lemma 29. The rules
A,Γ ⊣ ∆

str
Γ ⊣ ∆

Γ ⊣ ∆, A
str

Γ ⊣ ∆

B ∧ C,Γ ⊣ ∆
∧ ⊣inv

B,C,Γ ⊣ ∆

Γ ⊣ ∆, B ∨ C
⊣ ∨inv

Γ ⊣ ∆, B, C

p, p → B,Γ ⊣ ∆
at → ⊣inv

p,B,Γ ⊣ ∆

(B ∧ C) → D,Γ ⊣ ∆
∧ → ⊣inv

B → (C → D),Γ ⊣ ∆

(B ∨ C) → D,Γ ⊣ ∆
∨ → ⊣inv

B → D,C → D,Γ ⊣ ∆
Γ ⊣ A → B ⊣ →inv
Γ, A ⊣ B

are admissible in G4ip⊣⊢.
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Proof. For each rule distinct from ⊣ →inv, we establish the conclusion proceeding by induction on
the height of the derivation π of the premise: in the cases of inv rules, we exploit the fact that
the last rule applied in π cannot be → ⊣ →. As far as the rule ⊣ →inv is concerned, let π be
a G4ip⊣⊢-derivation of Γ ⊣ A → B: we define the right rank of A → B in π as the number of
consecutive antisequents in π where A → B occurs on the right-hand side, from the conclusion
upwards. We reach the conclusion proceeding by induction on the right rank of A → B in π (we
omit the details). □

Lemma 30. Let A⃗ = A1 → · · · → Am, with m ≥ 1. If the rule
B,Γ ⊣ ∆

r
C,Γ ⊣ ∆

is admissible in G4ip⊣⊢, then the rule

A⃗ → B,Γ ⊣ ∆
nr

A⃗ → C,Γ ⊣ ∆

is admissible in G4ip⊣⊢.

Proof. We argue by primary induction on m, secondary induction on the height of the derivation
π of the premise A⃗ → B,Γ ⊣ ∆ and ternary induction on the logical complexity of Am. If m = 1,
h(π) = 1 and Am is ⊥ or an atom, the conclusion is immediate. If m = 1 and h(π) > 1, we
reason by cases over the last rule applied in π. If A1 → B is not principal in it, we apply the
secondary inductive hypothesis. If A1 is principal in it, we distinguish multiple cases according
to A1’s principal connective (if any). If A1 is an atom p belonging to Γ, we apply r and at → ⊣
to get the conclusion; if A1 = D ∧ E, we exploit the secondary inductive hypothesis. Whenever
A1 = D ∨ E, or A1 = D → E with → ⊣ → being the last rule applied, we exploit the secondary
as well as the ternary inductive hypothesis. If m > 1, we leverage the primary inductive hypothesis
and replicate the argument we made for m = 1 to reach the conclusion. □

Lemma 31. Let A be a non-implicational formula. The rule
A → B,A → C,Γ ⊣ ∆

→ ∧ ⊣
A → (B ∧ C),Γ ⊣ ∆

is admissible in the G4ip⊣⊢ calculus.

Proof. We reason by primary induction on the logical complexity of A and secondary induction on
the height of the derivation π of the premise. If A is ⊥ or an atom and h(π) = 1, the conclusion
is immediate. If h(π) > 1 and neither p → B nor p → C is principal in the last rule applied, we
exploit the secondary inductive hypothesis. If (say) p → B is principal and p → C not, we consider
the following derivation:

p,B, p → C,Γ ⊣ ∆
at → ⊣inv

p,B,C,Γ ⊣ ∆
∧ ⊣

p,B ∧ C,Γ ⊣ ∆
at → ⊣

p, p → (B ∧ C),Γ ⊣ ∆
str

p → (B ∧ C),Γ ⊣ ∆
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If A = D ∧ E, we consider the following derivation:

(D ∧ E) → B, (D ∧ E) → C,Γ ⊣ ∆
∧ → ⊣inv

D → (E → B), (D ∧ E) → C,Γ ⊣ ∆
∧ → ⊣inv

D → (E → B), D → (E → C),Γ ⊣ ∆
→ ∧ ⊣

D → ((E → B) ∧ (E → C)),Γ ⊣ ∆

By primary inductive hypothesis and ∧ ⊣inv, the rule leading from (E → B) ∧ (E → C),Γ ⊣ ∆ to
E → (B ∧C),Γ ⊣ ∆ is admissible in G4ip⊣⊢: hence, Lemma 30 ensures the admissibility of the rule
leading from D → ((E → B) ∧ (E → C)),Γ ⊣ ∆ to D → (E → (B ∧ C)),Γ ⊣ ∆: an application of
∧ → ⊣ suffices to the conclusion.
If A = D ∨ E, we take the following derivation:

