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Abstract

In a multiple-premise and multiple-conclusion setting, logicians typi-
cally use the metalinguistic expression ‘,’ to gather premises and conclu-
sions. In most logical systems, this comma can be freely interchanged with
the object-language conjunction on the premise side and with the object-
language disjunction on the conclusion side. However, this is not the case
for Weak Kleene Logics (WK logics), which include Paraconsistent Weak
Kleene (PWK) and its paracomplete counterpart (Kw

3 ).
The aim of this work is to define two new substructural systems called

uniform Weak Kleene logics (uWK logics), uPWK and uKw
3 , which re-

establish what we call ‘Uniformity’: the correspondence between the struc-
tural comma and the object-language WK operators. We begin by provid-
ing some philosophical arguments advocating for it as a desirable logical
feature. We then characterize their consequence relations and introduce
a novel two-sided sequent calculus free of linguistic restrictions for PWK
and for Kw

3 and show that, with minor adjustments, we can achieve sound
and complete sequent calculi for uPWK and uKw

3 . Finally, we generalize
our results for WK logics and their uniform counterparts to other infectious
Tarskian logics that meet specific criteria.

Keywords— Weak Kleene logic, Infectious logic, Substructural logic, Sequent cal-
culus, Metainferences

1 Introduction

When working in a multiple-premise and multiple-conclusion setting (or Set-Set frame-
work), logicians usually employ the metalinguistic expression ‘,’ to gather together
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premises and conclusions. In most logical systems, this metalinguistic comma is equiva-
lent to (i.e., interchangeable with) the object-language conjunction on the premise side,
while it is equivalent to the object-language disjunction on the conclusion side.

This equivalence becomes evident by the fact that these kinds of systems satisfy the
following principle:1

Definition 1.1. (Uniformity) If Γ ⊨ ∆, then Γ∧ ⊨ ∆∨

where Γlor results from Γ by (possibly) conjoining some of the premises, and ∆∨ results
from ∆ by (possibly) disjoining some of the conclusions.

Prima facie, this feature seems to follow naturally from the usual definition of logical
consequence for the Set-Set framework, namely that if all premises are designated then
at least one conclusion is designated. Furthermore, we believe that Uniformity is an
inherently desirable logical property and will substantiate this claim later on by reference
to the inferentialist literature.

However, numerous logics do not satisfy Uniformity. Among them, we focus on
the well-known (Paracomplete) Weak Kleene logic Kw

3 , and its dual, Paraconsistent
Weak Kleene logic PWK. Both of these systems, which we will call WK logics for
brevity, belong to a family of many-valued logics known as infectious logics. As the
name suggests, the main feature of these logics is the presence of a non-classical truth-
value that behaves in an “infectious” way, i.e. a formula is assigned that semantic value
every time one of its components is assigned that same value (Kleene (1952)).

As we will see, Kw
3 -validity is taken as transmission of truth, whereas PWK-validity

is understood as preservation of non-falsity. Most notably, this entails that Simplifica-
tion (or Conjunction Elimination) is invalid in PWK, and so is Addition (or Disjunction
Introduction) in Kw

3 . Nevertheless, WK logics are both Tarskian logics, meaning that
their consequence relation satisfies the structural properties of Reflexivity (φ ⊨ φ),
Monotonicity (if Γ ⊨ ∆, Γ ⊆ Γ′ and ∆ ⊆ ∆′, then Γ′ ⊨ ∆′) and Transitivity (if Γ ⊨ ∆, φ
and Γ, φ ⊨ ∆, then Γ ⊨ ∆).2 From these considerations, it follows that:3

Fact 1.1.
φ ∧ ψ ⊭PWK φ φ ⊭Kw

3
φ ∨ ψ

φ,ψ ⊨PWK φ φ ⊨Kw
3
φ,ψ

This fact illustrates that WK logics do not satisfy Uniformity,4 and thus, the met-
alinguistic comma alluded earlier isn’t equivalent to the corresponding binary associative

1Of course, this definition only makes sense if the operators ∧ and ∨ are part of the language.
2Along with being invariant under substitution. For a more thorough presentation of the

notion of Tarskian logic as well as Scott’s generalization of Tarski’s definition to the multiple-
conclusions setting, see Indrzejczak (2021) (pp. 309-313). Here, we assume that if a logic is
non-Tarskian, then it is also substructural, considering it lacks one of these structural properties.

3The PWK-counterexample to Simplification is given by a valuation that makes φ false
and assigns the infectious value to ψ (thus also to φ ∧ ψ), whereas the Kw

3 -counterexample to
Addition is given by a valuation that makes φ true while assigning the infectious value to ψ
(hence to φ ∨ ψ as well).

4As noted by one of the referees, the failure of Uniformity in Kw
3 only holds significance in a
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connective featured in the language. This entails that there are two available ways of
conjoining (disjoining, resp.) formulas: one can either use the object-language conjunc-
tion (disjunction) or the comma to gather premises (conclusions) together, resulting in
a different set of validities in each case. Moreover, as we shall see, the same type of
counterexample at work in Fact 1.1 is also found in other infectious Tarskian logics that
meet certain conditions.

Given the appeal of Uniformity and its failure in WK logics, the main goal of
this paper is to explore ways of restoring the expected correspondence between the
comma qua structural expression and the WK operations. Namely, our objective is to
investigate relatives of WK logics in which the equivalence between the comma as a
way of conjoining premises and the WK-conjunction on the one hand, and between the
comma as a way of disjoining conclusions and the WK-disjunction on the other, holds.
For this purpose, we define what we call uniform Weak Kleene logics (uWK logics, for
short): two logics, uPWK and uKw

3 , that are meant to satisfy this desideratum. Their
key feature is that they are both substructural logics, since Left Weakening fails in
uPWK, as does Right Weakening in uKw

3 .
The remainder of the article is structured as follows. In Section 2, we make a

thorough introduction to Weak Kleene logics. In Section 3, we first lay out reasons in
favor of Uniformity as a desirable feature of an infectious logic, and then we present
the uniform Weak Kleene logics uPWK and uKw

3 , and characterize them with respect
to PWK and Kw

3 , correspondingly. In Section 4, we provide novel sequent calculi for
WK logics and show how to obtain calculi for uWK logics from them. In Section 5, we
generalize the results we gave by defining how to get the uniform companion of other
(Tarskian) infectious logics satisfying certain criteria. Lastly, in Section 6, we draw
some conclusions and review some open questions.

2 Weak Kleene Logics

This section provides a brief presentation of WK logics, first technical and then philo-
sophical. In Section 2.1, we give some technical preliminaries (readers familiar with
WK semantics may skip this part). In Section 2.2 we sketch an overview of some of
the philosophical interpretations that the infectious value has received in the literature,
which in turn serve as motivations for the failure of Simplification and Addition.

2.1 Technical Preliminaries

Let L be a language consisting of the set {¬,∨,∧} of connectives (negation, disjunc-
tion, and conjunction) and let V ar be the denumerable set of propositional variables
{p, q, r, . . . }. The arbitrary formulas π, σ, . . . are defined recursively in the usual way

multiple-conclusion framework. In a single-conclusion setting, there is no issue with the comma
on the right—since it does not appear. In this setting, the failure of Uniformity would simply
align with the failure of Simplification. This observation highlights that the lack of Uniformity
also depends on the specific inferential framework adopted.
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and we use Greek uppercase letters Π,Σ, . . . to denote sets of arbitrary formulas. For
any formula π, let V ar(π) be the set of propositional variables occurring in π. Similarly,
for any set of formulas Π, V ar(Π) =

⋃
{V ar(π) : π ∈ Π}.

