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ON ANTICUT RULES: CLASSICAL, FDE-BASED AND INTUITIONISTIC
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ABSTRACT. In this paper, we investigate certain intricacies and peculiarities of the proof theory of
deduction-refutation systems (D-R systems, henceforth), namely systems integrating theorems and
antitheorems of a given logic. The logics considered here are classical, first-degree entailment-based
(FDE-based, henceforth) and intuitionistic logics, formulated within a sequent calculus framework.
Our primary focus is on establishing the general conditions under which anticut rules (the con-
trapositive versions of the familiar cut rule) can be eliminated from D-R sequent calculi, while
distinguishing between two main variants of these systems. This proof-theoretic investigation leads
to the introduction of a new, Gentzen-style refutation calculus for intuitionistic logic, which is

interesting in its own right.

1. INTRODUCTION

While the idea of a refutation calculus traces back to Lukasiewicz’s study of Aristotelian syllogis-
tic in the early 1950s [25], deduction-refutation systems (D-R systems, henceforth) have garnered
increasing attention only in recent decades as a burgeoning area within structural proof theory
[11, 13]". D-R systems are syntactic frameworks designed to derive both valid and refutable formu-
las. These formulas are filtered by their respective deducibility and refutability relations, denoted
by the turnstile symbols () and () for sequents and antisequents.

For reasons that will become soon evident, we find it useful to distinguish between hybrid and
unmized D-R systems. Hybrid systems include (binary) rules that combine both F and -, so that
an antisequent follows from a sequent and an antisequent as premises, while unmixed systems lack
such combined rules, instead featuring rules that involve either sequents or antisequents exclusively.

In this paper, we aim to provide a comprehensive analysis of the so-called anticut rules in D-R
sequent calculi for classical, FDE-based and intuitionistic logics. This is a topic that has recently
been highlighted in the context of D-R sequent calculi for FDE-based logics [26]. In traditional
sequent calculi, the cut rule is a generalisation of the venerable rule of modus ponens:

TFAA  ATIFY
ITFA Y

cut
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!D-R systems may be considered part of the broader class of bilateral systems, as argued elsewhere [29, 32, 33].
However, we do not intend to pursue this point further here.
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Cut rule corresponds to the ubiquitous mathematical tactics of using intermediate lemmas or general
theorems within a proof. It composes two sequents while eliminating the cut formula, namely the
formula that appears among the conclusions of the first sequent and the premises of the second. In
hybrid sequent calculi, the anticut rules have the following form:

'EAA ILTH4AX ATFEFA ILTHA,X

acuty acutso

ATAY m4, A

If 4 is interpreted as the metatheoretic negation of F, then anticut rules can be understood as
contrapositive versions of the cut rule for F2:
'FAA ILTHAY ATHFA ILTFAY

acuty acuto

AN X Iy, A

The anticut rules operate simultaneously on a sequent and an antisequent, producing a refuta-
tional conclusion in which the anticut formula is introduced. In the special case where I' and A are
empty, the anticut rules effectively function as controlled weakening rules within the framework of

refutability:

FA 44X AF I4X

acuty acuto

ATy M4y, A

Analogously to the cut rule, anticut rules are impractical for refutation search. Furthermore,
it is not immediately clear whether these rules are necessary to guarantee f-completeness, that is
completeness with respect to both deducibility and refutability®. In a recent paper [26], the author
examines a family of FDE-based propositional logics and raises the question of finding anticut-free
hybrid sequent calculi capable of refuting all the antitheorems of these logics®. In what follows, we

address this unresolved problem by establishing three claims:

(1) anticut rules cannot be eliminated from hybrid sequent calculi without sacrificing

L-completeness;

(7i) when anticut rules are combined with an appropriate set of axioms, the resulting system is
refutation-complete;

(747) in unmixed sequent calculi, anticut rules can be constructively eliminated without compro-

mising L-completeness.

21t is worth stressing that our metatheory is grounded in classical logic, ensuring that the metatheoretic negation
of - obeys the law of contraposition.

3In [12], a hybrid D-R system is said to be ‘E-complete’ exactly when it is complete with respect to deducibility
and refutability. In this paper, we employ ‘f.-completeness’ to refer to completeness with respect to both deducibility
and refutability, irrespective of whether hybrid or unmized D-R systems are considered.

4Note that this issue is specific to sequent-based calculi and does not arise in [12], which presents a hybrid (sequent-
style) natural deduction calculus for classical logic. As expected, the system in [12] achieves L-completeness without

the need for anticut rules.
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Unlike [26], this paper also addresses intuitionistic propositional logic. We introduce the first hy-
brid sequent calculus for intuitionistic propositional logic, combining anticut rules with a suitable
set of axioms and an (infinite) set of specific refutational rules. We prove that such rules yield
contrapositive, Gentzen-style versions of (restricted) Visser’s rules — namely, the rules from which
any rule which is admissible but not derivable in a Hilbert-style calculus for intuitionistic logic can
be derived [38]. Moreover, we show that the anticut-elimination strategy designed for FDE-based
logics can be adapted to a (terminating) unmixed sequent calculus for intuitionistic logic.

The paper is organized as follows. In Section 2, we set the stage by introducing basic concepts
and an array of auxiliary notions serving our machinery. In Section 3, we show that the anticut
rules cannot be eliminated from hybrid sequent calculi for classical propositional logic, and that the
system resulting from the complementarity axiom and the anticut rules is refutation-complete for
classical propositional logic. Moreover, we introduce a strategy for eliminating anticut rules from
an unmixed sequent calculus for classical propositional logic. In Section 4, we build on the basic
concepts of hybrid and unmixed sequent calculi for FDE, K3, and LP to establish that results
analogous to those presented in Section 3 can similarly be achieved for these logics. In Section 5,
we present a structural analysis of our hybrid calculus for intuitionistic propositional logic, together
with a detailed exposition of the anticut-elimination argument for the unmixed sequent calculus for
the same logic. Finally, in Section 6, we outline potential directions for future research. Appendices
A, B and C provide all the proof systems discussed throughout the paper.

2. PRELIMINARY NOTIONS AND BASIC RESULTS

We use capital Greek letters I', A, II, X, ... to denote finite multisets of formulas; in the present
and the following section, we employ ©, A ... to denote multisets of atomic formulas. The logical
complexity C(A) of a formula A is 0 if A is atomic, C(B)+1 if A is of the form =B and €(B)+C(C)+1
if A is of the form B ® C, with ® € {A,V,—}.

We shall be dealing with Gentzen-style sequents I' = A as well as antisequents I' 4 A, where
' 4 A is valid if, and only if, I' F A is invalid |11, 13]. In the case of classical logic, an antisequent
is valid if and only if there is some Boolean valuation verifying all the formulas in I' and falsifying
all those in A. The measure € can be easily extended to any multiset I' = Aq,..., A, by writing
C(T) = C(A1) + ...+ C(Ay), as well as to any sequent I' - A and antisequent I' 4 A by writing
CTHA)=CIH4A)=2C(T)+C(A).

A deduction-refutation sequent calculus features rules dealing with sequents and antisequents. A
derivation 7 in the calculus may end either in a sequent I' = A or in an antisequent I' 4 A: in the
first case, we say that 7 is a proof for I' F A; in the second, 7 qualifies as a refutation for I' = A.
As usual, the height of a derivation m — denoted by, h(m) — is defined as the number of nodes in its
longest branch.

Kleene’s G4 calculus for classical propositional logic® is imported from [23] (see Appendix A.1).
For our purposes, it suffices to recall the following facts about Gé4:

SKleene’s G4 is the same as the G3 calculus for classical propositional logic in [413].
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Theorem 1. G4 enjoys the following properties.

(1) FEach logical rule of G4 is height-preserving invertible.

(ii) The weakening, contraction and cut rules are admissible in G4.
Proof. For proofs see [4, 13, 29]. O

The hybrid calculus G4 is obtained from G4 by incorporating the complementarity axiom
az - along with the contrapositive versions of the logical and cut rules (see Appendix A.2). The
method of adding contrapositive versions of deductive rules to design deduction-refutation calculi
is illustrated in [12].

Conversely, the hybrid calculus G4o is constructed from G4 by including the complementarity
axiom az. 1, refutational versions of unary logical rules, hybrid versions of binary logical rules, and
contrapositive versions of the cut rule (see Appendix A.3). To our knowledge, the G4p9 calculus
is not explicitly labeled in the literature. Since the logical rules of G4, when read bottom-up,
correspond to tableaux rules for provability [12], any refutational branch of an anticut-free derivation
in G4po can be viewed as an open branch of the corresponding tableaux.

Finally, the unmixed system G4 is imported from [29]. The method for constructing refutational
calculi that underlies the design of G4 offers an alternative approach to the one presented by [12].
Beginning with an invertible and terminating proof calculus, we obtain a refutational calculus by
first converting unary rules into their refutational counterparts. Then, for each binary rule, we
introduce a unary rule featuring one of the original premises as refutational premise.

We write I' = A to generalize over the union of sequents and antisequent. The rules of G4,
can be understood as a two-step procedure for decomposing any (anti)sequent I' = A into a set of
atomic (anti)sequents, as follows:

(1) (bottom-up) decompose the (anti)sequent I' - A using the logical rules of G4, with |- in

place of F, until each leaf of the resulting tree ends with an atomic (anti)sequent;

(2) (top-down) turn each occurrence of - into an occurrence of - or , following the rules of
G4_||_.