(D ∨ E) → B, (D ∨ E) → C,Γ ⊣ ∆
∨ → ⊣inv

D → B,E → B, (D ∨ E) → C,Γ ⊣ ∆
∨ → ⊣inv

D → B,E → B,D → C,E → C,Γ ⊣ ∆
→ ∧ ⊣

D → (B ∧ C), E → B,E → C,Γ ⊣ ∆
→ ∧ ⊣

D → (B ∧ C), E → (B ∧ C),Γ ⊣ ∆
∨ → ⊣

(D ∨ E) → (B ∧ C),Γ ⊣ ∆

□

Lemma 32. Let Γ→ = A1 → B1, . . . , Ak → Bk, with A1, . . . , Ak atoms or ⊥, and Θ∩[A1, . . . , Ak] =

∅. The restricted copy rule
Π,Γ→,Θ ⊣ Λ,∆ Π,Γ→,Θ ⊣ Λ,∆

rcopy
Π,Γ,Γ ⊣ Λ,Λ,∆

is admissible in G4ip⊣⊢.

Proof. We assume (without loss of generality) that for any rcopy application the two premises have
the same derivation π: we reason by induction on 2h(π) to get the conclusion. If h(π) = 1, the
conclusion is immediate; otherwise, we reason by cases over the last rule applied in π. The only
interesting case arises when the last rule applied in π is

...{πi}1≤i≤m

{Di, Ei → Ci,Γi,Γ
→,Θ ⊣ Ei}1≤i≤m

...{π′
j}1≤j≤n

{Γ,Γ→,Θ, Fj ⊣ Gj}1≤j≤n
→ ⊣ →

Γ,Γ→,Θ ⊣ F1 → G1, . . . , Fn → Gn,Λ

where Γi = Γ \ [(Di → Ei) → Ci]. We apply the inductive hypothesis to remove the rcopy

applications from the following derivations ρi and ρ′j , for any 1 ≤ i ≤ m and 1 ≤ j ≤ m:

...πi

Di, Ei → Ci,Γi,Γ
→,Θ ⊣ Ei

...πi

Di, Ei → Ci,Γi,Γ
→,Θ ⊣ Ei rcopy

Di, Ei → Ci,Γi,Γ
→,Γ→,Θ,Θ ⊣ Ei
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...π′
j

Γ,Γ→,Θ, Fj ⊣ Gj

...π′
j

Γ,Γ→,Θ, Fj ⊣ Gj
rcopy

Γ,Γ→,Γ→,Θ,Θ, Fj ⊣ Gj

Hence, we plug ρi and ρ′i into the following derivation:

...{ρi}1≤i≤m

{Di, Ei → Ci,Γi,Γ
→,Γ→,Θ,Θ ⊣ Ei}1≤i≤m

...{π′
j}1≤j≤n

{Γ,Γ→,Γ→,Θ,Θ, Fj ⊣ Gj}1≤j≤n
→ ⊣ →

Γ,Γ→,Γ→,Θ,Θ ⊣ F1 → G1, . . . , Fn → Gn,Λ,Λ

□

Lemma 33. The copy rule
Γ ⊣ ∆ Γ ⊣ ∆ copy

Γ,Γ ⊣ ∆,∆

is admissible in G4ip⊣⊢.

Proof. We argue as in the proof of Lemma 9: we focus on the case where the last rule applied in
the derivation π of each premise is → ⊣ →. We have that π has the following form:

...{πi}1≤i≤m

{Di, Ei → Ci,Γi,Γ
→,Θ ⊣ Ei}1≤i≤m

...{π′
j}1≤j≤n

{Γ,Γ→,Θ, Fj ⊣ Gj}1≤j≤n
→ ⊣ →

Γ,Γ→,Θ ⊣ F1 → G1, . . . , Fn → Gn,Λ

where Γi, Γ→ and Θ are defined as in the proof of Lemma 32. First, we apply rcopy to the πi and π′
j ’s

to obtain the derivations ρi and ρ′j of Di, Ei → Ci,Γi,Γ
→,Γ→,Θ,Θ ⊣ Ei and Γ,Γ→,Γ→,Θ,Θ, Fj ⊣

Gj , respectively. For each 1 ≤ i ≤ m and 1 ≤ j ≤ n we consider a copy ρm+i and ρ′n+j of ρi and ρ′j
such that Di = Dm+i, Ei = Em+i, Ci = Cm+i, Γi = Γm+1, Fj = Fn+j and Gj = Gn+j . Hence, we
plug the ρ1, . . . , ρ2m and ρ′1, . . . , ρ

′
2n’s into the following derivation:

...{ρi′}1≤i′≤2m

{Di′ , Ei′ → Ci′ ,Γi′ ,Γ
→,Γ→,Θ,Θ ⊣ Ei}1≤i′≤2m

...{ρ′
j′}1≤j′≤2n

{Γ,Γ→,Θ, Fj′ ⊣ Gj′}1≤j′≤2n
→ ⊣ →

Γ,Γ,Γ→,Γ→,Θ,Θ ⊣ F1 → G1, . . . , Fn → Gn, F1 → G1, . . . , Fn → Gn,Λ,Λ

□

Lemma 34. The rules
A,Γ ⊣ ∆

dup
A,A,Γ ⊣ ∆

Γ ⊣ ∆, A
dup

Γ ⊣ ∆, A,A

are admissible in the G4ip⊣⊢ calculus.