An algebra A of L is an ordered pair consisting of a non-empty set A, called the
universe or carrier set, and a set of finitary operations on A. Fml is the absolutely free
algebra of type L over V ar and we call it the ‘formula algebra’. A valuation v is a
homomorphism v : Fml −→ A from the formula algebra Fml onto A.

Since we will be working with infectious logics, first we define what it means for an
algebra to have an infectious element. Following Szmuc (2017):

Definition 2.1. An algebra A has an infectious element e (alternatively called an
absorbing or zero element) iff for every n-ary operation ⋆ of A, and every {a1, ..., an} ⊆ A:
if e ∈ {a1, ..., an}, then ⋆A(a1, ..., an) = e.

We are particularly interested in the Weak Kleene algebra, since it is the smallest
structure having an infectious element that also has the 2-element Boolean algebra as
a subalgebra. In line with Bonzio et al. (2017), we define it as:

Definition 2.2. The Weak Kleene algebra of L is the structure WK, with universe
V = {1, 1/2, 0} and operations defined by the truth-tables depicted in Table 1.

¬
1 0
1/2 1/2
0 1

∧ 1 1/2 0
1 1 1/2 0
1/2 1/2 1/2 1/2
0 0 1/2 0

∨ 1 1/2 0
1 1 1/2 1
1/2 1/2 1/2 1/2
0 1 1/2 0

Table 1: The Weak Kleene truth-tables

A matrix M is a structure ⟨A,D⟩ where A is an algebra, and D is a non-empty subset
of A, called the set of designated values. Any logical matrix M allow us to characterize
consequence relations ⊨M, in the following manner:

Γ ⊨M ∆ ⇐⇒ ∀v: If v(γ) ∈ D for all γ ∈ Γ, then v(δ) ∈ D for some δ ∈ ∆

In particular, ⟨WK, {1}⟩ and ⟨WK, {1, 1/2}⟩ are the usual logical matrices associated
to the Tarskian logics Kw

3 and PWK, since both capture the notions of Kw
3 and PWK

validity:

Definition 2.3 (Kw
3 -validity). An inference Γ ⊨ ∆ is valid in Kw

3 or Kw
3 -valid (Γ ⊨Kw

3

∆) iff for every v, if v(γ) = 1 for every γ ∈ Γ, then v(δ) = 1 for some δ ∈ ∆.

Definition 2.4 (PWK-validity). An inference Γ ⊨ ∆ is valid in PWK or PWK-valid
(Γ ⊨PWK ∆) iff for every v, if v(γ) ̸= 0 for every γ ∈ Γ, then v(δ) ̸= 0 for some δ ∈ ∆.

Notice that the following fact holds in any infectious logic (in WK logics, e is 1/2):
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Fact 2.1 (Contamination Principle). Let e be an infectious element. For every formula
φ and every valuation v:

v(φ) = e ⇐⇒ v(φ′) = e ⇐⇒ v(p) = e

where φ′ is some subformula of φ, and p is some propositional variable p ∈ V ar(φ).

Proof. See proof of Fact 2.1 in Ciuni & Carrara (2019).

Finally, it is also important to mention some details regarding the algebraic structure
underlying the Weak Kleene semantics. It is what Paoli & Pra Baldi call a (generalized)
involutive bisemilattice: a structure that has two partial orders ≤∧

WK and ≤∨
WK (induced

by ∧ and ∨, resp.) and an involution on both (the unary operation ¬).

1

0

1/2
≤∧

WK

1/2

1

0
≤∨

WK

Figure 1: The WK algebra as a generalized involutive bisemilattice

The WK-conjunction can be seen as the minimum of the order ≤∧
WK , whilst the

WK-disjunction can be seen as the maximum of ≤∨
WK :5

Fact 2.2.
x ≤∧

WK y iff x ∧ y = x iff min∧(x, y) = x

y ≤∨
WK x iff x ∨ y = x iff max∨(x, y) = x

Notice that these orders are not each other’s inverses. The order ≤∧
WK associ-

ated with the WK-conjunction has a maximum that isn’t the maximum of the WK-
disjunction, and similarly, the order ≤∨

WK associated with the WK-disjunction has a
minimum that doesn’t coincide with the WK-conjunction’s minimum.

Interestingly, as Ciuni & Carrara (2019) and Urquhart (2001) showed, the conse-
quence relations of WK logics can be characterized with respect to Classical Logic (CL)
in the following way:6

5When empty, then min∧∅ = 1 and max∨∅ = 0.
6In this result and in the rest of the article we use the term (anti)theorem to mean a

(anti)theorematic set, namely a set of formulas Σ such that ∅ ⊨ Σ (Σ ⊨ ∅). This terminol-
ogy allows us to emphasize the dual properties of WK logics within the Set-Set framework,
where premises are interpreted conjunctively and conclusions disjunctively. For instance, we
can say that the set {p,¬p} is a theorem of PWK while the same set is an antitheorem of Kw

3 .
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Fact 2.3 (Characterization of PWK).

Γ ⊨PWK ∆ iff


(i) ∆ is a theorem of CL, or

(ii) ∃ non-empty Γ′ ⊆ Γ, s.t.

Γ′ ⊨CL ∆ and V ar(Γ′) ⊆ V ar(∆)

Fact 2.4 (Characterization of Kw
3 ).

Γ ⊨Kw
3

∆ iff


(i) ∆ is an antitheorem of CL, or

(ii) ∃ non-empty ∆′ ⊆ ∆, s.t.

Γ ⊨CL ∆′ and V ar(∆′) ⊆ V ar(Γ)

These results show that PWK and Kw
3 are the left variable inclusion companion

and right variable inclusion companion of CL respectively (Bonzio et al. (2020) and
Bonzio & Pra Baldi (2021)).

2.2 Motivations for WK Logics

First of all, it is worth noting that most of the philosophical work on WK logics has
primarily addressed the paracomplete case, with significantly less attention being paid
to the motivation behind the paraconsistent case.7 Therefore, in this discussion, we will
focus on two interpretations of the non-classical value that apply to both the paracom-
plete and paraconsistent cases.

Meaningless or nonsensical interpretation (Bochvar (1938), Halldén (1949)).
We can already find it at the beginning of the past century in the work of Bochvar
(1938), where statements describing paradoxical sets are deemed meaningless, thus not
truth-apt, and consequently neither true nor false. Not only did Bochvar consider
these statements to be gappy, but also regarded their meaninglessness as an ‘infectious’
pathology which extends to any compound statement containing these paradoxical sen-
tences. Given that he defined logical consequence as preservation of truth, the fragment
of Bochvar’s logic of nonsense including {∧,∨,¬} corresponds to Kw

3 . Given this inter-
pretation, the failure of Addition is motivated by the fact that a meaningless conclusion
should not follow from true premises (e.g. take φ to be true and ψ to be paradoxical). A
similar starting point was that Halldén (1949), whose logic of nonsense also considered
paradoxical statements to be gappy and infectious, but defined logical consequence as
preservation of non-falsity. This choice implies that an argument from a nonsensical
statement to a false conclusion cannot be valid, making Simplification fail. Therefore,

7There are some philosophical motivations given for Kw
3 which, as far as we know, have not

been extended to its paraconsistent counterpart, but the other direction does not seem to be
the case. For instance, the computational interpretation of the infectious value by Ferguson
(2014) and Ciuni et al. (2019) and the off-topic interpretation due to Beall (2016). Even though
we won’t review them here, we believe that the argument we make in Section 3.1 can also be
straightforwardly extended to these proposals, albeit only for the case of Kw

3 .
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the fragment of Halldén’s logic formed by {∧,∨,¬} corresponds to PWK.
Epistemic interpretation (Fitting (1994), Szmuc (2019)). Both Fitting and Sz-

muc consider a scenario where a set of experts provides their opinions (as yes/no an-
swers) on various issues, which can be formalized as formulas. In this context, experts
may have indeterminate (neither positive nor negative) or inconsistent (both positive
and negative) opinions. Once all experts have expressed their views on the relevant is-
sues, the authors argue that it is reasonable to adopt either cut-down (Fitting (1994)) or
track-down (Szmuc (2019)) policies when pooling their opinions. In both cases, assign-
ing 1 to a formula indicates that all experts agree the formula is true and none believe
it is false, while assigning 0 means all experts agree the formula is false and none believe
it is true. For the non-classical value, there are two interpretations available.