Let us recall a crucial feature of the G4 proof system:
Theorem 2. Mazimal G4 -decomposition yields a unique set of atomic (anti)sequents.
Proof. For a proof see |1, 29]. O

Ezample 1. This is a G4 --based decomposition-tree of p — ¢,p V s - r:

pP—qpVskEr

B pVstpr pVs,qf-r - e

V * * * *

pFp,r sf-p,r pqbr s,qf-r

are b —————  ame axey 4 —————— ax A
pEp,r skEp,r p,qgr s,qr

Australasian Journal of Logic (23:2) 2026, Article no. 2



113
3. ANTICUT AND CLASSICAL LOGIC

In this section, we illustrate the deductive power of anticut by proving a cluster of results: to this
aim, we employ the hybrid G41no calculus, which gathers all the rules shared by G4p; and G4
(see Appendix A.4).

We begin by showing that the contrapositive versions of standard weakening rules can be seen as

anticut applications in disguise.

Lemma 3. The rules of strengthening
AT HA Fr4AA

str ————— ———— str

T'4A r—4A
are admissible in the Gdgins calculus.

Proof. f T UA = @, the conclusion is in both cases immediate. On the other hand, if I' =T U [B]
or A = AU [C], we proceed as follows:

ABFB  ABT HA ACHC  ATHA,C

acuty acuto
B, T'H4A LA, C
BFB,A  BI'-AA CHC,A THA,CA
acuty acuto
B,I"4A T +4AC

O
Moreover, the contrapositive versions of standard contraction rules are admissible in G4 g1no.

Lemma 4. The rules of duplication

dup ATHA r4AA dup
AATHA 1A A A
are admissible in G4p1na.

Proof. We focus on Left Duplication, the other case being analogous. Reasoning by induction on
the height of the G4p1no-derivation m of A,I' 4 A, we prove the existence of a G4pino-derivation
pof AJAT T 4 A A (cf. the copy rule in Lemma 9). Hence, we apply Lemma 3 to p to get a
G4 1no-derivation of A, A,I" 4 A.

If h(m) = 1, the conclusion is trivial. If h(7) > 1 and the last rule applied is acut;, we reason by

cases over A. If A is principal in the acuti-application, then p has the following form:

MEY,A  LIA%A
ATHA
AATTAAA

acuty

opy

We consider the following derivation:
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YA

: NFY, A TLILIAY S, A A wmt’

acu

mFx, A AT, TS, A A '
acuty

AATTHA A

The copy application can be removed by inductive hypothesis. On the other hand, if A is not
principal in the acuti-application, then p has the following form:

nI+-%,B AT 4% A

A BT 1A o
s 0y copy
AABBI.T'4A A
with I' =TV U [A]. We take the following derivation:

: AT IIHE A copy

: NEY,B  AATTILIASSAA

acu

I+-Y, B A A BT T TI4Y, A A '

acuty

A A B BT, T'4A,A

Finally, if the last rule applied is acuts, p has the following form:

BII4Y AT, 4% A
ATHA, B
A AT,THA.N B, B

acuto

copy

with A = A’ U[B]. We consider the following derivation to get the conclusion:

AT IIHY, A

: copy

: BIIHY  AATTILIAS YA A

acu

B,II4Y% A ATTIAS A AN B ’
acuto

A, AT,THA A, B,B
O

Next, we show that any application of the contrapositive of a G4 logical rule can be turned into

a number of acut and dup applications:
Theorem 5. Each logical rule of G4gq is admissible in the G4gino calculus.

Proof. We consider the refutational rules for A and —, leaving the other cases to the reader.
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aA Consider the following derivations, with i = 1, 25:

: ,,,A,/\,BJF:',A,,,C[
: AANBFA  AABAANBTAHA “pt
acu
AABF B ANBATHA '
acuty
A BT A
k,,liE,ALAJ,, :
S As o TEAA A TEAAy, DAAA4AA
A; . TF A A A A, LTAAANANA
TAA, A; eut
a — Consider the following derivations:
k,Fh,Al‘él, 5
- A BTITFA,B A5 BT, TH1AA
acuty
BT 1A
: _Brra_
ATFA A B,AII—AwF ::’i?:B:’Ej:A:dup
ASBATFA - A— BT THAA
acu
T1A A :
: I4A,A— B .
,,,,,,,,,,,,, u
: FA—B,A THAASBASB ”t
acu
BFA—>B ATAAA—> B !
ATJAB acutz

O

On the other hand, any application of a G4po refutational logical rule can be turned into a

number of acut and dup applications:
Theorem 6. Each logical rule of G4go is admissible in the G4pino calculus.
Proof. We consider the refutational rules for V and —, leaving the other cases to the reader.

a'V Take the following derivations:

: ATEA AL TrTAA ™
Ay ik ALV Ay A3 TN A, acutz
A,V Ay T I A, 4, acuhy
TA VA THA T

6We use dashed lines to denote admissible rules, and doubled (dashed) lines to refer to multiple applications of
(admissible) rules.
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AVBFAB THAAB

T1AAVE acutz
a’ — Consider the following derivations:
: BTHAA
======== du
: A A BIL.TAAA i
BFA— B ABTAA e
acu
ASBATAA 1
A BTAHAA "
: _rHa4
; BTFA T.T4AAA4 7
acuts
FA— B, A FHAAB
acu
A-BTHAB 1
ASBTHA "
A—BAFB  ATHAB
acuto

T1A A B
O

We conclude this section by showing that any application of a refutational logical rule of G4
can be replaced by applications of acut:

Theorem 7. Each refutational logical Tule of G44 is admissible in the G4gino calculus.

Proof. We consider only the 4 A,V 4 and —  rules.

- A Consider the following derivations:

ANBFA THAA ANBFB T'AAB
acuto acutso

TH1A,AAB TH1A,AAB
V - Take the following derivations:

AFAVB ATHA B+ AVB B,T 4A
acuty acuty

AVB,T 1A AVB,T 1A

— -1 Consider the following derivations:

FB—>C,B T-AB CFB—C CTHA
acuty acuty

B—-CTHA B—CTHA

0
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Remark 1. In the proofs of Theorems 6 and 7 we establish the admissibility of the refutational
logical rules of G454 in G412 leveraging the following provable sequents:

(3.1) A BFAANB AABFA AABFB
(3.2) AFAVB BFAVB AVBFAB
(3.3) FrA—-B,A BFrA—DB A—BAFB
(3.4) FA-A A AR

This approach to logical rules is analogous to that of Gentzen’s LDK calculus: there, the sequents
(3.1), (3.2) and (3.4) played the role of axioms (under the label of ‘logical groundsequents’) and

standard structural rules were sufficient to recover each logical rule for deducibility |11, 27].

3.1. Anticut elimination in classical logic. In this subsection, we focus on the topic of anticut
elimination from D-R sequent calculi for classical logic. In order to illustrate a constructive approach

to acut elimination in G4, we first prove two preliminary results.
Theorem 8. For any sequent I' = A, either G4 proves I' E A or refutes I' = A — but not both.

Proof. Since the complexity of each of the premises of any logical rule of G4 is strictly smaller
than that of the conclusion, the decomposition procedure for a given sequent always terminates on

a set of atomic (anti)sequents. By Theorem 2, this set is unique — and this suffices to the conclusion.
d

Lemma 9. The copy rule

r4A THA
T,T 1A A

copy
18 admissible in G44-.

Proof. Let us assume (without loss of generality) that for any copy application the two premisses
have the same derivation 7: we reason by induction on 2h(7) to get the conclusion. If h(r) = 1,
the conclusion is immediate; otherwise, we reason by cases over the last rule applied in .

V If the last rule applied in 7 is V -, we have e.g.

: : ATAHA ATHA
ATHA ATHA . ’ . copy

L L 4278 AATTIAA
Cop; AvBTia V'TAvBTaa e TR W
AVB,AVB, T, THAA i . =

AVB,AVB,I,T 1A,A
On the other hand, if the last rule applied in 7 is 4V, we have

I 4AA B riaap ., —+41a4B  THAAAB
Y Hv ILTHAAA B,AB
TJA AVB TIAAVE Qv
cory I,TIA A AVB,AVB LIAAAABAVE
: i ’ ILTAAAAVB AVE 7
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— If the last rule applied in 7 is = -, we have

: : P4A A THAA
T4AA r—HAA - . *—— copy
A A INTAHAAAA
-A,T'H4A -ATHA —
copy o ATT A A SATTAAAA "
T ’ —A AT, TAAA

On the other hand, if the last rule applied in 7 is 4 =, we have

ATHA ATHA —~ 14,4 44,4 copy

A8 A1 TA TTIAAAA
C:py T4A -4 " THA-A e
T TAAA A A i e R

A, -A,T,T 1A, A

We are ready to prove the main result of this section:

Theorem 10. There exists an algorithm which turns any G4 + acut;-derivation of 11 4 X into a
G4 -derivation of I1 41X, with i =1, 2.

Proof. We focus on the topmost acut; application, proceeding by primary induction on the logical
complexity of the acut; formula and by secondary induction on the height of the derivation of the
right premise.