Proof. It suffices to consider the following derivations:

A,Γ ⊣ ∆
copy

A,A,Γ,Γ ⊣ ∆,∆
str

A,A,Γ ⊣ ∆

Γ ⊣ ∆, A
copy

Γ,Γ ⊣ ∆,∆, A,A
str

Γ ⊣ ∆, A,A
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□

Lemma 35. The rule
B,Γ ⊣ ∆

→ ⊣
A → B,Γ ⊣ ∆

is admissible in the G4ip⊣⊢ calculus.

Proof. We assume (without loss of generality) that A is non-implicational. We reason by primary
induction on the height of the derivation π of the premise, secondary induction on the logical
complexity of A and ternary induction on B. If h(π) = 1 and A is ⊥ or an atom p, the conclusion
is straightforward. If A = C ∧D, we take the following derivation:

B,Γ ⊣ ∆
→ ⊣

D → B,Γ ⊣ ∆
→ ⊣

C → (D → B),Γ ⊣ ∆
∧ → ⊣

(C ∧D) → B,Γ ⊣ ∆

On the other hand, if A = C ∨D, we consider the following derivation:

B,Γ ⊣ ∆
dup

B,B,Γ ⊣ ∆
→ ⊣

C → B,B,Γ ⊣ ∆
→ ⊣

C → B,D → B,Γ ⊣ ∆
∨ → ⊣

(C ∨D) → B,Γ ⊣ ∆

If h(π) > 1 and A is an atom p such that p ̸∈ Γ, we reason by cases over the last rule applied. If
B is not principal in the last rule applied, it suffices to apply the first inductive hypothesis. If B
is principal in the last rule applied, and the last rule applied is neither ∧ ⊣ nor → ⊣ →, we apply
the primary inductive hypothesis and Lemma 30 to reach the conclusion. Here, we focus on the
remaining cases.
If B = C ∧D, we consider the following derivation:

C,D,Γ ⊣ ∆
→ ⊣

A → C,D,Γ ⊣ ∆
→ ⊣

A → C,A → D,Γ ⊣ ∆
→ ∧ ⊣

A → (C ∧D),Γ ⊣ ∆

On the other hand, if B = (C → D) → E and the last rule applied is → ⊣ →, we apply the first
inductive hypothesis. Finally, if h(π) > 1 and A is neither atomic nor ⊥, we proceed in the same
way as in the case where h(π) = 1 and A is neither atomic nor ⊥. □

Now, we are ready to prove the existence of an acut elimination strategy for G4ip⊣⊢.

Theorem 36. There exists an algorithm which turns any G4ip⊣⊢ + acuti-derivation of Π ⊣ Σ into
a G4ip⊣⊢-derivation of Π ⊣ Σ, with i = 1, 2.
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Proof. We focus on the topmost acuti application, proceeding by primary induction on the logical
complexity of the acuti formula and by secondary induction on the height of the derivation π of the
right premise. If the acuti formula is an atom, a conjunction or a disjunction, the argument runs
as in the proof of Theorem 10. The only different case arises whenever A is an atom and the last
rule applied in π is → ⊣ →: we leverage the secondary inductive hypothesis as well as the fact that
Γ ⊢ ∆, A can be derived with a single axint ⊢ application to reach the conclusion.
Here, we discuss in detail only the case where the acuti formula has the form A → B: we assume
without loss of generality that A is either an atom or an implication.

(i) Consider the following derivation:

...
Γ ⊢ ∆, A → B

...π
Π,Γ ⊣ ∆,Σ

acut1
A → B,Π ⊣ Σ

We reason by cases over the last rule applied in π to reach the conclusion. If Π,Γ ⊣ ∆,Σ

is an initial antisequent, then G4ip⊣⊢ proves Γ, A ⊢ B, and thus Π,Γ, A ⊢ B,∆,Σ. On the
other hand, Theorem 28 ensures that G4ip⊣⊢ derives either Π,Γ ⊢ B,∆,Σ or Π,Γ ⊣ B,∆,Σ.
In the first case, we consider the following derivation:

...
Π,Γ ⊢ B,∆,Σ

axint ⊣
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut1
B,Γ,Π ⊣ ∆,Σ

str
B,Π ⊣ Σ

→ ⊣
A → B,Π ⊣ Σ

In the second case we consider the following derivation:

...
Γ, A ⊢ B,∆

...
Π,Γ ⊣ B,∆,Σ

acut2
Π ⊣ Σ, A

If A is atomic, it suffices to notice that A ̸∈ Π: this implies that A → B,Π ⊣ Σ can be
derived with a single application of axint ⊣ . If A = C → D, we consider the following
derivation:

...
Γ, C → D ⊢ B

inv
Γ, D ⊢ B

⊢ →
Γ ⊢ D → B

...
Γ, C → D ⊢ B,∆

...
Π,Γ ⊣ B,∆,Σ

dup
Π,Γ,Γ ⊣ B,∆,Σ

acut2
Π,Γ ⊣ Σ, C → D

acut1
Π, D → B ⊣ Σ, C → D

str
Π, D → B ⊣ C → D

⊣ →inv
Π, D → B,C ⊣ D

→ ⊣ →
(C → D) → B,Π ⊣ Σ
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If h(π) > 1 and the last rule applied in π is not → ⊣ →, it suffices to exploit the secondary
inductive hypothesis to reach the conclusion. If the last rule applied in π is → ⊣ → we argue
as in the case where h(π) = 1.