Suppose every expert has expressed a consistent opinion, but there is some issue
on which no opinion has been expressed. In this scenario, assigning the non-classical
value to a formula means that no expert has expressed an opinion about that formula.
Hence, adopting a cut-down policy amounts to ‘cutting down’ on the set of experts
who have expressed a determinate opinion on the issues at hand. For instance, in the
case of disjunction, we might not want to count experts as supporting φ ∨ ψ if they
have no opinion on one of the disjuncts. If we interpret the consequence relation as
truth preservation, then Addition would be invalid: from the fact that all experts think
a formula φ is true, it does not follow that all experts think φ ∨ ψ is true, since the
experts may have no opinion about ψ.

Alternatively, consider a situation where every expert has expressed a determinate
opinion, but all have conveyed an inconsistent opinion towards some of statement. In
this scenario, assigning the non-classical value to a formula signifies that all experts
have expressed both negative and positive opinions about that formula. Then, taking a
track-down policy amounts to ‘tracking down’ experts who have expressed an inconsis-
tent opinion about the issues at hand. Particularly, in the case of conjunction, we may
want to count experts as being both in favor and against φ ∧ ψ, if they have expressed
an inconsistent opinion about either one of the conjuncts. And again, taking validity to
mean truth preservation (which includes the non-classical value, under this interpreta-
tion), entails the failure of Simplification: from the fact that all experts have a positive
opinion on φ ∧ ψ, it does not follow that all experts think ψ is true, since the group of
experts may have an inconsistent opinion towards φ but a negative one regarding ψ.

3 Uniform Weak Kleene Logics

The purpose of this section is twofold: first, we motivate Uniformity as a desirable
feature of an infectious Tarskian logic, and second, we introduce what we term Uniform
Weak Kleene logics.
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3.1 Uniformity

We will first demonstrate the challenges posed by the lack of Uniformity by drawing on
the inferentialist literature, advocating for it as an intrinsically valuable logical feature.
Then, we consider alternative strategies to address the failure of Uniformity and argue
in favor of ours. We also motivate why, given the philosophical interpretations for
the infectious value and the operators in WK logics we just reviewed, our approach for
regaining Uniformity is the most natural and coherent with the adoption of an infectious
framework.

According to Došen (1989), object-language operations can be considered to be
logical constants as long as they help make explicit in the object language certain
structural properties of the logical consequence relation. In the author’s own words:

When logical constants are introduced they serve, so to speak, as punctu-
ation marks of the object language, for some structural features of deduc-
tions. ((Došen, 1989, p. 366))

Thus, operational rules are grounded in structural rules, since the latter are the
only ones that play a meaning-giving role. From this standpoint, a constant can be
considered logical only if ‘it can be ultimately analyzed in structural terms’ ((Došen,
1989, p. 366)).8 Clearly, the conjunction of PWK and the disjunction of Kw

3 cannot
be ‘ultimately analyzed’ in a structural manner. The reason being that, as we already
pointed out, the left-side comma qua structural connective does not conjoin formulas as
premises in the same way as the object-language conjunction in PWK. The same can
be said, mutatis mutandis, of the Kw

3 -disjunction. This position poses a considerable
challenge to the logician advocating for WK logics: if she takes Došen’s criterion of
what counts as a logical connective seriously, she is left in the uncomfortable position
according to which the operations of her preferred system aren’t logical constants.

On a brief but related side note, this isn’t the first time the logical status of infectious
connectives has been contested. There have been, to the best of our knowledge, at least
two other objections raised against the status of ∧PWK and ∨Kw

3
as a logical conjunction

and disjunction. The first one is mainly concerned with their peculiar truth-conditions.
Notice that there is a disjunctive feature encoded in the truth conditions of ∧PWK,
since we can say that a PWK-conjunction is designated iff either both conjuncts are
designated or one of them is non-classical and the other one is false. For this reason,
Ciuni (2015) has claimed that this is in fact a ‘disjunction in disguise’ ((Ciuni, 2015,
p. 10)). And ∨Kw

3
has a dual ‘conjunctive’ reading: a Kw

3 -disjunction is designated

8Recently, Zardini (2021) has defended the opposite stance to Došen’s: he posits that logical
operations are prior to structural properties, since that the latter are grounded in the former.
For example, premise combination (symbolized with the left-hand comma) can be seen as a type
of conjunction whilst conclusion combination (captured by the right-hand comma) as a type of
disjunction. Here, we subscribe only to the correlation between both and remain neutral as
to whether the logical operations have a meaning-giving role over the structural rules, or vice
versa, or if neither is the case. Whatever position one subscribes to, we think the point we are
making about Uniformity as a desideratum still stands.
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iff at least one disjunct is designated and both are classical. This has led Omori &
Szmuc (2017) to conclude that the Kw

3 -disjunction ‘is not disjunction, as traditionally
conceived’ ((Omori & Szmuc, 2017, p. 208)). The second objection against taking
∧PWK and ∨Kw

3
to be logical constants focuses on the failure of inference rules that

traditionally have been regarded as constitutive of the meaning of a conjunction and a
disjunction. For instance, Gentzen (1934/35) famously stated that introduction rules,
and elimination rules to a lesser degree, capture the meaning of a logical constant.9

Thus, the fact that ∧PWK and ∨Kw
3

invalidate inference rules traditionally regarded
as constitutive of the meanings of conjunction and disjunction (∧-Elimination and ∨-
Introduction, resp.), already casts doubt on whether they can be regarded as a logical
conjunction and a logical disjunction.10 We will not delve further into these objections
here, but notice that the argument we are putting forth can be taken as a third way of
questioning their logical status.

As we shall see in the next section, our new ‘uniform’ systems interpret the commas
as WK-operators. Consequently, they re-establish the harmony between the object-
language operations and the metalinguistic comma. Thus, they allow for an analysis
of an infectious conjunction and disjunction in Došen’s terms, effectively avoiding this
third objection.

Nonetheless, this is not the only method available for achieving this goal. There’re at
least two strategies which are arguably legitimate, but incompatible with the infectious
framework or still challenged by Došen’s position. Both alternatives consist in ‘inter-
nalizing’ the structural behavior of commas in the object language, hence going in an
opposite direction with respect to our approach. In one case, call it (A), this is achieved
by replacing the PWK-conjunction (Kw

3 -disjunction) with a new operator that inter-
nalizes the way premises are conjoined (conclusions are disjoined). In the other case,
call it (B), adding this new connective to the language, thus having two conjunctions
(two disjunctions, resp.). These new binary operations internalizing the behavior of the
comma can be characterized by the following non-deterministic truth-tables (and each
of its possible determinations):

⋏ 1 1/2 0

1 B B 0
1/2 B B 0
0 0 0 0

⋎ 1 1/2 0

1 1 1 1
1/2 1 N N
0 1 N N

where B = {1, 1/2} and N = {0, 1/2}. Here’s the rationale behind these tables: notice
that, in Kw

3 , the fact that some conclusion has designated value means that at least
one δ in ∆ is true. Therefore, the corresponding disjoining operation ⋎ would have the
following truth-conditions: if v(δ) = 1 or v(δ′) = 1, then v(δ ⋎ δ′) = 1. Otherwise,
v(δ ⋎ δ′) ∈ N . Conversely, in PWK, the fact that the premises are designated means

9For a comprehensive overview of this debate, see the entry by Schroeder-Heister (2024).
10However, as pointed out by Omori & Szmuc (2017), this point mainly concerns the conse-

quence relation one chooses.
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that all γ in Γ are non-false. Thus, the conjoining operation ⋏ would be read as: if
v(γ) ̸= 0 and v(γ′) ̸= 0, then v(γ ⋏ γ′) ∈ B. Otherwise, v(γ ⋏ γ′) = 0.