First, there are cases of reduction of the size of the acut; formula where the inductive hypothesis
applies to smaller acuts_; formulas:

I'cA-B TILTHAY ~ "™ BTFA ILTHAY
acuty acuto
—B,II1% %, B

-B,IIH4Y
: : o B LEA :
-B,TFA ILTHA,Y ~ "™ TFAB ILTHA,S
acuto acuty
I14%,-B B,II 1%
o-4x,-B

On the other hand, there are cases of reduction where a single acut; application is replaced by
multiple acut; and acuts_; applications on smaller formulas. Take e.g. the following derivations:

LA BAC ILTHA,Y BVC,THA ILTHA,Y
acuty acuto

BAC 1Y H1%,BVC
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B—COTFA ILTHAY

TEDNEYE acutz
We transform these derivations as follows:
 THA,BAC : :
mv — — — — - —— — : :
: Lo LnAB o ITHAN LLH4AY
wh =====2f== o782 LD T8N
I'FA,BAC ILT+A,Y, B ILILLTAAASS
77777777 acu
T TEAC BILTHA, % !
acuty
B.CIAY
BAC TS "
~ Bv(CTFA : :
mv — — - =T T T — : :
: Lo BTEA 0 T HAS LLHAY
wh ==2=zco=z ol T8 LD T8N
BVC,TFA B,II,ITFA,Y ILILLTAAASS
77777777 cu
O TEA LT 1A%, B ?
acuto
I4%,B,C
n4s,Bvc "
B CTHA : :
mv — — - = — . — — : :
: p o OLEA o IIH4AS  ITHAY
wh =222z 2bioyH WL AR
B—CTFA C.ILTFAY LILTTHAA RS
77777777 0
T TEAB ILT 1A%, C !
acuty
BIAXC
nis,B-C

A different strategy must be employed to deal with the following case:

TFABVC ILTHA,Y
BVC,I1%

acuty

Take a G44-proof m of II, I' F A, 3, B, C: if we unthread (say) B from m, we obtain either a G4 -
proof 7/ of ILT F A, %, C or (at least) one acut;-free derivation 7 of II,T 4 A, %, C7. We reason

by cases to reach the conclusion:

7Intuitively7 a formula D occurring in the conclusion of a derivation p is unthread from p whenever D and its

ancestors are deleted from p, up to the initial (anti)sequents of p. For a formal treatment of the notion of unthreading,

see [30].
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v I,rHAS IrHA S

: ILTFASC  ILILLTAAASS t"py
acu
C,THAC CILT A% !
acuty
CI% .
BvC a4y '’
. TraBve
" TTEAB,C ILTHA,S,C
acuty
B4y
— YV
BVC,II4Y
The same argument applies to the following cases:
BAC,THFA  ILTHA,Y TFAB—C ILTHAY
acuto acuty
DA%, BAC B O II4%

We can thus reduce ourselves to the case where the topmost acut; formula is atomic. Notice that

if 7 is the derivation of the right premiss II,I" 4 A, X of the topmost acut; application, then x is

acut;-free. Now, we proceed by induction on h(w) to show that the topmost acut; application can

be eliminated.

If h(m) = 1, the antisequent II,T" - A, > has the form © 4 A.

(i) If i = 1, then the left premise has the form @' - A’ A, with © C © and A’ C A. This implies
that A € ©’, and thus that A € A: as a result, we infer that G4 derives A,©"” 4 A”, with

©"=0\0"and A" =A\ A

(#4) If i = 2, then the left premise has the form A, 0" - A’ with ® C © and A’ C A. This implies
that A € A/, and thus that A € ©: as a result, we infer that G454 derives ©” 4 A”, A, with

©"=0\0" and A" =A\ A

On the other hand, if h(7) > 1 and some formula in I' U A is principal in the last rule applied in 7,

we exploit the secondary inductive hypothesis as follows:

LTV 4 A, Y

A A " TOTIAY

acuty

ATy

LT 4 A Y

ATHFA TILTAAS

acuty

My, A

s s = A .
'FALA ™ T HALY
acuty
AT
~  ATEA :
AT F AN ILT 4 A, Y
acuty
o4x, A
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Finally, if A(7) > 1 and some formula in ITU ¥ is principal in the last rule applied in 7, we leverage

the secondary inductive hypothesis as follows:

,r4A,Y . TFAA IITHAY

: A acuty
THA A MTAA % AT 4y
acuty _
A% A%
: L IDHAY L ATEA  INDHANY
_— acu
_ATEA T A, Y T4y, A ’
acuto

TEPW M4, 4
0

The strategy for acut-elimination does not work for either G4y or Gédpo: it is instructive to
highlight the features hindering acut elimination in both cases.

For G4, it is clear that unthreading formulae from G4-proofs is insufficient to produce G4y
refutations. Take e.g. the following G4-proof

azrq - aze -
pFpq pPatq
'7 - '7 -
202X B e 2K
—F
p—=qFpq
If we unthread ¢ from the conclusion of 7, we get the following derivation 7'
axe aze
___pFp p.g1
- a' R—
Fp,—p q1-p
a’'L —1
p—q--p

Since a’ R— and a/ L —1 are admissible but not derivable in G4, the derivation 7’ does not count as
a G4pi-refutation. Instead, a G4p-refutation of the same end-antisequent must include (at least)
one acut-application — as witnessed by the following derivation:

axe

azchi -k pl_p amcl4
q4,ptHq p,—pt q,p
by — = acutso
q-p—q q--p
acuty
p—q--p

Additionally, the secondary inductive hypothesis cannot be applied — as witnessed e.g. by the
following configurations, where the acut; formula is atomic:

: ILTFA,SC ILTHAAS BAC
THAA T 4A, %, B
ATI4%, B
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: ILTFASC ILTAAS BAC
THA,B A ILT 1A%, B
ATy

On the other hand, the fact that acut rules cannot be eliminated from G4y without compromising

completeness is not unexpected. As a matter of fact, the refutational logical rules of G4z do not
allow for the introduction of logically complex formulas without assuming the introduction of even
more complex formulas: since initial antisequents involve only atomic formulas, it is essential to
have rules (actually, the acut rules) which introduce logically complex formulas following a distinct
pattern.

As for G4, although unthreading remains well-defined, the elimination process cannot be fully

executed. For instance, consider the following scenario:

I'FABVC  ILTHA,Y
BVC,II4%

If G4go proves I' H A, C, we have

TFAC  ILTHAX
CIl1x

If G4po refutes B, 11 4 X, one cannot infer BV C,II 4 ¥ from C,II 4 X. Again, this is unsurprising.

The binary refutational rules of G4y, are sufficiently strong to ensure soundness, but they are too

weak to achieve completeness, because they do not account for scenarios where both premises are

invalid.

4. ANTICUT AND FDE-BASED LOGICS

In this section, we shall use capital Greek letters ©,A ... to denote multisets of literals — i.e.,
atoms and negated atoms. Moreover, we take the logical complezity C(A) of a formula A to be 0 if
A is a literal, C(B) + 1 if A is of the form ——=B, C(B) + C(C) + 1 if A is of the form B ® C and
C(—=B) + C(=C) + 1 if A is of the form (B ® C), with @ € {A, V}.

In this section, we shall deal with the following logics: Belnap’s first-degree entailment logic |1, 2],
Kleene’s strong three-valued logic [22] and Priest’s logic of paradox [35] — in short, FDE, K3 and
LP. The Gfde, Gk3 and Glp systems are sequent calculi for FDE, K3 and LP (see Appendices
B.1, B.6 and B.7 for detailed expositions)8. On the other hand, the Gfdey;, Gfdeys, Gfdeg1q2 and
Gfdeq calculi — as well as their counterparts for K3 and LP — are analogous to the G4, G4,
G4p1n2 and G4 calculi, respectively (see Appendices B.2, B.3, B.4, B.5, B.6 and B.7).

Let G be any system among Gfde, Gk3, Glp: we recall some basic facts about G-.

8These systems are multi-succedent sequent calculi, modeled after the multi-succedent sequent calculus for FDE
introduced in [37]. In contrast, [26] employs single-succedent calculi, based on the single-succedent sequent calculus

for FDE first presented in [9]
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Theorem 11. G4 enjoys the following properties.

(1) FEach logical rule of G is height-preserving invertible.
(ii) The weakening, contraction and cut rules are admissible in Gy-.

(#i7) Maximal G4 -decomposition yields a unique set of atomic (anti)sequents.

Proof. For proofs we refer to [31]. O

As a preliminary result, we establish that applications of the contrapositives of standard weak-

ening and contraction rules are admissible in the Gg1n2 calculi.
Lemma 12. The strengthening rules are admissible in the Gring calculus.

Proof. We argue as in the proof of Lemma 3: it suffices to prove that G proves I'; A+ A, A for any
formula A — proceeding by induction on the logical complexity of A. O

Lemma 13. The duplication rules are admissible in the Ggino calculus.

Proof. We argue as in the proof of Lemma 4. O

Now, we show that any application of the contrapositive of a logical rule in G can be interpreted

as a series of acut and dup applications.
Theorem 14. Each logical rule of Gy is admissible in the Ggino calculus.

Proof. 1t suffices to consider the refutational rules which are not featured by G4g1: we focus on

a—A, leaving the others to the reader.

a—/A\ Consider the following derivations:

i __TATEA :
A"L”F ~ATFA-B -BTFA,-B :;(égf):{jg:dup
B -(AAB),T'FA,-B -(AAB),I,T 4A,A
“BT 1A acuts
k,f,BgEt,A,, :
h ~(AAB),TFA,-A ~(AAB),I,T 4A,A
“ATAA acuty
: I'4A,~(AAB)
,,,,,,,,,,,,,,, u
: A ~(AAB)  THA,S(AAB),~(AADB) pt
acu
Bt —(AAB) T 1A, -A,~(AADB) ’
T 1A, -A,-B acuta

We can also reduce applications of logical rules in Ggo to applications of acut and dup rules.