(ii) Consider the following derivation:

...
A → B,Γ ⊢ ∆

...π
Π,Γ ⊣ ∆,Σ

acut2
Π ⊣ Σ, A → B

If Π,Γ ⊣ ∆,Σ is an initial antisequent, we reason by cases over A. If A is atomic, we infer
that the last rule applied in the derivation of A → B,Γ ⊢ ∆ is at → ⊢ : if Γ = Γ′, A, then
G4ip⊣⊢ proves B,A,Γ′ ⊢ ∆. Take the following derivation:

...
B,A,Γ′ ⊢ ∆

axint ⊣
Π, A,Γ′ ⊣ ∆,Σ

dup
Π, A,A,Γ′ ⊣ ∆,Σ

acut2
A,Π ⊣ Σ, B

str
A,Π ⊣ B

→ ⊣ →
Π ⊣ Σ, A → B

If A = C → D, the last rule applied in the derivation of A → B,Γ ⊢ ∆ is →→ ⊢. As
a result, we have that G4ip⊣⊢ proves C,D → B,Γ ⊢ D and B,Γ ⊢ ∆: the provability of
C,D → B,Γ ⊢ D entails the provability of B,Π,Γ ⊢ C → D,∆,Σ. Theorem 28 ensures
that G4ip⊣⊢ derives either Π,Γ ⊢ C → D,∆,Σ or Π,Γ ⊣ C → D,∆,Σ. In the first case, we
leverage the following derivation:

...
B,Γ ⊢ ∆

...
Π,Γ ⊢ ∆,Σ, C → D

axint ⊣
Π,Γ ⊣ ∆,Σ

copy
Π,Π,Γ,Γ ⊣ ∆,∆,Σ,Σ

acut1
C → D,Π,Γ ⊣ ∆,Σ

acut2
C → D,Π ⊣ Σ, B

str
C → D,Π ⊣ B

→ ⊣ →
Π ⊣ Σ, (C → D) → B

If h(π) > 1 and the last rule applied in π is not → ⊣ →, it suffices to exploit the secondary
inductive hypothesis to get the conclusion. If the last rule applied in π is → ⊣ → we argue
as in the case where h(π) = 1.

□

Remark 5. Consider the following rule:

Γ ⊣ ∆ ⊥ → ⊣⊥ → B,Γ ⊣ ∆

In [28], the authors state that ⊥ → ⊣ is redundant in G4ip⊣⊢, due to the fact that the context Γ→

in the rules axint ⊣ and → ⊣ → is allowed to contain implications with ⊥ as antecedent. Theorem
36 provides a constructive argument for the same claim, since any ⊥ → ⊣ application can be seen
as an acut application:
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...
⊢ ⊥ → B Γ ⊣ ∆

acut1⊥ → B,Γ ⊣ ∆

Notice that if we disallow implications with antecedent ⊥ from Γ→ in the rules axint ⊣ and → ⊣ →
of G4ip⊣⊢, there can be no acut-free G4ip⊣⊢-derivation of (say) (p → ⊥) → (q ∨ r) ⊣ (p → ⊥) →
q, (p → ⊥) → r, and thus Theorem 36 ceases to hold.

We conclude this section with the following result, establishing that G4ip⊣⊢ and the minimal G4ipH
calculus derive the same (anti)sequents:

Theorem 37. The rules adpm are admissible in G4ip⊣⊢.

Proof. Let Γ = (C1 → D1) → B1, . . . , (Cm → Dm) → Bm and Γi = Γ \ [(Ci → Di) → Bi], for any
1 ≤ i ≤ m. Take the following derivations πi and π′

i:

(Ci → Di) → Bi,Γi,Γ
→,Θ ⊣ Ci → Di ⊣ →inv

(Ci → Di) → Bi,Γi,Γ
→,Θ, Ci ⊣ Di

(Ci → Di) → Bi ⊢ Di → Bi

...πi

(Ci → Di) → Bi,Γi,Γ
→,Θ, Ci ⊣ Di

acut
Di → Bi,Γi,Γ

→,Θ, Ci ⊣ Di

We plug the derivations πi and π′
i into the following derivation:

...{πi}1≤i≤m

{Di → Bi,Γi,Γ
→,Θ, Ci ⊣ Di}1≤i≤m

...{π′
i}1≤i≤m

{(Ci → Di) → Bi,Γi,Γ
→,Θ, Ci ⊣ Di}1≤i≤m

→ ⊣ →
(C1 → D1) → B1, . . . , (Cm → Dm) → Bm,Γ→,Θ ⊣ C1 → D1, . . . , Cm → Dm

□

6. Concluding remarks

In this paper, we conducted a proof-theoretic investigation of D-R calculi for classical and non-
classical logics, such as FDE and intuitionistic logic. Specifically, we have proved that anticut rules
cannot be eliminated from hybrid sequent calculi without compromising Ł-completeness. Moreover,
when anticut rules are combined with an appropriate set of rules, the resulting system attains
refutational completeness. Finally, we have explored the role of anticut rules in unmixed sequent
calculi, showing that anticut rules can be constructively eliminated by leveraging Ł-completeness.

From a methodological standpoint, combining anticut rules with an appropriate set of additional
refutational principles proves to be a flexible and robust approach, adaptable to a wide range
of logics. For instance, this method is equally applicable to various modal logics [11, 20] and
intermediate logics [41, 14]. The minimal hybrid calculi developed for these logics can serve as
effective frameworks for constructing new unmixed calculi tailored to the same logics, with S4

being a notable example [16, 8].
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From a broader perspective, it would be worthwhile to investigate whether there exist logics
whose antitheorems can be recursively axiomatized only through hybrid, rather than unmixed, D-R
systems. An especially intriguing case study in this context is Medvedev’s logic of finite frames,
given the long-standing open problem concerning its decidability [6, 41].

Finally, a further promising line of research appears to be the connection between anticut rules
and the formulation of abductive problems viewed as deductive arguments in reverse [30].

Appendix A. Proof systems for classical propositional logic

In this appendix we present the proof systems for classical logic employed in the paper. We use
the capital Greek letters Γ,∆,Π,Σ to refer to multisets of formulas, and Θ,Λ, . . . to denote multisets
of atomic formulas.

A.1. Kleene’s G4.
axcl ⊢ Γ, p ⊢ p,∆

Γ, A,B ⊢ ∆
∧ ⊢

Γ, A ∧B ⊢ ∆

Γ ⊢ ∆, A Γ ⊢ ∆, B
⊢ ∧

Γ ⊢ ∆, A ∧B

A,Γ ⊢ ∆ B,Γ ⊢ ∆
∨ ⊢

A ∨B,Γ ⊢ ∆

Γ ⊢ ∆, A,B
⊢ ∨

Γ ⊢ ∆, A ∨B

Γ ⊢ ∆, A
¬ ⊢ ¬A,Γ ⊢ ∆

A,Γ ⊢ ∆
⊢ ¬

Γ ⊢ ∆,¬A

Γ ⊢ ∆, B A,Γ ⊢ ∆
→ ⊢

A → B,Γ ⊢ ∆

A,Γ ⊢ ∆, B
⊢ →

Γ ⊢ ∆, A → B

A.2. The G4H1 calculus. The G4H1 calculus is obtained from G4 by adding the following rules:

axcl ⊣
Θ ⊣ Λ

A ∧B,Γ ⊣ ∆
aL∧

A,B,Γ ⊣ ∆

Γ ⊢ ∆, A Γ ⊣ ∆, A ∧B
aR∧1

Γ ⊣ ∆, B

Γ ⊢ ∆, B Γ ⊣ ∆, A ∧B
aR∧2

Γ ⊣ ∆, A

A,Γ ⊢ ∆ A ∨B,Γ ⊣ ∆
aL∨1

B,Γ ⊣ ∆

B,Γ ⊢ ∆ A ∨B,Γ ⊣ ∆
aL∨2

A,Γ ⊣ ∆

Γ ⊣ ∆, A ∨B
aR∨

Γ ⊣ ∆, A,B

Γ ⊢ ∆, A A → B,Γ ⊣ ∆
aL →1

B,Γ ⊣ ∆

B,Γ ⊢ ∆ A → B,Γ ⊣ ∆
aL →2

Γ ⊣ ∆, A

Γ ⊣ ∆, A → B
aR →

A,Γ ⊣ ∆, B

¬A,Γ ⊣ ∆
aL¬

Γ ⊣ ∆, A

Γ ⊣ ∆,¬A
aR¬

A,Γ ⊣ ∆

Γ ⊢ ∆, A Π,Γ ⊣ ∆,Σ
acut1

A,Π ⊣ Σ

A,Γ ⊢ ∆ Π,Γ ⊣ ∆,Σ
acut2

Π ⊣ Σ, A
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In the rule axcl ⊣ , Θ ∩ Λ = ∅.