Contrary to what one might think, neither ⋏ nor ⋎ collapses to the corresponding
Strong Kleene operations. Both the Law of Non-Contradiction ¬(φ∧¬φ) and the Law
of Excluded Middle φ∨¬φ receive value 1 or 1/2 in every Strong Kleene valuation. But,
according to the tables above, ¬(φ⋏¬φ) and φ⋎¬φ can also receive value 0. However,
notice that the truth-tables can be specified in such a way as to capture the Strong
Kleene connectives (as one of the 16 possible ways of fully determining the truth-tables
given). If that were the case, option (A) would consist in reverting to the non-infectious
siblings of WK logics, LP (Asenjo (1966), Priest (1979)) and K3 (Kleene (1952)).

Although the ‘internalizing’ approaches could be interesting technical moves, we find
them less appealing than our proposal. In case (A), replacing the WK connectives with
others that correspond to the way premises and conclusions are combined defeats the
purpose of choosing to work in an infectious logic in the first place, since the resulting
semantics for these operations would not abide by the Contamination Principle (Fact
2.1). Moving to case (B), we think the issue with this strategy is that the extended
language would feature a pair of conjunctions (disjunctions), of which only one (the new
one) would be regarded as a logical conjunction (disjunction) as per Došen’s criterion,
leaving the original objection unanswered.

Furthermore, we believe that additional support for our strategy lies in the fact that
most of the reasons given in favor of having an infectious value in the object language,
as the nonsensical and the epistemic interpretations presented in Section 2.2, can also
be understood as reasons in favor of having an ‘infectious comma’ at the metalanguage
level, i.e. a comma that conjoins premises and disjoins conclusions in a similar fashion
as the WK operators.

To elaborate on this idea, we start by considering the interpretation of the infec-
tious value as nonsensical. In the paracomplete case (Bochvar (1938)), the underlying
intuition was that from true premises no meaningless conclusions can follow. In our
uniform approach, we can take this idea one step further by stating that from a set of
true premises no meaningless conclusion, i.e., no set including some meaningless con-
clusion, should follow. Thus, in a framework which includes nonsense statements in the
language, not only Addition, but also Right Weakening should fail. In the paracon-
sistent case (Halldén (1949)), where we have preservation of non-falsity, we can argue
that, just as a false conclusion shouldn’t follow from a meaningless premise, likewise
having some meaningless statement in the set of premises shouldn’t allow one to draw
a set of false conclusions. Hence, just as Simplification cannot be valid, Left Weakening
shouldn’t be accepted either.

As for the epistemic interpretation (Fitting (1994) and Szmuc (2019)), we believe
that cut-down and track-down policies can be thought as being applicable not only
when pooling opinions on issues (formulas), but also when pooling sets thereof. Thus,
employing a cut-down policy, we will only accept inferences in which we cut-down on the
set of experts that have actually expressed an opinion on the whole set of issues that are
part of the argument, and if we implement a track-down policy, we track-down whether
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inconsistent opinions have been expressed on the whole set of issues. This seems to fit
very well with the fact that not only Addition should not hold in the former case and
Simplification in the latter, but also with the failure of, respectively, Right and Left
Weakening in each.

Finally, before presenting our uniform systems, we would like to address an obser-
vation made by one of the referees. Notice that extending WK logics with ⋎ and ⋏
can be seen as addressing the failure of a weaker formulation of Uniformity. As they
pointed out, there are two senses in which Uniformity might fail: (i) having no operator
in the language that corresponds to the comma’s behavior on either side, or (ii) having
the conjunction (disjunction) of the language not corresponding to the comma on the
left (right, resp.). (Notice that (i) entails (ii) but the other direction is not necessarily
the case.) This distinction has not been relevant so far because Uniformity fails in both
senses in WK logics (and many other infectious logics, as we show in Section 5). But,
extending the language of PWK with ⋏ (Kw

3 with ⋎) results in a logic which is not
uniform in the second sense, while being uniform in the first sense. And there’re numer-
ous logical systems which only witness the second kind of non-uniformity: for instance,
substructural logics where the comma corresponds to some binary operator that is not
(the only) conjunction/disjunction (e.g. Linear logics usually feature both additive and
multiplicative connectives; see Section 2.1.2 of Galatos et al. (2007)). Since this feature
seldom causes concern, it is reasonable to question the emphasis we placed on the failure
of Uniformity. Regarding other logics, all we can say is that, if one takes up Došen’s
challenge, then one would still have to account for these cases in some way. Even while
remaining neutral on this issue, we think that our point regarding Uniformity and in-
fectious logics still holds: on the one hand, here Uniformity fails in both ways, and on
the other hand, the argument for extending the motivations for infectiousness to the
comma to ensure conceptual consistency remains compelling, thus making the lack of
Uniformity a conceptual problem for the defenders of this family of logics.

3.2 Uniform Weak Kleene Logics

In this section, we explore systems where formulas are aggregated in accordance with
the WK connectives. We call these new logical systems uniform WK logics, or uWK
logics for short. So, in what follows, the uniform counterpart of PWK is uPWK, while
that of Kw

3 is uKw
3 . Their consequence relation is defined as follows:

Definition 3.1 (uPWK-validity). An inference Γ ⊨ ∆ is uPWK-valid (Γ ⊨uPWK ∆)
iff for every valuation v, if min∧{v(γ) | γ ∈ Γ} ≠ 0, then max∨{v(δ) | δ ∈ ∆} ≠ 0.

Definition 3.2 (uKw
3 -validity). An inference Γ ⊨ ∆ is uKw

3 -valid (Γ ⊨uKw
3

∆) iff for
every valuation v, if min∧{v(γ) | γ ∈ Γ} = 1, then max∨{v(δ) | δ ∈ ∆} = 1.

Where min∧ is the minimum of the ≤∧
WK-order and max∨ is the maximum of the

≤∨
WK-order, both presented in Figure 1. Notice that the following equivalences hold:

Fact 3.1. For finite Γ and ∆:
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Γ ⊨uPWK ∆ ⇐⇒
∧

Γ ⊨uPWK

∨
∆ ⇐⇒

∧
Γ ⊨PWK

∨
∆

Γ ⊨uKw
3

∆ ⇐⇒
∧

Γ ⊨uKw
3

∨
∆ ⇐⇒

∧
Γ ⊨Kw

3

∨
∆

Proof. By Definition 2.2 and by Definition 3.1 and 3.2, respectively.

It is easy to check that uPWK and uKw
3 are both proper subsystems of PWK

and Kw
3 , correspondingly:

Fact 3.2. ⊨uPWK⊂⊨PWK, and ⊨uKw
3
⊂⊨Kw

3
.

Proof. To prove that uWK logics are subsystems of WK logics, let’s consider uPWK
(the proof for uKw

3 is similar). Assume that Γ ⊭PWK ∆. Hence, there is a valuation
v such that v(γ) ∈ {1, 1/2} for all γ ∈ Γ and v(δ) = 0 for all δ ∈ ∆. Therefore, we get
that min∧{v(γ) | γ ∈ Γ} ∈ {1, 1/2} and max∨{v(δ) | δ ∈ ∆} = 0. Hence, Γ ⊭uPWK ∆.
This proves that if Γ ⊨uPWK ∆, then Γ ⊨PWK ∆. To prove that uWK logics are
proper subsystems of WK logics, it’s enough to observe the following: it is the case that
p, q ⊨PWK q, but p, q ̸⊨uPWK q. (In the case of uKw

3 , p ⊨Kw
3
p, q but p ̸⊨uKw

3
p, q).