Theorem 15. Fach logical rule of Ggo is admissible in the Gyins calculus.
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Proof. Tt suffices to consider the refutational rules which do not belong to G4g9: we focus on a’ R—V,

leaving the other cases to the reader.

a’ R—V Take the following derivations, with ¢ = 1, 2:

THA, -A;
:::::::::::dup
; PEA-A T DAAA Ay,
(A1 V Ag) F ~As_ A, THA, -4z, e
acuto

A, T H A,ﬁ(Al V Ag)
T 4A,~(A, v Ay)

g
Finally, we prove the following.
Theorem 16. Fach refutational rule in G4 is admissible in the Gging calculus.
Proof. We consider only the -A 4 and 4 =V rules.
=A - Consider the following derivations:
—\Al——\(A/\B) -ATHA ﬂBl—ﬂ(A/\B) -B,I'4A
acuty acuty
~(AAB),THA ~(AAB),THA
- =V Take the following derivations:
~(AVB)F-A THA,-A  —(AVB)F-B T HA,-B
acuto acuto
IH4A,~(AV B) F4A,~(AV B)
g

4.1. Anticut elimination in FDE-based logics. We extend now the anticut-elimination strategy
presented in Section 3 to logics based on FDE. First, we state a basic fact about all these systems:

Theorem 17. For any sequent I' = A, either G4 proves I' B A or refutes I' = A — but not both.

Proof. The argument follows the same reasoning as in the proof of Theorem 8. 0
We prove the desired result exploiting the following.

Lemma 18. The copy rule is admissible in G4-.

Proof. We argue as in the proof of Lemma 9. O

Theorem 19. There exists an algorithm which turns any G- + acut;-derivation of 11 4 3 into
Gy -derivation of Il 43, with i =1, 2.

Proof. We argue as in the proof of Theorem 10: here, we consider only one case arising when the
acut; formula is a literal — leaving the others to the reader.

Let A be the acut; formula and 7 the derivation of the right premise. If C(A) =0, h(r) =1,i=1
and G is Gfde, consider the derivation
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aTfge =

aTfge

OFAA  B,04AT
AW

acuty

We have that ©NA = @ and thus that A € O: since ©NV¥ = &, we infer that A ¢ ¥. Hence, we can
derive A,® - ¥ by a single application of ax ¢4 . Notice that if G is Gk3 (Glp) and A ¢ O, then
[p,—p] € O ([p,—p] C A, respectively) — contrary to the hypothesis that ®,© = A, ¥ is refutable.

O

For the same reasons we detailed in the case of G4 and G4y, the elimination strategy just
presented does not apply to either Gy or Gpo calculi.

4.2. A glimpse on anticut and L-adequacy. Let H denote any system among Kleene’s G4, Gfde,
Gk3, and Glp. Theorems 8 and 17 state that, for any pair of multisets I' and A, there exists either
an H--derivation of I' = A or an H-F-derivation of I' 4 A (but not both). Furthermore, H-H-
derives I' F A precisely when \/ A is a logical consequence of AT'. Consequently, Theorems 8 and
17 guarantee that H- derives I' 4 A exactly when \/ A is not a logical consequence of AT'. This
establishes that the (strong) L-adequacy of unmixed H-- systems can be proven without relying on
anticut rules. Moreover, it is important to observe that the anticut-elimination strategy employed
in the proofs of Theorems 10 and 19 presupposes L-adequacy.

With respect to hybrid systems, Theorems 5, 6, 10, as well as 14, 15, and 19, establish the
equivalence of these systems with the corresponding unmixed systems for the same logic. This
equivalence indirectly confirms the (strong) f-adequacy of each hybrid system. A direct argument
for establishing the b-adequacy of hybrid calculi for both classical and FDE-based logics can be
uniformly constructed by leveraging acut rules.

Specifically, concerning refutational completeness, one can provide an argument which differs
from the one detailed in [26, pp. 610-612|. Whenever H is one of classical, FDE, K3, or LP logic,
if ' = A in H, we can proceed by induction on C(I' U [A]) to show that Hpinma derives I' 4 A
(details omitted).

5. ANTICUT AND INTUITIONISTIC LOGIC

In this section, we examine anticut rules in D-R systems for intuitionistic propositional logic’.
We begin by considering the unmixed sequent calculus G4ip_ (see Appendices C.1 and C.2), and

start our exposition by revisiting some fundamental results.

Theorem 20. G4ip, enjoys the following properties.

(1) Fach logical rule of Gdip is height-preserving invertible, except for —— b (which fails to be
invertible with respect to the left premise) and F — .

(ii) The weakening, contraction and cut rules are admissible in G4ip.

IWe emphasize that this work adheres to Lukasiewicz’s approach to refutation within an intuitionistic framework.
As highlighted by a referee, this approach diverges from that of [24], where the author introduces informal conditions

on the concept of refutation that are analogous to the BHK interpretation of constructive proof.
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(#i7) Maximal G4ip_y_-decomposition yields (at least) one set of irreducible (anti)sequents — namely,
(anti)sequents of the form A1y — Bi,..., A1 = B, q1,y- ., qm = 7r1,..., 10 with Ay, ..., A4
being atoms or L and [A1,..., 4]0 [q1,...,qm] = D.

Proof. For proofs see |7, 31]. O

To the best of our knowledge, no hybrid sequent calculus for intuitionistic logic has been formulated
so far'. One may be tempted to design Gentzen-style hybrid systems for intuitionistic logic modeled
after the hybrid sequent calculi for classical and FDE-based logics. Let us consider the following

candidates:

(1) G4ipyy, obtained from G4ip by adding ax;,; 1, the acut rules and the contrapositive versions
of the logical rules of G4ip;

(ii) G4ipy, defined as the extension of G4ip with az;,; -, the acut rules and the hybrid rules
obtained from the logical rules of G by turning one of the premises and the conclusion into

an antisequent.

The following results show that these candidates are not qualified for the job.
Proposition 21. The G4ipy, is not £-complete.

Proof. We prove a stronger statement — namely, that if G4ipg, derives I' 4 A, then G4y derives
I' 4 A: since G4y does not derive (say) 4 p V (p — L), this implies that G4ipy; is not complete
with respect to refutability.

We proceed by induction on the height of the G4ipy-derivation m of I' 4 A. Suppose by con-
tradiction that I' 4 A is an initial antisequent Ay — B1,..., 4, — BL,q1,...,¢m 1 71,...,ry of
Gdipyyq, and that G4g derives Ay — By, ..., 4 — Bi,q1,-..,q¢m F r1,...,7,. By Theorem 2, point
(i) we infer that G4p1 proves qi,...,Gm b ri,...,mn, A1, ..., Az since [q1, ..., Gm) N [r1, ... ] =
[q15--yqm) N [A1,..., A]] = &, we get the contradiction. If A(w) > 1, we reason by cases over
the last rule applied, exploiting the inductive hypothesis as well as Lemma 3, Theorem 5 and the

following derivations to reach the conclusion.

. pp— bl A d
pp—B+FB  pppoBITAA "

p,B,T' 4A

acuty

(CAND)— BFC— (D — B) (CAD)— B,I'4A
C—(D—B),THA

acuty

10This is not true of Hilbert-style D-R systems for intuitionistic logic, as witnessed by [39] and [40].
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(CVD)— BTHA

:___¢vD)=BI'4A J
: (CVD)—»B+-C—B  (CVD) =B, (CVD) 5B TAA “”t
acu
(CVD)—»B+D—B C—~B(CVD) »BTAA !
CBD-BTHA aeun
(C—-D)—-B+-D—>B C,D—- B,T+D
eub === e osBrED T P e e S L
: F? (C—+D)—BTFC—D P 3D SB(C D) S BT A
C - D,(C D) BFB acuty Co>D(C—>D) >BTAA
BIL A acuty
(C— D)= BTHA .
: BIEA  (CoD)SBECHD) SBITAA
(C D) BC—-D+B (C=D)=B(C—~D)~BI4B aeut
: (C>D)5BITHC5D acut2
(C+D)-BFD-B (C = D)= B,I,C4D “t*
D B,I,CAD acuty
]
Proposition 22. The G4ipgy is not L-sound.
Proof. Theorem 20, point (7i) ensures that the following rule is not sound:
C.D—>BTAD BTFA
a'L —-—
(C—-D)—BT'4A
[

To obtain f.-adequate, hybrid sequent calculi for intuitionistic logic we introduce new refutational
rules — namely, the adp,, rules (see Appendix C.3). These are Gentzen-style reformulations of the
refutational principles presented in [39] and [10]. On this basis, we define the minimal G4ipy calculus
as the extension of G4ip with az;,; 1, the acut rules and the adp,, rules (see Appendix C.3). Since
this calculus makes its first appearance in this paper, we devote the first part of this section to the
investigation of its structural properties.

Henceforth, we shall consider 1 as a 0-ary connective instead of an atomic formula. We use
capital Greek letters ©, A, ... to denote multisets of atomic formulas and L. Moreover, we take the
logical complexity C(A) of a formula A to be defined as follows [7]: 0 if A is L, 1 if A is atomic,
Ce(B)+C(C)+1ifAisB—C,C(B)+C(C)+2if Ais BAC and C(B)+C(C)+3if Ais BV C.
The other proof-theoretic notions are defined in the same way as in the previous sections of this
paper.