A.3. The G4H2 calculus. The G4H2 calculus is obtained from G4 by adding axcl ⊣ as well as the
following rules:

A,B,Γ ⊣ ∆
a′∧ ⊣

A ∧B,Γ ⊣ ∆

Γ ⊢ ∆, A Γ ⊣ ∆, B
⊣ a′∧

Γ ⊣ ∆, A ∧B

Γ ⊢ ∆, B Γ ⊣ ∆, A
⊣ a′∧

Γ ⊣ ∆, A ∧B

A,Γ ⊢ ∆ B,Γ ⊣ ∆
a′∨ ⊣

A ∨B,Γ ⊣ ∆

B,Γ ⊢ ∆ A,Γ ⊣ ∆
a′∨ ⊣

A ∨B,Γ ⊣ ∆

Γ ⊣ ∆, A,B
⊣ a′∨

Γ ⊣ ∆, A ∨B

Γ ⊣ ∆, A
a′¬ ⊣ ¬A,Γ ⊣ ∆

A,Γ ⊣ ∆
⊣ a′¬

Γ ⊣ ∆,¬A

Γ ⊢ ∆, A B,Γ ⊣ ∆
a′ → ⊣

A → B,Γ ⊣ ∆

B,Γ ⊢ ∆ Γ ⊣ ∆, A
a′ → ⊣

A → B,Γ ⊣ ∆

A,Γ ⊣ ∆, B
⊣ a′ →

Γ ⊣ ∆, A → B

Γ ⊢ ∆, A Π,Γ ⊣ ∆,Σ
acut1

A,Π ⊣ Σ

A,Γ ⊢ ∆ Π,Γ ⊣ ∆,Σ
acut2

Π ⊣ Σ, A

A.4. The G4H1∩2 calculus. The G4H1∩2 calculus is obtained from G4 by adding axcl ⊣ and the
acut rules.

A.5. The G4⊣⊢ calculus. The G4⊣⊢ is obtained from G4 by adding axcl ⊣ as well as the following
rules:

A,B,Γ ⊣ ∆
∧ ⊣

A ∧B,Γ ⊣ ∆

Γ ⊣ ∆, A
⊣ ∧

Γ ⊣ ∆, A ∧B

Γ ⊣ ∆, B
⊣ ∧

Γ ⊣ ∆, A ∧B

A,Γ ⊣ ∆
∨ ⊣

A ∨B,Γ ⊣ ∆

B,Γ ⊣ ∆
∨ ⊣

A ∨B,Γ ⊣ ∆

Γ ⊣ ∆, A,B
⊣ ∨

Γ ⊣ ∆, A ∨B

Γ ⊣ ∆, A
¬ ⊣ ¬A,Γ ⊣ ∆

A,Γ ⊣ ∆
⊣ ¬

Γ ⊣ ∆,¬A

Γ ⊣ ∆, A
→ ⊣

A → B,Γ ⊣ ∆

B,Γ ⊣ ∆
→ ⊣

A → B,Γ ⊣ ∆

A,Γ ⊣ ∆, B
⊣ →

Γ ⊣ ∆, A → B

Appendix B. Proof systems for FDE-based logics

In this appendix we gather the proof systems for FDE-based logics employed in the paper, using
the capital Greek letters Γ,∆,Π,Σ to refer to multisets of formulas, and Θ,Λ, . . . to denote multisets
of literals.

B.1. The Gfde calculus.
Australasian Journal of Logic (23:2) 2026, Article no. 2



142

axfde ⊢
Γ, p ⊢ p,∆

axfde ⊢
Γ,¬p ⊢ ¬p,∆

Γ, A,B ⊢ ∆
∧ ⊢

Γ, A ∧B ⊢ ∆

Γ ⊢ ∆, A Γ ⊢ ∆, B
⊢ ∧

Γ ⊢ ∆, A ∧B

A,Γ ⊢ ∆ B,Γ ⊢ ∆
∨ ⊢

A ∨B,Γ ⊢ ∆

Γ ⊢ ∆, A,B
⊢ ∨

Γ ⊢ ∆, A ∨B

¬A,Γ ⊢ ∆ ¬B,Γ ⊢ ∆
¬ ∧ ⊢ ¬(A ∧B),Γ ⊢ ∆

Γ ⊢ ∆,¬A,¬B
⊢ ¬ ∧

Γ ⊢ ∆,¬(A ∧B)

¬A,¬B,Γ ⊢ ∆
¬ ∨ ⊢ ¬(A ∨B),Γ ⊢ ∆

Γ ⊢ ∆,¬A Γ ⊢ ∆,¬B
⊢ ¬ ∨

Γ ⊢ ∆,¬(A ∨B)