Let us now provide a characterization of the consequence relation of uWK logics,
analogous to that presented in Section 2.1 for WK logics.

Theorem 3.1 (Characterization of ⊨uPWK).

Γ ⊨uPWK ∆ iff

{
(i) ∆ is a theorem of PWK, or

(ii) Γ ⊨PWK ∆ and V ar(Γ) ⊆ V ar(∆)

Proof. We prove both directions by contraposition:

(⇐) Suppose that Γ ⊭uPWK ∆. Then there is a valuation v such that min∧{v(γ) | γ ∈
Γ} ∈ {1, 1/2} but max∨{v(δ) | δ ∈ ∆} = 0. So ∀δ ∈ ∆, v(δ) = 0, and thus, there
is no non-empty ∆′ ⊆ ∆ such that ∅ ⊨PWK ∆′. If min∧{v(γ) | γ ∈ Γ} = 1, then
∀γ ∈ Γ, v(γ) = 1. Therefore, Γ ⊭PWK ∆. If min∧{v(γ) | γ ∈ Γ} = 1/2, then
there is a p ∈ V ar(Γ) such that v(p) = 1/2. Since ∀δ ∈ ∆, v(δ) = 0, there is no
r ∈ V ar(∆) such that v(r) = 1/2 (by Fact 2.1). It follows that p /∈ V ar(∆) and
therefore, V ar(Γ) ⊈ V ar(∆).

(⇒) Assume that there is no non-empty ∆′ ⊆ ∆ such that ∅ ⊨PWK ∆′ and that it is
not the case that Γ ⊨PWK ∆ and V ar(Γ) ⊆ V ar(∆). By the first assumption,
it follows that for every ∆′ there is a valuation v falsifying all formulas in it. In
particular, there is a valuation v falsifying all premises, hence such that ∀δ ∈
∆, v(δ) = 0.

Now suppose that V ar(Γ) ⊈ V ar(∆). Then there is a propositional variable p
such that p ∈ V ar(Γ) and p /∈ V ar(∆). Now construct a valuation v′ such that
for any variable r, v′(r) = v if r ∈ V ar(∆) and v′(r) = 1/2 otherwise. Since p /∈
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V ar(∆), v′(p) = 1/2. Therefore min∧{v′(γ) | γ ∈ Γ} = 1/2 and max∨{v′(δ) | δ ∈
∆} = 0. Hence Γ ⊭uPWK ∆.

Now suppose that Γ ⊭PWK ∆. Then there is some valuation v∗ such that ∀δ ∈
∆, v∗(δ) = 0 and ∀γ ∈ Γ, v∗(γ) ∈ {1, 1/2}. Thus v∗ is such that min∧{v∗(γ) | γ ∈
Γ} ∈ {1, 1/2} and max∨{v∗(δ) | δ ∈ ∆} = 0. Therefore Γ ⊭uPWK ∆.

We now do the same for uKw
3 , and characterize its consequence relation with respect

to Kw
3 .

Theorem 3.2 (Characterization of uKw
3 ).

Γ ⊨uKw
3

∆ iff

{
(i) Γ is an antitheorem of Kw

3 , or

(ii) Γ ⊨Kw
3

∆ and V ar(∆) ⊆ V ar(Γ)

Proof. We prove both directions by contraposition:

(⇐) Suppose that Γ ⊭uKw
3

∆. Then there is a valuation v such that min∧{v(γ) | γ ∈
Γ} = 1 but max∨{v(δ) | δ ∈ ∆} ∈ {0, 1/2}. So ∀γ ∈ Γ, v(γ) = 1, and thus, there
is no non-empty Γ′ ⊆ Γ such that Γ′ ⊨Kw

3
∅. If max∨{v(δ) | δ ∈ ∆} = 0, then

∀δ ∈ ∆, v(δ) = 0. Therefore, Γ ⊭Kw
3

∆. If max∨{v(δ) | δ ∈ ∆} = 1/2, then
there is a p ∈ V ar(∆) such that v(p) = 1/2. Since ∀γ ∈ Γ, v(γ) = 1, there is no
r ∈ V ar(Γ) such that v(r) = 1/2 (by Fact 2.1). It follows that p /∈ V ar(Γ) and
therefore, V ar(∆) ⊈ V ar(Γ).

(⇒) Assume that there is no non-empty Γ′ ⊆ Γ such that Γ′ ⊨Kw
3

∅ and that it is
not the case that Γ ⊨Kw

3
∆ and V ar(∆) ⊆ V ar(Γ). By the first assumption, it

follows that for every Γ′ there is a valuation v that assigns the designated value to
all formulas in it. In particular, there is a valuation v verifying all the premises,
hence such that ∀γ ∈ Γ, v(γ) = 1.

Now suppose that V ar(∆) ⊈ V ar(Γ). Then there is a variable p such that
p ∈ V ar(∆) and p /∈ V ar(Γ). Now construct a valuation v′ such that for any
variable r, v′(r) = v if r ∈ V ar(Γ) and v′(r) = 1/2 otherwise. Since p /∈ V ar(Γ),
v′(p) = 1/2. Therefore min∧{v′(γ) | γ ∈ Γ} = 1 and max∨{v′(δ) | δ ∈ ∆} = 1/2.
Hence Γ ⊭uKw

3
∆.

Now suppose that Γ ⊭Kw
3

∆. Then there is some valuation v∗ such that ∀γ ∈
Γ, v∗(γ) = 1 and ∀δ ∈ ∆, v∗(δ) ∈ {0, 1/2}. Thus v∗ is such that min∧{v∗(γ) | γ ∈
Γ} = 1 and max∨{v∗(δ) | δ ∈ ∆} ∈ {0, 1/2}. Therefore Γ ⊭uKw

3
∆.

The similarity between these results and those in Fact 2.3 and Fact 2.4, respectively,
is evident. But let us clarify their differences: while clause (i) remains the same among
WK logics and their respective uniform companion, clause (ii) expresses now a stronger
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requirement than before. In WK logics the variable inclusion requirement is weaker in
that it only requires for a non-empty subset of the variables appearing on the premises
(conclusions) to be included in the set of propositional variables appearing on the con-
clusion (premise) side. Here, the whole set of variables of the premises (conclusions)
has to be included in the set of variables of the conclusions (premises), and this set can
possibly be empty.

As we show in the next section, the proof-theoretic counterpart of this character-
ization result will be again evident in the transition from the sequent calculi for WK
logics to those for their uniform siblings.

4 Sequent Calculi

We begin this section by presenting novel sequent calculi for WK logics and comparing
them with the existing ones. Later, we define Uniformity in terms of metainferences.
Sequent calculi are the main tool for studying these from a proof-theoretic standpoint:
just as we take a sequent to be an inference Γ ⇒ ∆ —where Γ (the antecedent) and
∆ (the succendent) are finite and possibly empty sets of formulas—, a rule of a given
calculus S can be seen as an schematic metainference. More specifically, we relate the
lack of Uniformity of WK logics to the failure of certain metainferences. Lastly, we
introduce sequent calculi for uWK logics with restricted Weakening rules, the reason
being that uWK logics are substructural considering that Monotonicity fails in them.

Proofs of Soundness, Completeness and Cut elimination for all of these calculi can
be found in the Appendix.