Lemma 23. The strengthening and duplication rules are admissible in the minimal Gdipg calculus.
Proof. We argue as in the proofs of Lemmas 3 and 4. O

Theorem 24. Fach refutational rule of G4ipy_ is admissible in the minimal Glipy calculus.
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Proof. We focus on the most interesting case, leaving the others to the reader.

— 4 — Take the following derivations m;, 713 and 7, forany 1 <i<mand1<j<m:

D; — B;,C;,T;,0 4 D;

,,,,,,,,,,,,, d
: Dl—)B“CZ)—(Cz%DZ)—)BL Di%Bi,Ci,Ci,Fi,@—|Di upt
C; — D;,Ci - D; (Ci > Di) + B, G 11,0 4D; acu
(C; — D;) — B, 13,0 4 C; — D; act
. Ej—}Fj,Ej}’Fj F,@,Ej%Fj
F (B — F) = (B1 — F) [0 1E; - F, acut
t
(B, > F1) — (B1 > F1),T,0 1 E, — F, act
F(En — Fn) = (BEn — Fr)
t
(B — F1) — (Bt > F1), - (Bn — Fn) = (Bn — Fp), 1,041 E; > F; "
. i
}—(ElﬁFl)A)(E14)F1) (CrL%Di)A)Bi,FZ‘,@—(Cl'%Di .
acu

(E1 — F1) — (E1 — F1), (Cz — Dz) — Bi,Fi,@ — Ci — Di

F(En — Fn) = (En — Fr)
(E1 — Fl) — (E1 — Fl),. .. 7(E»,L — Fn) — (En — F'n)7 (CZ — DZ) — B,-,Fl-,@ — Ci — Di

Let Il = (Ey — F1) — (Ehw — F1),...,(Eyn = F,) — (E, — F,). We obtain the conclusion

by considering the following derivation:

acut

el hcicm A hi<izn
{ILT,© 4C; = Diti<icm  {ILT,0 4 Ej = Fj}i<j<n
H,F,@ —|Cl —>D1,...,C’m — Dm,El —)Fl,...,En —)Fn,A

Remark 2. In the proof of Theorem 24 we establish the admissibility of the refutational logical rules
of G4ip_ in the minimal G4ipy calculus leveraging the provable sequents (3.1) and (3.2) of Section

3 as well as the following ones:

(5.1) p,p— BFpAB
(5.2) (CAD)— B+ C — (D — B)
(5.3) (Cv D)= BF(C— B)A(C— D)
(5.4) BF(C— D)= B

It should be noticed that the provability of sequents (5.1) — (5.3) can be reduced to the provability
of the following instances of the sequent A,A — B+ B:
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p,p— BFB (CAND)— B,CANDFB (CvD)—B,CVDFB

This approach to logical rules is analogous to that of Gentzen’s LIG calculus: there, the sequents
(3.1), (3.2) and A, A — B+ B played the role of axioms (under the label of ‘logical groundsequents’),
and standard structural rules together with the single-succedent version of - — were sufficient to

recover each logical rule for deducibility |14, 3.

Lemma 25. Let Aq,..., A, be formulas such that A; is not an implication, for some 1 <1i < m,
=0y — Dy,...,C, — Dy with Cy,...,C, being atoms or L and ©N[Cq,...,Cp] = ONA =o2.
The rules
A1—>Bl,...,Am—>Bm,Fﬁ,@—|A1 AlﬁBl,...,Am—)Bm,F%,@—LAm
A1—>Bl,...,Am—>Bm,F%,®_|A1,...,Am,A

are admissible in the Glipy calculus.

adpy,

Proof. For any A; which is not implicational we consider the following derivations 7; and =}, with
I<j<m

p,p— Aibp A F Ay

s P —p) = A F A Ai — B;, Ay - B
T T A~ Bi,(p—>p) > A B
A S B (pop) A= B Ay = Bi,...,A; = By, ..., Am — B, T, 0 4 A;
A1 = B, (0= p) = A)) = By Am — B, T, 0 1 A, acutr
p,p— AiFp A FA; =i
nads (p—p) = A F A, A= B (P p) 5 A) 2 Bivo A = B T2 04 A

Ay = Bi,...,((p—=p) > A) > Biy...,Am = B, 7,04 (p = p) > A;

A single application of adp,, yields 41 — By,...,((p = p) = 4;) = Bi,..., Ay, = B, 7,0
Al,...,(p = p) = Ajy.. ., Ap,A. Tl = Ay — By,..., 41 — Bi—1,Aix1 — Bit1,..., Ay —
B, 7,0 and ¥ = Aq,...,A;_1,Ai+1, ..., An, A, we take the following derivation p to reach the
conclusion:

p—p,Ai = B, Ai F A B;,A; - B;

——
- (p—p) = A;) > Bi, Ai + B; :
: acutl ((p—p)— A)) > Bi-A; — B; ((p—p)— Ai) = B, I (p—p) = A;, 2
AiF(p%p)A)Ai ! Ai%Bi,H4(p~>p)~>A¢,E

1
A, — B, 114 4;,% acutz

O

Theorem 26. LetI'” = Dy — Ey,...,D, — E,, D1,...,D, being atoms or L, ©N[Dy,...,D,] =
& and m > 1. Any rule of the form

{A1 — B1, .. .,Am — Bm,F%,G - Ai}lgigm {A1 — Bl, .. .,Am — Bm,FH,(‘) - Ch}lghgk

AL = B1,...,Am — B, 1~,04C1,...,Ch vtsm
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is admissible in the minimal G4ipy calculus, with A; # Cy, for any 1 <i<m and 1 < h <k.

Proof. Suppose that each A; is implicational and each C}, atomic: for any 1 < h < k, if the minimal
G4ipy calculus refutes A1 — By,..., Am — B, I7,0 - Cy, then Cf € ©. Hence, it suffices to

consider the following derivation:

{Al — Bl,...,Am — Bm,l“_ﬁ@ - Ai}lgigm
Ay —>Bl,...,Am—>Bm,FH,G—|A1,...,Am,Cl,...,Ck

If there exists an A; which is not implicational, we replace 4; — B; with ((p — p) — A;) — A; and
A; with (p — p) — A; as in Lemma 25: hence, we obtain a derivation m; of Ay — By,...,((p —
p) = Aj) = Bi,..., Ay, = By, I'7,0 4 (p = p) = A; as well as, for any h, a derivation 7}, of
Ay = By,...,((p > p) > A) = Bi,..., Ay = B, 17,0 - C. Moreover, if there exists a C},
which is not atomic, we take the following derivations pj, and p}:

ek p,p— Cpp Chp FCh :
. (p—p) > CpCy i
ok p,p—>CpbEp CpFCh F(lp—p) —Ch) —Ch Ay = B1,...,An = By, I'7,0 40}, acuty
(p%p)%chkch ((p%p)%oh)g)ch,Al*)Bl,...,Am%Bm,F_),@ﬂch acuts
(p—>p) = Cr) = Ch,A1 - B1,...,Am = B, 7,04 (p = p) = Ch
e p,p—Cpbtp Cp = Ch )
. (p—p) > CrkCh g
F((p—p) — Ch) = Ch Ay = Bi,...,(p—=>p) = A) > Biy..., Ay = B, 17,0 4 (p = p) = A; acuty
(p—=>p) > Ch)—Ch,A1 > B1,...,((p—>p) — A;)) > Bi,...,Am = B, I 7,04 (p = p) > 4

Let II = ((p — p) — Ch) — ChaAl — Bl,...,((p — p) — Al) — Bi,...,Am — Bm, I =
H\ [((p —)p) — Ch) — Ch], " = H/\ [((p —)p) — Al) — Bz} and X = Cl, .. .,Chfl,Cthl, .. .,Ck.
We plug pp, and p) into the following derivations p and p':

Lt

: “on o
{ILT™,0 4 Ajhi<jri<m ILT,04(p—p) = Ch IL,T7,04(p—p) — A adp i1
m
H,F%7@4Al,.“,Ai,l,Ai“,.4.,Am,Ch...,Ch,hChH,...,Ck7(p—>p)—>Ai,(p—>p)—>Ch .
HI,FA,@—(Cl,...,C;L,1,0h+1,...,Ck,(p—>p) —>Ch

P

((p—p)— Aj)) > BiFA; — B; ((p—p)— A)— B, II"T7,04%,(p—p) = Ch .

acuty

CpE(p—p —Ch A; —» B,,II",T7,04%,(p—>p) = Ch

acuty
A; = B, 1", T7,04%,Cy

Notice that A; — B;,II"., T7,© - X,C} is identical to Ay, — Bi,..., A, — B,, 7,0 -
Ci,...,Cy, as desired. The same argument applies whenever there are multiple non-implicational

A;’s and non-atomic C},’s. ]
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Remark 3. The wvis,, rules are Gentzen-style formulations of the contrapositive versions of (re-
stricted) Visser’s rules [18, 19]'. If we drop the requirement that A; # Cj, then vis,, and adpl,
rules are equivalent in presence of acut rules (cf. [21, p. 256 and |11, p. 339]).