A,Γ ⊢ ∆
¬¬ ⊢ ¬¬A,Γ ⊢ ∆

Γ ⊢ ∆, A
⊢ ¬¬

Γ ⊢ ∆,¬¬A

B.2. The GfdeH1 calculus. The GfdeH1 calculus is obtained from the Gfde calculus by adding the
a∧, a∨ and acut rules as well as the following ones:

axfde ⊣
Θ ⊣ Λ

axfde ⊣
Θ, p,¬p ⊣ Λ

axfde ⊣
Θ ⊣ p,¬p,Λ

¬A,Γ ⊢ ∆ ¬(A ∧B),Γ ⊣ ∆
aL¬∧1 ¬B,Γ ⊣ ∆

¬B,Γ ⊢ ∆ ¬(A ∧B),Γ ⊣ ∆
aL¬∧2 ¬A,Γ ⊣ ∆

Γ ⊣ ∆,¬(A ∧B)
aR¬∧

Γ ⊣ ∆,¬A,¬B

Γ ⊢ ∆,¬A Γ ⊣ ∆,¬(A ∨B)
aR¬∨1

Γ ⊣ ∆,¬B
Γ ⊢ ∆,¬B Γ ⊣ ∆,¬(A ∨B)

aR¬∨2
Γ ⊣ ∆,¬A

¬(A ∨B),Γ ⊣ ∆
aL¬∨ ¬A,¬B,Γ ⊣ ∆

¬¬A,Γ ⊣ ∆
aL¬¬

A,Γ ⊣ ∆

Γ ⊣ ∆,¬¬A
aR¬¬

Γ ⊣ ∆, A

In the rules axfde ⊣ , Θ ∩ Λ = ∅.

B.3. The GfdeH2 calculus. The GfdeH2 is obtained from Gfde by adding the axfde ⊣, a′∧, a′∨ and
acut rules, as well as the following ones:

¬A,Γ ⊢ ∆ ¬B,Γ ⊣ ∆
a′¬ ∧ ⊣ ¬(A ∧B),Γ ⊣ ∆

¬B,Γ ⊢ ∆ ¬A,Γ ⊣ ∆
a′¬ ∧ ⊣ ¬(A ∧B),Γ ⊢ ∆

Γ ⊣ ∆,¬A,¬B
⊣ a′¬ ∧

Γ ⊣ ∆,¬(A ∧B)

¬A,¬B,Γ ⊣ ∆
a′¬ ∨ ⊣ ¬(A ∨B),Γ ⊣ ∆

Γ ⊢ ∆,¬A Γ ⊣ ∆,¬B
⊣ a′¬ ∨

Γ ⊣ ∆,¬(A ∨B)

Γ ⊢ ∆,¬B Γ ⊣ ∆,¬A
⊣ a′¬ ∨

Γ ⊣ ∆,¬(A ∨B)

A,Γ ⊣ ∆
a′¬¬ ⊣ ¬¬A,Γ ⊣ ∆

Γ ⊣ ∆, A
⊣ a′¬¬

Γ ⊣ ∆,¬¬A

B.4. The GfdeH1∩2 calculus. The GfdeH1∩2 calculus is obtained from Gfde by adding the axfde ⊣,
the acut rules and the dup rules.
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B.5. The Gfde⊣⊢ calculus. The Gfde⊣⊢ is obtained from Gfde by adding the axfde ⊣, ∧ ⊣, ⊣ ∧,
∨ ⊣ and ⊣ ∨ rules, as well as the following rules:

¬A,Γ ⊣ ∆
¬ ∧ ⊣ ¬(A ∧B),Γ ⊢ ∆

¬B,Γ ⊣ ∆
¬ ∧ ⊣ ¬(A ∧B),Γ ⊢ ∆

Γ ⊣ ∆,¬A,¬B
⊢ ¬ ∧

Γ ⊣ ∆,¬(A ∧B)

¬A,¬B,Γ ⊣ ∆
¬ ∨ ⊣ ¬(A ∨B),Γ ⊣ ∆

Γ ⊢ ∆,¬A
⊣ ¬ ∨

Γ ⊢ ∆,¬(A ∨B)

Γ ⊢ ∆,¬B
⊣ ¬ ∨

Γ ⊢ ∆,¬(A ∨B)

A,Γ ⊣ ∆
¬¬ ⊣ ¬¬A,Γ ⊣ ∆

Γ ⊣ ∆, A
⊣ ¬¬

Γ ⊣ ∆,¬¬A

B.6. The Gk3,Gk3H1,Gk3H2,Gk3H1∩2 and Gk3⊣⊢ calculi. The Gk3 (Gk3H1, Gk3H2, Gk3H1∩2 and
Gk3⊣⊢) calculus is just like the Gfde (GfdeH1, GfdeH2, GfdeH1∩2 and Gfde⊣⊢, respectively), except
that we have the following axioms:

axk3 ⊢
Γ, p ⊢ p,∆

axk3 ⊢
Γ,¬p ⊢ ¬p,∆ axk3 ⊢

Γ, p,¬p ⊢ ∆

axk3 ⊣
Θ ⊣ Λ

axk3 ⊣
Θ ⊣ p,¬p,Λ

In the rules axk3 ⊣ , Θ ∩ Λ = ∅ and no atom p is such that [p,¬p] ⊆ Θ.