4.1 Sequent Calculi for WK Logics

We begin by exploring the sequent calculi previously introduced in the literature for
WK logics, with the aim of contrasting them with our own.11

It’s important to start by pointing out some limitative results regarding the proof
theory for infectious paracomplete and paraconsistent logics. In Da Ré et al. (2018) we
find a concise proof of why there is no sound and complete standard sequent calculus
for either PWK or Kw

3 , where ‘standard’ is defined as:

Definition 4.1. A Gentzen calculus for a logic L is standard if it has the following
properties:

1. Axioms shall only be of the form φat ⇒ φat, where φat is an atomic proposition.

11Equivalent versions of both of these calculi can also be found in Da Ré (2019). Each is
obtained by following the method given in Avron et al. (2007), which guarantees that from
sound and complete n-sided calculus for a given logic one can construct an equivalent (sound
and complete) two-sided calculus for this logic, ensuring the preservation of Cut elimination
under the transformation.
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2. The premises of the operational rules must contain only subformulas of the con-
clusion and each rule must introduce exactly one connective at a time.

3. Rules must have no linguistic restrictions.

4. Sequents shall be interpreted in the object language. That is, Γ ⇒ ∆ means that
the formula

∧m
j=1 γj with γj ∈ Γ entails the formula

∨n
i=1 δi with γi ∈ ∆.

5. Only standard structural rules, i.e. Contraction, Weakening and Cut are (possi-
bly) allowed.

Fact 4.1 (Da Ré et al. (2018)). The logic PWK does not admit any sound and complete
standard sequent calculus.

Fact 4.2 (Da Ré et al. (2018)). The logic Kw
3 does not admit any sound and complete

standard sequent calculus.

In light of these limitations, the sequent calculi for WK logics found so far in the
literature are either n-sided (Fjellstad (2020)) or make use of linguistic restrictions
(Coniglio & Corbalán (2013)). Regarding the former, the main drawback of working
with an n-sided sequent calculus for a given logic is that it is fundamentally tied to a
specific semantics for this logic, even though this may not be the only one available, as
is the case of WK logics (e.g. both PWK and Kw

3 were given a two-valued semantics
in Da Ré & Szmuc (2019) and a four-valued one in Song et al. (2023)). On the contrary,
ordinary two-sided sequents are not only more familiar, but most importantly, they do
not rely on any particular semantics.

As for the latter, the two sided sequent calculi for WK logics presented by Coniglio
& Corbalán (2013) are, in both cases, just the standard Gentzen calculus for Classical
Logic, LK, but making use in each case of certain linguistic restrictions on the applica-
tion of some of the rules, as to guarantee that either left or right variable inclusion is
preserved. Nevertheless, these rules don’t seem to tell us much regarding the meaning
of the WK connectives, as Paoli & Pra Baldi (2020) highlight (with respect to PWK,
but the same point is also applicable to the case of Kw

3 ):

These rules are somewhat opaque —rather than shedding light on the oper-
ational meaning of PWK connectives, they give a formal clothing to a rule
of thumb: ‘Just apply Classical Logic so long as this does not conflict with
the prescribed variable-inclusion requirement’ ((Paoli & Pra Baldi, 2020,
p. 780))

Thus, they argue, it would be desirable to find sequent calculi for these logics that
avoid such syntactic constraints, since it could give us a clearer insight into the meaning
of WK connectives and could help us better understand their behaviour.

Having said that, we now present a two-sided sequent calculus free of linguistic
restrictions for each WK logic. Given the limitative results stated earlier, we will make
use of impure rules (in particular, rules for negated complex formulas, also known as
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‘De Morgan’ rules). They are called ‘impure’ insofar as they introduce more than one
connective at a time, or their premises feature other connectives besides the one being
introduced in the conclusion (specifically, negation).

Definition 4.2. Let φ and ψ be formulas of the language and let Γ and ∆ be finite
sets of formulas. Then the sequent calculus SPWK is defined by the following rules:

Structural rules

Idφ⇒ φ

Γ ⇒ ∆
LW

Γ, φ⇒ ∆
Γ ⇒ ∆

RW
Γ ⇒ φ,∆

Γ, φ⇒ ∆ Γ ⇒ φ,∆
Cut

Γ ⇒ ∆

Operational rules

Γ, φ⇒ ∆
R¬

Γ ⇒ ¬φ,∆
Γ ⇒ φ,∆

R¬¬
Γ ⇒ ¬¬φ,∆

Γ, φ⇒ ∆
L¬¬

Γ,¬¬φ⇒ ∆

Γ ⇒ φ,ψ,∆ Γ ⇒ ¬φ,ψ,∆ Γ ⇒ φ,¬ψ,∆
R∧

Γ ⇒ φ ∧ ψ,∆

Γ, φ,¬φ⇒ ∆ Γ, ψ,¬ψ ⇒ ∆ Γ, φ, ψ ⇒ ∆
L∧

Γ, φ ∧ ψ ⇒ ∆

Γ ⇒ φ,ψ,∆
R∨

Γ ⇒ φ ∨ ψ,∆
Γ, φ⇒ ∆ Γ, ψ ⇒ ∆

L∨
Γ, φ ∨ ψ ⇒ ∆

Γ ⇒ ¬φ,¬ψ,∆
R¬∧

Γ ⇒ ¬(φ ∧ ψ),∆

Γ,¬φ⇒ ∆ Γ,¬ψ ⇒ ∆
L¬∧

Γ,¬(φ ∧ ψ) ⇒ ∆

Γ ⇒ ¬φ,¬ψ,∆ Γ ⇒ ¬φ,ψ,∆ Γ ⇒ φ,¬ψ,∆
R¬∨

Γ ⇒ ¬(φ ∨ ψ),∆

Γ, φ,¬φ⇒ ∆ Γ, ψ,¬ψ ⇒ ∆ Γ,¬φ,¬ψ ⇒ ∆
L¬∨

Γ,¬(φ ∨ ψ) ⇒ ∆

Definition 4.3. Let φ and ψ be formulas of the language and let Γ and ∆ be finite
sets of formulas. Then the sequent calculus SKw

3
has the same structural rules as SPWK

and the following operational rules:

Operational rules
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Γ ⇒ φ,∆
L¬

Γ,¬φ⇒ ∆

Γ, φ⇒ ∆
L¬¬

Γ,¬¬φ⇒ ∆

Γ ⇒ φ,∆
R¬¬

Γ ⇒ ¬¬φ,∆

Γ, φ, ψ ⇒ ∆ Γ, φ,¬ψ ⇒ ∆ Γ,¬φ,ψ ⇒ ∆
L∨

Γ, φ ∨ ψ ⇒ ∆

Γ ⇒ ∆, φ,¬φ Γ ⇒ ∆, ψ,¬ψ Γ ⇒ ∆, φ, ψ
R∨

Γ ⇒ ∆, φ ∨ ψ
Γ, φ, ψ ⇒ ∆

L∧
Γ, φ ∧ ψ ⇒ ∆

Γ ⇒ φ,∆ Γ ⇒ ψ,∆
R∧

Γ ⇒ φ ∧ ψ,∆
Γ,¬φ,¬ψ ⇒ ∆

L¬∨
Γ,¬(φ ∨ ψ) ⇒ ∆

Γ ⇒ ¬φ,∆ Γ ⇒ ¬ψ,∆
R¬∨

Γ ⇒ ¬(φ ∨ ψ),∆

Γ,¬φ,¬ψ ⇒ ∆ Γ, φ,¬ψ ⇒ ∆ Γ,¬φ,ψ ⇒ ∆
L¬∧

Γ,¬(φ ∧ ψ) ⇒ ∆

Γ ⇒ φ,¬φ,∆ Γ ⇒ ψ,¬ψ,∆ Γ ⇒ ¬φ,¬ψ,∆
R¬∧

Γ ⇒ ¬(φ ∧ ψ),∆

Circling back to Uniformity, it is worth noting that this notion, as stated in Defini-
tion 1.1, concerns how inferences in a given logic relate to one another. When addressing
these higher-level relations between inferences, introducing the concept of metainference
proves valuable:

Definition 4.4. A metainference is a pair ⟨S, s⟩, where S is a set of inferences {Γ1 ⇒
∆1, . . . ,Γn ⇒ ∆n} and s is an inference Γ ⇒ ∆. Metainferences can also be written in
a vertical fashion:

Γ0 ⇒ ∆0 . . . Γn ⇒ ∆n

Γ ⇒ ∆

In the literature, there are two available definitions of metainferential validity: local
and global. Both can be defined by appealing to the notion of inference satisfaction:

Definition 4.5 (Inference satisfaction). An inference Γ ⇒ ∆ is satisfied according to
L (or L-satisfied) by a valuation v (v ⊨L Γ ⇒ ∆) iff v(δ) ∈ D for some δ ∈ ∆ whenever
v(γ) ∈ D for all γ ∈ Γ. Otherwise, v is an L-counterexample to it (v ⊭L Γ ⇒ ∆).