We say that B is an Harrop formula whenever B is either an atom, or 1, or a conjunction of
Harrop formulas, or an implication whose consequent is Harrop [15]. It is well-known that the
disjunction property of intuitionistic logic is preserved under Harrop formulas: if I' contains only
Harrop formulas, then AV B is a logical consequence of I only if either A or B is a logical consequence
of T'. The following is a refutation-theoretic formulation of this result!?:

Theorem 27. Let I' be a multiset of Harrop formulas. The rule

T4A; T HA,
T A7, A,

s admassible in the minimal Gdipg calculus.

ahdp

Proof. f I' = @, Ay = Aqq,...,A1m and Ag = Aoy, ..., Aoy where m > 1, we take the following

derivation 7;, with ¢ = 1, 2:

I_Az‘l *)Ail —|Ai1,...,A¢m
Ail —>Ai1 _{Aﬂ,...,Aim

acuty

= A(Bfi)m — A(B—i)m A — A“, RN A(g,i)(mfl) — A(3,,‘)(m,1) = Ail, ey Aim
A = Ay Asoiym-1) = Aa—im-1); AB—dm — AB—im T Ai1,. .., Aim

acuty

Hence, for any 1 < j < m we consider the following derivation 71'3-:

Let IT = A1 — Ajty o5 As—iym — A@z—iym: Wwe plug the 71';’5 into the following derivation p to
reach the conclusion.

T4 A, e 114 Ay, ,
777777777777777777 adps,,
II4A, Ay .
JA, A, T
U1t suffices to notice that the minimal Gdipy calculus derives A1 — Bi,..., A, — By, I'7,0 - D, for any

1<j<n.

1276t us recall that the disjunction property of intuitionistic logic extends to the broader class of projective
formulas, which includes non-Harrop formulas such as p — (¢ V r) [10]. Consequently, we assert that the generalized
version of ahdp, where I' is a multiset of projective formulas, is admissible in the minimal G4ipy calculus. However,
we leave this claim without a proof, as a complete inductive characterization of the class of projective formulas (if

any) remains an open problem [5].
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IfT" # @, then ' = Ay — By,...,Am — By, IV, with m > 0, Ay,..., A, being atoms or L and
IV lacking implications with atoms or L as antecedent: to reach the conclusion, we reason by cases
over deg(I"), defined as the maximal logical complexity of a formula in IV, and proceed by induction
on the logical complexity of I'.
If deg(I") = 1, then I = q1,...,qn. If A; # gj for any 1 < i < m and 1 < j < n, then for any
A€ Ay, Ay we apply acuto toF A - Aand I’ 4 Ay as wellasH A — A and I' 4 Asy: hence,
we exploit adp], to get the conclusion. On the other hand, if A; = ¢; for some 1 < i < m and
1 < j <n, we apply at — —;n, and exploit the inductive hypothesis.
If deg(I”) > 1, we reason by cases over I''. If IV = BAC, T, we leverage acut; to replace BAC with
(say) B, and apply the inductive hypothesis. If IV = B — C,T” and B = D A E, we exploit acuty
to replace (DA E) — C with D — (E — C); it B= DV E or D — E, we leverage acut; to replace
B — C with D — C. In all cases, we apply the inductive hypothesis to reach the conclusion.

O

Remark 4. Theorems 26 and 27 establish that, in presence of acut rules, the admissibility of adp!,
rules entails the admissibility of contrapositive versions of the disjunction property and Visser rules
ViSm, for any m. Since the only intermediate logic where the disjunction property and all the Visser
rules hold is intuitionistic logic [17], we infer that for any intermediate logic L distinct from the
latter there must exist (at least) one n > 2 such that some adp], rules are not admissible in any
hybrid calculus for L. A(n algebraic) proof of the fact that there exists (at least) one n > 2 such
that all adp), rules are not admissible in any hybrid calculus for L is detailed in [0, pp. 79-80].

5.1. Anticut elimination in intuitionistic logic. In this subsection, we illustrate a constructive

approach to acut admissibility in G4ipy.. First, we recall a crucial result:
Theorem 28. For any sequent I' = A, either Gaip_ proves I' = A or refutes I' = A — but not both.
Proof. For a proof see |31, pp. 227-228|. O

In what follows, we establish a number of intermediate lemmas, which we will exploit in the proof

of the main result — namely, Theorem 36.

Lemma 29. The rules

t ATHA I'4A A t
TTTTHA rT4A 7
. BAC,THA I'4A,BvVC .
" B,C,THA I'41A,B,C .
p,p— B, T 4A (BANC)—= D,THA
at — ine A = inv
p, BT HA B— (C— D), TH4A
. (BVC)— D, T HA r4A—-B ,
"™ B—D,C —D,TA I A-4B o

are admissible in G4ip..
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Proof. For each rule distinct from - —;,,, we establish the conclusion proceeding by induction on
the height of the derivation 7 of the premise: in the cases of inv rules, we exploit the fact that
the last rule applied in 7w cannot be — - —. As far as the rule 4 —;,, is concerned, let © be
a Gdipy_-derivation of I' 4 A — B: we define the right rank of A — B in 7 as the number of
consecutive antisequents in w where A — B occurs on the right-hand side, from the conclusion

upwards. We reach the conclusion proceeding by induction on the right rank of A — B in 7 (we

omit the details). O
Lemma 30. Let A = Ay — - = Ay, with m > 1. If the rule
B I'4A .
C.,I'4A
is admissible in Gdip_y_, then the rule
A BTAHA
A CTHA

1s admassible in G4ip-.

Proof. We argue by primary induction on m, secondary induction on the height of the derivation
7 of the premise A— B ,I' 4 A and ternary induction on the logical complexity of A,,. If m =1,
h(m) = 1 and A,, is L or an atom, the conclusion is immediate. If m = 1 and h(w) > 1, we
reason by cases over the last rule applied in 7. If Ay — B is not principal in it, we apply the
secondary inductive hypothesis. If Ay is principal in it, we distinguish multiple cases according
to Ai’s principal connective (if any). If A; is an atom p belonging to I', we apply r and at —
to get the conclusion; if Ay = D A E, we exploit the secondary inductive hypothesis. Whenever
Ay =DV E or A =D — E with — 4 — being the last rule applied, we exploit the secondary
as well as the ternary inductive hypothesis. If m > 1, we leverage the primary inductive hypothesis

and replicate the argument we made for m = 1 to reach the conclusion. O

Lemma 31. Let A be a non-implicational formula. The rule
A—- B A—-C I'1A
A— (BNC),THA

is admissible in the Gdip_ calculus.

— A

Proof. We reason by primary induction on the logical complexity of A and secondary induction on
the height of the derivation 7 of the premise. If A is L or an atom and h(w) = 1, the conclusion
is immediate. If h(7) > 1 and neither p — B nor p — C is principal in the last rule applied, we
exploit the secondary inductive hypothesis. If (say) p — B is principal and p — C not, we consider
the following derivation:

************ at = iny

p,B,C.;T 4 A _'
p,BAC.TIA "
p,p— (BAC),I' 4A

p—(BANC), I H4A
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If A= D A E, we consider the following derivation:

D— (E—-BANE—-CQ),TI'4A

By primary inductive hypothesis and A ;,,, the rule leading from (E' — B) A (E — C),I' 4 A to
E — (BAC),I" 4 A is admissible in G4ip_: hence, Lemma 30 ensures the admissibility of the rule
leading from D — ((E — B)A (E — C)), 1A to D — (E — (BAC)),I' 1 A: an application of
A — — suffices to the conclusion.

If A= DV E, we take the following derivation:

D— (BNC),E— (BANC),THA
(DVE)— (BANC),T'H4A

0

Lemma 32. LetI'7 = Ay — By,..., A — By, with Ay, ..., Ak atoms or L, and ON[A1,..., Ag] =
. The restricted copy rule
IL,T7,04A,A ILT7,04AA
ILT,TH4A A A

rcopy
is admissible in G4ip_y_.

Proof. We assume (without loss of generality) that for any rcopy application the two premises have
the same derivation 7: we reason by induction on 2h(w) to get the conclusion. If h(7) = 1, the
conclusion is immediate; otherwise, we reason by cases over the last rule applied in 7. The only
interesting case arises when the last rule applied in 7 is

E{ﬂ'i}lgigm :{ﬂé}lﬁjén
{Di, E; = C;, T3, 17,0 4 Ej}i<i<m {I,T7,0,F; 4G h<j<n
TT°.04F - Gy.....F, = G, A

- 4=

where I'; = T'\ [(D; — E;) — C;]. We apply the inductive hypothesis to remove the rcopy
applications from the following derivations p; and p;, forany 1 <i<mand1<j<m:

:ﬂ'i :ﬂ'i
l)i, IZ} — (j%,lji,lj_é, O - fz% l)i, IZ} — (j%,lji,lj_%, O - ff%
l)i, l;% — (:%, Iji,Ijgﬁ, 114%, (), O - lZ;

rcopy
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g o
el T
J J

I'T>,0,F 4G, TI,I7,0,F G,
I,T7.17,0,0,F 4G,

rcopy

Hence, we plug p; and p; into the following derivation:

E{Pi}lgigm A hi<izn
{Diy EZ — Civri)r_))r_}) 97 @ - Ez}lglg’m {Pa ]-_‘_>7 ]-_‘_>7 97 @7 F] = G]}lﬁjﬁn
F,F%,F_),@,@ —|F1 — Gl,...,Fn — Gn,A,A