B.7. The Glp,GlpH1,GlpH2,GlpH1∩2, and Glp⊣⊢ calculi. The Glp (GlpH1, GlpH2, GlpH1∩2 and
Glp⊣⊢) calculus is just like the Gfde (GfdeH1, GfdeH2, GfdeH1∩2 and Gfde⊣⊢, respectively), except
that we have the following axioms:

axlp ⊢
Γ, p ⊢ p,∆

axlp ⊢
Γ,¬p ⊢ ¬p,∆

axlp ⊢
Γ ⊢ p,¬p,∆

axlp ⊣
Θ ⊣ Λ

axlp ⊣
Θ, p,¬p ⊣ Λ

In the rules axlp ⊣ , Θ ∩ Λ = ∅ and no atom p is such that [p,¬p] ⊆ Λ.

Appendix C. Proof systems for intuitionistic propositional logic

In this appendix we present the proof systems for intuitionistic logic employed in the paper. We
use the capital Greek letters Γ,∆,Π,Σ to refer to multisets of formulas, and Θ,Λ, . . . to denote
multisets of atomic formulas and ⊥.
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C.1. Vorob’ev’s multisuccedent G4ip.
axint ⊢ Γ, p ⊢ p,∆

ax⊥ ⊢ ⊥,Γ ⊢ ∆

Γ, A,B ⊢ ∆
∧ ⊢

Γ, A ∧B ⊢ ∆

Γ ⊢ ∆, A Γ ⊢ ∆, B
⊢ ∧

Γ ⊢ ∆, A ∧B

A,Γ ⊢ ∆ B,Γ ⊢ ∆
∨ ⊢

A ∨B,Γ ⊢ ∆

Γ ⊢ ∆, A,B
⊢ ∨

Γ ⊢ ∆, A ∨B

A,B,Γ ⊢ ∆
at → ⊢

A,A → B,Γ ⊢ ∆

C → (D → B),Γ ⊢ ∆
∧ → ⊢

(C ∧D) → B,Γ ⊢ ∆

C → B,D → B,Γ ⊢ ∆
∨ → ⊢

(C ∨D) → B,Γ ⊢ ∆

D → B,C,Γ ⊢ D B,Γ ⊢ ∆
→→ ⊢

(C → D) → B,Γ ⊢ ∆

Γ, A ⊢ B
⊢ →i Γ ⊢ ∆, A → B

In the rule at → ⊢ , A is an atom or ⊥.

C.2. The G4ip⊣⊢ calculus. The G4ip⊣⊢ is obtained from G4ip by adding the following rules:

axint ⊣ Γ→,Θ ⊣ Λ

A,B,Γ ⊣ ∆
∧ ⊣

A ∧B,Γ ⊣ ∆

Γ ⊣ ∆, A
⊣ ∧

Γ ⊣ ∆, A ∧B

Γ ⊣ ∆, B
⊣ ∧

Γ ⊣ ∆, A ∧B

A,Γ ⊣ ∆
∨ ⊣

A ∨B,Γ ⊣ ∆

B,Γ ⊣ ∆
∨ ⊣

A ∨B,Γ ⊣ ∆

Γ ⊣ ∆, A,B
⊣ ∨

Γ ⊣ ∆, A ∨B

p,B,Γ ⊣ ∆
at → ⊣

p, p → B,Γ ⊣ ∆

C → (D → B),Γ ⊣ ∆
∧ → ⊣

(C ∧D) → B,Γ ⊣ ∆

C → B,D → B,Γ ⊣ ∆
∨ → ⊣

(C ∨D) → B,Γ ⊣ ∆

B,Γ ⊣ ∆
→→ ⊣

(C → D) → B,Γ ⊣ ∆

D1 → B1, C1,Γ1,Θ ⊣ D1 . . . Dm → Bm, Cm,Γm,Θ ⊣ Dm Γ,Θ, E1 ⊣ F1 . . . Γ,Θ, En ⊣ Fn→ ⊣ →
Γ,Θ ⊣ E1 → F1, . . . , En → Fn,Λ

In the rules axint ⊣ and → ⊣ → the following conditions hold:

(i) Γ→ = A1 → B1, . . . , Al → Bl, with A1, . . . , Al being atoms or ⊥;

(ii) ⊥ ̸∈ Θ;

(iii) Θ ∩ [A1, . . . , Al] = Θ ∩ Λ = ∅;

(iv) Γ = (C1 → D1) → B1, . . . , (Cm → Dm) → Bm,Γ→;

(v) Γi = Γ \ [(Ci → Di) → Bi], for any 1 ≤ i ≤ m.
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C.3. The minimal G4ipH calculus. The minimal G4ipH calculus is obtained by extending G4ip

with axint ⊣, the acut rules and the following rule schema:

A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ A1 . . . A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ Amadpm A1 → B1, . . . , Am → Bm,Γ→,Θ ⊣ A1, . . . , Am,Λ

In the rule schema adp the following conditions hold:

(i) Γ→ = E1 → F1, . . . , En → Fn, with E1, . . . , En being atoms or ⊥;

(ii) ⊥ ̸∈ Θ;

(iii) Θ ∩ [E1, . . . , En] = Θ ∩ Λ = ∅;

(iv) m ≥ 2;

(v) Ai has the form Ci → Di, for any 1 ≤ i ≤ m.
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