As is customary, we say an inference is valid in L (or L-valid) whenever every val-
uation satisfies it (equivalently, when no valuation is a counterexample to it). When
considering metainferences, we can either understand validity as preservation of satis-
faction by a valuation, or as preservation of validity (or derivability). Respectively:

Definition 4.6 (Local validity). A metainference ⟨S, s⟩ is locally valid in L iff for every
valuation v, if v L-satisfies all inferences in S, then v L-satisfies the inference s.

Definition 4.7 (Global validity). A metainference ⟨S, s⟩ is globally valid in L iff if all
inferences in S are valid in L, then s is valid in L.
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Given the scope of the quantifier, local validity entails global validity, but the other
direction does not necessarily hold. For instance, ⟨{p ⇒ q}, r ⇒ s⟩ is globally valid
in both PWK and Kw

3 but it is not locally valid in either. From this point forward,
unless stated otherwise, any mention of a metainference being (in)valid will pertain to
both notions.

With this new terminology, we can now rephrase Uniformity in metainferential
terms.12 Reading Γ∧ and ∆∨ as in 1.1, we have that:

Definition 4.8 (Uniformity). A logic L is uniform whenever it validates (locally or
globally) the next metainference, where Γ∧,∆∨ are the same as in Definition 1.1:13

Γ ⇒ ∆
Γ∧ ⇒ ∆∨

Next, let us introduce sequent calculi for the uniform counterparts of WK logics.

4.2 Sequent Calculi for uWK logics

The main feature of uWK logics is that they are both substructural. More specifically,
both uPWK and uKw

3 are non-monotonic logics, since the addition of new formulas
to the premises and the conclusions of a valid inference, correspondingly, can defeat its
validity. At the metainferential level, this is represented by the fact that one form of
Weakening is invalid in each:

Fact 4.3. Left Weakening is invalid in uPWK and Right Weakening is invalid in uKw
3 .

Proof. First, p ⊨uPWK p is valid, but p, q ⊭uPWK p. The counterexample is given
by a valuation v such that v(p) = 0 and v(q) = 1/2. Then min∧(0, 1/2) = 1/2 but the
conclusion is not designated. Second, notice that p ⊨uKw

3
p is valid, but p ⊭uKw

3
p, q.

The counterexample is given by a valuation v such that v(p) = 1 and v(q) = 1/2. Then
the premise is designated but max∨(1, 1/2) = 1/2.

12This metainference also appears under the name Conjoining premises, disjoining conclusions
in Cobreros et al. (2013).

13This definition only allows to check whether Uniformity holds in the logic characterized by
the internal consequence relation (cr) of a sequent calculus, not the external one. The internal
cr of a calculus S coincides with the logic L of its derivable sequents, i.e. Γ ⊢I

L ∆ iff ⊢S Γ ⇒ ∆,
whilst the external cr of S is defined as Γ ⊢E

L ∆ iff there is a derivation from {⇒ γ1, . . . ,⇒ γn}
to ⇒ ∆ in S, where Γ = {γ1, . . . , γn} (see Avron (1988, 1991)). To check that Uniformity fails
in a logic when it is captured by the external cr of a calculus (for instance, the calculus in Paoli
& Pra Baldi (2020) for PWK and that of Da Ré et al. (2024) for Kw

3 ), we need to consider a
different formulation of Uniformity. Namely, that a logic L characterized by ⊢E

L of S is uniform
iff if ⟨{⇒ γ1, . . . ,⇒ γn},⇒ ∆⟩ is derivable, then ⟨{⇒ γ1, . . . ,⇒ γn}∧,⇒ ∆∨⟩ is also derivable,
where {⇒ γ1, . . . ,⇒ γn}∧ is the result of (possibly) conjoining the formulas in some of the
sequents ⇒ γi and ⇒ γj (with i, j ∈ {1, ..., n}) into ⇒ γi ∧ γj . Uniformity in this sense fails
for the external cr of the calculi we mentioned. This is because Uniformity is a property of the
logic, not of the calculus we choose to work with.
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However, just removing the corresponding unsound Weakening rule from SPWK

and SKw
3

is not enough to obtain a complete sequent calculus w.r.t. either uWK logic.
In order to procure that, we need rules that allow us to recover the valid instances of
Weakening of both logics.

In the case of uPWK, and bearing in mind the characterization result given in
Theorem 3.1, one can still introduce new formulas to the premises of a valid inference as
long as the propositional variables appearing on the new formula are already featured
on the conclusion side, or the conclusions contain a theorem. For those instances of
Weakening to be provable, we add the following (restricted) Left Weakening rules:

Definition 4.9. Let the sequent calculus SuPWK be the result of replacing LW in
SPWK with the next two rules:

Γ ⇒ ∆
LW⊆

Γ, φ⇒ ∆
⇒ ∆

LW ∅
Γ ⇒ ∆

Proviso for LW⊆: only if V ar(φ) ⊆ V ar(∆)

Likewise, in the case of uKw
3 , and in light of Theorem 3.2, one can still introduce

new formulas to the conclusions of a valid inference as long as either the propositional
variables occurring on the new formula are already present in the conclusions, or the
premises contain an antitheorem. For those instances of Weakening to be provable, we
add the following (restricted) Right Weakening rules:

Definition 4.10. Let the sequent calculus SuKw
3

be the result of replacing RW in SKw
3

with the following two rules:

Γ ⇒ ∆
RW⊆

Γ ⇒ ∆, φ
Γ ⇒

RW ∅
Γ ⇒ ∆

Proviso for RW⊆: only if V ar(φ) ⊆ V ar(Γ)14

Moreover, Uniform Weak Kleene logics do not admit all forms (i.e. context-sharing
vs. context-independent) of transitivity. Additive Cut is sound in both calculi (see
Lemma 7.9), but its Multiplicative version is not admissible in either one:

Γ, φ⇒ ∆ Σ ⇒ φ,Π
CutMΓ,Σ ⇒ ∆,Π

Fact 4.4. CutM is invalid in uPWK and uKw
3 .

Proof. In uPWK, the counterexample is given by cases in which the cut-formula is a
theorem. Take for instance:

14One could argue that the objection raised previously regarding the use of syntactic restric-
tions also applies to these sequent systems. We do not think that is the case, since the rules for
the connectives remain unaltered w.r.t. to the sequent calculi for WK logics. This goes to show
that we only modified the context of deducibility: namely, only structural changes took place
in going from one proof system to the other, and the operational rules (and thus, the meaning
of the connectives) are left unscathed.
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p, q ∨ ¬q ⇒ p, q r ⇒ q ∨ ¬q
p, r ⇒ p, q

Consider a valuation v such that v(p) = v(q) = 0 and v(r) = 1/2. Then v(p∧r) = 1/2
but v(p ∨ q) = 0. Therefore, p, r ⊭uPWK p, q (by Fact 3.1). But the right premise is
valid in uPWK (because it is a theorem of PWK) and the left one is too: whenever
v(p ∨ q) = 0, v(p) = v(q) = 0 and consequently v(p ∧ (q ∨ ¬q)) = 0. (For the case of
SuKw

3
, one can construct a similar counterexample by taking the cut-formula to be an

antitheorem).