-4 =

Lemma 33. The copy rule

r4A  THA
I, THA A

copy
s admussible in G4ip.
Proof. We argue as in the proof of Lemma 9: we focus on the case where the last rule applied in

the derivation 7 of each premise is — 4 —. We have that 7 has the following form:

E{ﬂ—i}lgigm :{W;}lgjﬁn
{D;, E; —» C;,T;,T7,0 4 Ej}i<i<m {0, T7,0,F; 4Gihi<j<n
F,F_),@_|F1 — Gl,...,Fn — Gn,A

— 41—

where I';, ' and © are defined as in the proof of Lemma 32. First, we apply rcopy to the 7; and 7r9’s
to obtain the derivations p; and p; of D;, E; — C;, 1,7, I7,0,0 HE; and I', 7, 17,0,0, F;
Gj, respectively. For each 1 <i <m and 1 < j < n we consider a copy pp+i and p},, ; of p; and pf
such that D; = D14, By = By, Ci = Crgiy T = Dt Fj = Fn+j and Gj = Gn+j. Hence, we
plug the p1,..., pam and pf, ..., ph,’s into the following derivation:

E{pi’}lgi/g?m :{p;/}lgjlgzn
{Dy,Ey — Cy, Ty, I'7,I'7,0,0 4 Ej}i<i<om {0,T7,0,Fy 4Gy hi<jr<on
F,F,FH,FH,@,@ %Fl — Gl,...,Fn — Gn,Fl — Gl,...,Fn — Gn,A,A

Lemma 34. The rules
W ATHA r4a,4
PTAATAHA THA A A 7

are admissible in the Gdip_y_ calculus.

Proof. 1t suffices to consider the following derivations:

. ATAHA LA A "
"TAATTAAA  TTAAANAA
TETATATAA Traaaa "



136

Lemma 35. The rule
BT HA
A— B TAHA

—
s admassible in the Gdipo calculus.

Proof. We assume (without loss of generality) that A is non-implicational. We reason by primary
induction on the height of the derivation 7w of the premise, secondary induction on the logical
complexity of A and ternary induction on B. If h(w) =1 and A is L or an atom p, the conclusion
is straightforward. If A = C A D, we take the following derivation:

BTHA
D— BT 1A
C—(D—B),IlH4A
(CAND)— B,I'4A

—

—

A — -

On the other hand, if A = C V D, we consider the following derivation:

— -

C—B,BTAHA
C—-B,D—BTITAHA
(CvD)— B,THA

— -

vV — -

If h(r) > 1 and A is an atom p such that p € ', we reason by cases over the last rule applied. If
B is not principal in the last rule applied, it suffices to apply the first inductive hypothesis. If B
is principal in the last rule applied, and the last rule applied is neither A 4 nor — 4 —, we apply
the primary inductive hypothesis and Lemma 30 to reach the conclusion. Here, we focus on the
remaining cases.

If B=C A D, we consider the following derivation:

C,D,THA
A—-C,D,THA
A= C,A—-DTHA
A— (CAD),THA

—

—

— A

On the other hand, if B = (C — D) — E and the last rule applied is — 4 —, we apply the first
inductive hypothesis. Finally, if A(7) > 1 and A is neither atomic nor L, we proceed in the same

way as in the case where h(m) = 1 and A is neither atomic nor L. O
Now, we are ready to prove the existence of an acut elimination strategy for G4ip_y .

Theorem 36. There exists an algorithm which turns any Gdip_ + acut;-derivation of 11 4 % into

a Gdip_y_-derivation of Il 43, with i = 1,2.
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Proof. We focus on the topmost acut; application, proceeding by primary induction on the logical
complexity of the acut; formula and by secondary induction on the height of the derivation 7 of the
right premise. If the acut; formula is an atom, a conjunction or a disjunction, the argument runs
as in the proof of Theorem 10. The only different case arises whenever A is an atom and the last
rule applied in 7 is — - —: we leverage the secondary inductive hypothesis as well as the fact that
I'F A, A can be derived with a single ax;,: - application to reach the conclusion.

Here, we discuss in detail only the case where the acut; formula has the form A — B: we assume

without loss of generality that A is either an atom or an implication.

(1) Consider the following derivation:

T'FAA—B ILTAHAY
A BIAY

acuty

We reason by cases over the last rule applied in 7 to reach the conclusion. If II,T" 4 A, X
is an initial antisequent, then G4ip__ proves I'; A - B, and thus II,I', A+ B, A, ¥. On the
other hand, Theorem 28 ensures that G4ip_ derives either II,LI' - B,A; X or II,I" 4 B, A, 3.
In the first case, we consider the following derivation:

In the second case we consider the following derivation:

I AFBA ILTHB,AY
EDW)

acuto

If A is atomic, it suffices to notice that A ¢ II: this implies that A — B,II 4 X can be
derived with a single application of ax;,; 4. If A = C — D, we consider the following

derivation:
I'¢—=DFB : _ILTAB A%
lzv - I,D+vB  I,C—-DFB/A ILI[,I41B,AY uPt
acu
"TFD-B nr4%,C—>D o
acutq

LD >B%,C > D

(C—D)—BII4X
Australasian Journal of Logic (23:2) 2026, Article no. 2
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If h(m) > 1 and the last rule applied in 7 is not — - —, it suffices to exploit the secondary
inductive hypothesis to reach the conclusion. If the last rule applied in 7 is — - — we argue

as in the case where h(m) = 1.

(73) Consider the following derivation:

. -
A— B TFA ILr4A,%
m43,A— B
IfII,T" 4 A, X is an initial antisequent, we reason by cases over A. If A is atomic, we infer
that the last rule applied in the derivation of A — B,I'+ Aisat — F : if I' =T", A, then
G4ip proves B, A,T" b A. Take the following derivation:

acuto

: LAD 4A D
77777777777 U,
B,ATFA  TLA AT SAY 7
A4S, B acutz
:;:::7:: str
ATI4B )
mix,A—-B

If A= C — D, the last rule applied in the derivation of A — B,I' - A is -— F. As
a result, we have that G4ip_. proves C,;D — B,I' = D and B,I' - A: the provability of
C,D — B,I' F D entails the provability of B,II,I' - C — D, A,3. Theorem 28 ensures
that G4ip_ derives either ILT'FC — D, A, ¥ or II,LT' 4 C — D, A, 3. In the first case, we

leverage the following derivation:

: MT A,y “m
: ILLFAYC-D ILLLTAAASS
B,THA CSDILTAAY acut
C > DI4%. B acutz
“ocSpan4B "

-4 —

nI+43,(C—-D)—B

If h(r) > 1 and the last rule applied in 7 is not — - —, it suffices to exploit the secondary
inductive hypothesis to get the conclusion. If the last rule applied in 7 is — 4 — we argue

as in the case where h(m) = 1.

O

Remark 5. Consider the following rule:

r4A
1L —-BTAHA

|, the authors state that L — - is redundant in G4ip__, due to the fact that the context I'”

L=

in the rules ax;,; 4 and — < — is allowed to contain implications with 1 as antecedent. Theorem

36 provides a constructive argument for the same claim, since any | — - application can be seen

as an acut application:
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Notice that if we disallow implications with antecedent L from I'™ in the rules ax;,; < and — 4 —
of G4ip_, there can be no acut-free G4ip__-derivation of (say) (p - L) = (¢vr) 4 (p = 1) —
q,(p — L) — r, and thus Theorem 36 ceases to hold.

We conclude this section with the following result, establishing that G4ip_ and the minimal G4ipg
calculus derive the same (anti)sequents:

Theorem 37. The rules adp,, are admissible in G4ip_.

Proof. Let I' = (C; — Dy) — By,...,(Cyy = Dy,) = By and I'; =T\ [(C; — D;) — By, for any
1 < i < m. Take the following derivations m; and 7TZ/» :

(Cz —)Dl) —>Bi,1“z-,1“_>,®—|0i _>Dz'

D; — B;,T5,I'"7,0,C; 4 D;
We plug the derivations m; and 7} into the following derivation:
Hridi<i<m :{7(,’;}1gigm

(Ci = D1) = B1,...,(Cpy = D) =& By, 17,0 4C1y — D1,...,Cny = Dy

- 1=

6. CONCLUDING REMARKS

In this paper, we conducted a proof-theoretic investigation of D-R calculi for classical and non-
classical logics, such as FDE and intuitionistic logic. Specifically, we have proved that anticut rules
cannot be eliminated from hybrid sequent calculi without compromising f.-completeness. Moreover,
when anticut rules are combined with an appropriate set of rules, the resulting system attains
refutational completeness. Finally, we have explored the role of anticut rules in unmixed sequent
calculi, showing that anticut rules can be constructively eliminated by leveraging ¥.-completeness.

From a methodological standpoint, combining anticut rules with an appropriate set of additional
refutational principles proves to be a flexible and robust approach, adaptable to a wide range
of logics. For instance, this method is equally applicable to various modal logics |11, 20] and
intermediate logics |41, 14]. The minimal hybrid calculi developed for these logics can serve as
effective frameworks for constructing new unmixed calculi tailored to the same logics, with S4

being a notable example [16, &].
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From a broader perspective, it would be worthwhile to investigate whether there exist logics

whose antitheorems can be recursively axiomatized only through hybrid, rather than unmixed, D-R

systems. An especially intriguing case study in this context is Medvedev’s logic of finite frames,

given the long-standing open problem concerning its decidability [0,

I

Finally, a further promising line of research appears to be the connection between anticut rules

and the formulation of abductive problems viewed as deductive arguments in reverse |

!

APPENDIX A. PROOF SYSTEMS FOR CLASSICAL PROPOSITIONAL LOGIC

In this appendix we present the proof systems for classical logic employed in the paper. We use

the capital Greek letters I', A, I, 3 to refer to multisets of formulas, and ©, A, .

of atomic formulas.

A.1. Kleene’s G4.

arey b

.. to denote multisets

Lipkp A
. LABFA I'FAA  TFAB
AT ANBEA TFAANB
_ATFA  BTrA I'FAAB
v AVB,TFA VTFAAVB
TFAA ATFA
T SATEA T THA,-A
rFAB  ATHA ATFA,B
— A= BTFA " TrAA-B

A.2. The G4py calculus. The G4y calculus is obtained from G4 by adding the following rules:

axe FET

AANB,THA
ATABTAA
L ATEA AVB,THA
e BTHA
. THAA A= BTHA
ab BTHA
L CATHA
YTTTIA A

TFAA ILT HA, X
acuty

AAS

oo LEAA  THAANB b DEAB  THAANB
@i T4A, B @2 THA,A
L, BIEA  AVBIAA F4AAVB
akve ATIA O TTIAAB
L, BTFA  A-BTHA Ir'4A,A—> B
ali=2 TIA A R T TAB
o THA-A
AT HA

ATHFA  ILTHAY
acuty

4, A
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In the rule azy 4, O NA=0.

A.3. The G4 calculus. The G4y calculus is obtained from G4 by adding ax. I as well as the
following rules:

. ABTHA  TFAA  THAB  TFAB  THAA
CATTABTAA dan TJAANB dan THAANB
 ATFA  BTHA BTFA  ATHA  THAAB
a’Vv - AVBTAA av - AVBTAA 1OV T IAAVE
R ATHA
A TATIA T T A A
TFAA  BTHA , BTHFA THAA ATHA,B
@ = A5 BTAA @ = ASBTAA Te =T IAASB
TFAA  ILTHAY ATHA  ILTHA,S
acuty acuto
IR e

A.4. The G402 calculus. The G4p1ns calculus is obtained from G4 by adding ax. - and the

acut rules.

A.5. The G4 calculus. The G4 is obtained from G4 by adding azx. I as well as the following

rules:
ABTHA THA,A T4A,B
N ANBTAA NTHA,ANB NTHA,ANB
L ATHA L BI4A T 4A,A B
AVB, T A AVB,TAA VTHA,AVB
THA,A ATHA
U SATHA T THA,-A
L THAA B,THA . ATHA,B
T TASBIT4A AL BTAA T THA,A-B

APPENDIX B. PROOF SYSTEMS FOR FDE-BASED LOGICS

In this appendix we gather the proof systems for FDE-based logics employed in the paper, using
the capital Greek letters I'; A, 11, 3 to refer to multisets of formulas, and ©, A, . .. to denote multisets

of literals.

B.1. The Gfde calculus.
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e —=— e ——F
W va F D, A W Fa -p = -p, A

I A BFA I-AA  THAB

TLANBFA TFAAAB
_ATFA  BTFA I'-A A B
v AVB,TFA VTFAAVB

_ CATFA  BIEA T'HA A -B
oA ~(AAB).TFA "ANTEAS(ANB)

_ ~A-BIFA I'FA—-A TFA-B
TYTTAVB)L.TEA - TFA,~(AVB)
ATHA THA A

T =ATEA T TREA, A

B.2. The Gfdej; calculus. The Gfdef; calculus is obtained from the Gfde calculus by adding the

a/,aV and acut rules as well as the

following ones:

e — arsge 1 ——m——— arfge 1 ——m—
arrde TTGA A — e T A p, —p, A
L CATEA  S(AABLTHA SBTEA  (ANB)THA T4 A,~(AAB)
al=/ BT A al2ns “ATAA RN T TA A B
w TFEA-A  THAAS(AVE) TEASB  THAAVE) ~(AVB),TH4A
oV T4A B afinv ETNEY) oV A BT AA
L ATHA b DA
AT AA T A A

In the rules axpqe 4, @ NA = 0.

B.3. The Gfdeps calculus. The Gfdeys is obtained from Gfde by adding the az 4. =, a’A, @’V and
acut rules, as well as the following ones:

~ATFA -B,T4A

!
@A “(AAB),TAA

-A,-B,TH4A
~(AVB),T 4A

a'= V-

ATHA
——ATHA

a

L CBIEA  -ATHA I H4A,-A,-B

am A ~(AAB),TFA “T AT A S(ANB)

L TEA-A  THASB o TEASB  THA-A
anV T4A,~(AV B) anV T4A,~(AVB)
L T A A

CTTTHA, A

B.4. The Gfdey1n2 calculus. The Gfdeyin calculus is obtained from Gfde by adding the ax f4 -,

the acut rules and the dup rules.
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B.5. The Gfdey calculus. The Gfde is obtained from Gfde by adding the axq. -, A =, 4 A,
V - and 4 V rules, as well as the following rules:

L CATHA L _“BTAHA - I'4A,-A -B
CATTC AR TFA N SAAB)TEA TATHA (AN B)
yy_—ACBLAA Ly ra-a Ly Lra-B
B ~(AVB),T 1A Y THA,-(AVB) U THA -(AVB)

ATHA F4A A
U a=ATHA T HA, A

B.6. The Gk3, Gk3y1, Gk3x2, Gk31n2 and Gk3- calculi. The Gk3 (Gk3g1, Gk3p2, Gk3p1n2 and
Gk34-) calculus is just like the Gfde (Gfder1, Gfdegs, Gfderine and Gfde -, respectively), except
that we have the following axioms:

arys F arys F arz -

IpEp A I,—pk-pA L,p,—pk A

aryz aryz

O -4A O -p,—p A

In the rules axgz 4, © N A = & and no atom p is such that [p, —p] C ©.

B.7. The Glp, Glpg1, Glpgs, Glpgiq2, and Glp calculi. The Glp (Glpgy, Glpgse, Glpgiqe and
Glp_) calculus is just like the Gfde (Gfdep1, Gfdeyo, Gfderine and Gfdey-, respectively), except
that we have the following axioms:

axy, axy, axy,

Ipkp, A I,=pk-p,A I'Ep,—p, A

azy, azy,

O -4A O,p,—p 1A

In the rules azy, 4, © N A = @ and no atom p is such that [p, =p] C A.

APPENDIX C. PROOF SYSTEMS FOR INTUITIONISTIC PROPOSITIONAL LOGIC

In this appendix we present the proof systems for intuitionistic logic employed in the paper. We
use the capital Greek letters I', A, II, X to refer to multisets of formulas, and ©, A, ... to denote

multisets of atomic formulas and L.
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C.1. Vorob’ev’s multisuccedent G4ip.

aTine F ar F

I,pkEp A 1, TFA
I, A, BF A _ DEAA THAB
T.AANBFA A TFAAAB
ATFA  BTFA T'-AAB
v F Ve
AVB,TFA TFA AVB
L A B THA FC’—>(D—>B),FI—A
W= A ASBIFA NPT CAD) S BTFA
_CoBDoBIEA _DoBCTED  BIEA
Vot T evD s Brra . (C D)= BTIFA
T, AF B
F— ’

"TFAA—>B

In the rule at — F , A is an atom or L.

C.2. The G4ip_ calculus. The G4ip__ is obtained from G4ip by adding the following rules:

N ENET Y
L, ABIHA Iy L, THAB
NTTANBTAA NTHA,ANB ANTIAANB
ATHA BTHA I 4A,A B
R VAo Hy S
AVBTTAA AVBTTAA T1A,AVB
p.B.,L4A C (D B),I 1A
at — A —
p,p = B, I' 1A (CAD) - B,THA
L CoBDBIHA . BT HA
Vo evD s Br4a . T (0o D) S BIrHA
Dy = By,C1,T1,0 4D, ... Dy — Bp,Cr,Tm,© 4Dy T,0,E,AF ... ,0,E, 4F,

- T.OJE, = F... E, > F, A

In the rules az;,; 1 and — 4 — the following conditions hold:

(1) T7 =A; = By,...,A; — Bj, with Ay,..., A; being atoms or L;

@ﬂ[Al,...,Al]:®ﬁA:@;
I'=(Cy — D1) = Bi,...,(Cpy = D) = B, I
T

i =T\ [(Ci = D;) — By, for any 1 < i < m.
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C.3. The minimal G4ipg calculus. The minimal G4ipy calculus is obtained by extending G4ip

with ax;,: -, the acut rules and the following rule schema:

adpm,

A1—>Bl,...,Am—>Bm,F_>,@—|A1 A1—>Bl,...,Am—>Bm,F—>,@—|Am
A1—>Bl,...,Am—>Bm,F%,@—|A1,...,Am,A

In the rule schema adp the following conditions hold:

(iii

(1
2]
3]
(4]
5]

(6]
(7]

18]
(9]

[10]
[11]
[12]

[13]

[14]

[15]

(1) 77 =Ey — F,...,E, = F,, with Fy, ..., E, being atoms or L;
(i) L ¢ ©;

) ON[EL,..., B =0NA=g;

)

)

(iv) m > 2;

(v) A; has the form C; — D;, for any 1 < i < m.
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