Having made these remarks about the structural properties of both calculi, let us
see how metainferences involving conjunction and disjunction fare. To attest to the
absence of Uniformity in WK logics, and to its presence in its uniform counterparts,
it is worth contrasting how the standard rules for introducing the conjunction on the
premise side and the disjunction on the conclusion side perform in each calculus, where
by ‘standard rules’ we mean the following:

Γ, φ, ψ ⇒ ∆
L∧’

Γ, φ ∧ ψ ⇒ ∆

Γ ⇒ φ,ψ,∆
R∨’

Γ ⇒ φ ∨ ψ,∆

The reason being that, usually, these rules allow us to establish how the comma qua
structural object relates to the object-language binary operations in a given sequent
calculus.

Fact 4.5. L∧’ is not admissible in SPWK, while R∨’ is not admissible in SKw
3

.

Proof. Consider the sequent p⇒ p, q, which has a derivation in SKw
3

. Given Soundness
(Theorem 7.2), we know p⇒ p∨q doesn’t. Similarly, to witness the fact that L∧’ is not
admissible in SPWK, consider the sequent p, q ⇒ p, which has a derivation in SPWK,
but p ∧ q ⇒ p doesn’t (again due to Soundness, Theorem 7.4).

However, both standard rules are admissible in the calculus of their uniform coun-
terpart:

Fact 4.6. L∧’ is admissible in SuPWK and R∨’ is admissible SuKw
3

.

Proof. Suppose that we have a derivation D of Γ, φ, ψ ⇒ ∆ in SuPWK. If V ar(Γ ∪
{φ,ψ}) ⊈ V ar(∆) is the case, then by Fact 3.1 and Lemma 7.14, we know that there
is ∆′ ⊆ ∆ containing a theorem. Thus, D proves ⇒ ∆′ and uses LW ∅ to introduce
Γ ∪ {φ,ψ} in the antecedent. There is a proof D′ which is identical to D up until this
step, where it applies LW ∅ to introduce Γ ∪ {φ ∧ ψ} instead. Hence, there is also a
derivation D′ of Γ, φ ∧ ψ ⇒ ∆. If V ar(Γ ∪ {φ,ψ}) ⊆ V ar(∆), then there must be
a derivation D1 of Γ, φ,¬φ ⇒ ∆, given Completeness and the characterization result
(Theorem 7.15 and Fact 3.1). By the same logic, we also infer that there is a derivation
D2 of Γ, ψ,¬ψ ⇒ ∆. And by hypothesis, Γ, φ, ψ ⇒ ∆ has a derivation D3. Finally,
there is a derivation D that extends D1, D2 and D3 with L∧ to prove Γ, φ ∧ ψ ⇒ ∆.
The proof of the admissibility of R∨’ in SuKw

3
proceeds in a similar fashion.
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5 Generalization to other Infectious Logics

We believe that a promising path forward for this work is to generalize the techniques
used here to define the uniform companion of any Tarskian infectious logic. Here,
we limit ourselves to some infectious logics that satisfy certain requirements and are
analogous in many respects to WK logics, leaving a more general investigation for
future work.

Consider any finitary (i.e. a logic whose consequence relation is compact: whenever
Γ ⊨ ∆, there is a finite Γ′ ⊆ Γ and ∆′ ⊆ ∆ such that Γ′ ⊨ ∆′)15 and many-valued
subclassical logic L (namely, a proper sublogic of CL) definable by a matrix M = ⟨A,D⟩
with one infectious value e in the universe A of the algebra A. Call these logics Lnf if
D = A \ {0} (where nf stands for ‘non-falsity’ preservation) and Lt if D = {1} (where
t stands for ‘(just) truth’ preservation).

We also need that the disjunction ∨ in Lt logics and the conjunction ∧ in Lnf logics
satisfy, respectively, the following conditions, for any formula φ,ψ and valuation v:

1a. v(φ ∨ ψ) = 0 ⇐⇒ v(φ) = v(ψ) = 0

1b. v(φ ∨ ψ) ̸= 1 ⇐⇒ v(φ) ̸= 1 and v(ψ) ̸= 1, or

v(p) = e for some p ∈ V ar(φ ∨ ψ)

2a. v(φ ∧ ψ) = 1 ⇐⇒ v(φ) = v(ψ) = 1

2b. v(φ ∧ ψ) ̸= 0 ⇐⇒ v(φ) ̸= 0 and v(ψ) ̸= 0, or

v(p) = e for some p ∈ V ar(φ ∧ ψ)

Among the logics that satisfy all of these requirements we can find, for instance,
Snfl and Setl, which are studied in several works such as Belikov & Petrukhin (2020)
and Mart́ı & Mart́ınez-Fernández (2021). These correspond, respectively, to the left
variable inclusion companion of LP and the right variable inclusion companion of K3,
i.e. extensions of the Strong Kleene Algebra with a fourth infectious value e and sets
of designated values D = {1, 1/2, e} and D = {1}. This generalization excludes other
choices of designated values, as well as infectious extensions of FDE (Belnap (1977)),
where the fact that two conjuncts are not false does not entail that the conjunction will
also be not false.

It is easy to check that, in general, all the logics considered here share the same mis-
match between the metalinguistic comma and either the disjunction or the conjunction,
as WK logics do:

Fact 5.1. Any logic Lnf is such that φ ∧ ψ ⊭Lnf
φ while φ,ψ ⊨Lnf

φ.

Fact 5.2. Any logic Lt is such that φ ⊭Lt φ ∨ ψ while φ ⊨Lt φ,ψ.

15See Section 2.2 in Shoesmith & Smiley (1978) for more on Compactness in multiple-
conclusion logics.
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We can then generalize the proofs of Theorem 3.1 and Theorem 3.2, for any logic
Lnf and Lt respectively. We first need to prove the following lemmas:

Lemma 5.1. For each pair Γ and ∆ of finite sets of formulas,
∧

Γ ⊨Lnf

∨
∆ iff either

there is a non-empty ∆′ ⊆ ∆ such that ∅ ⊨Lnf
∆′ or Γ ⊨Lnf

∆ and V ar(Γ) ⊆ V ar(∆).

Proof. Both directions are demonstrated by contraposition.

(⇐) Suppose that
∧

Γ ⊭Lnf

∨
∆. Then there is v such that v(

∧
Γ) ̸= 0 and v(

∨
∆) =

0. Then ∀δ ∈ ∆, v(δ) = 0, so there is no non-empty ∆′ ⊆ ∆ such that ∅ ⊨Lnf
∆′.

Moreover, either ∀γ ∈ Γ, v(γ) ̸= 0 or ∃γ ∈ Γ such that v(γ) = e. In the first case,
we have that Γ ⊭Lnf

∆, in the second case we have that ∃p ∈ V ar(Γ) such that
p /∈ V ar(∆), so V ar(Γ) ̸⊆ V ar(∆).

(⇒) Assume that for all non-empty ∆′ ⊆ ∆, ∅ ⊭Lnf
∆′. Hence, for all non-empty

∆′ ⊆ ∆ there is a valuation v falsifying all formulas in it, i.e. such that ∀δ ∈
∆, v(δ) = 0.

Now suppose that V ar(Γ) ⊈ V ar(∆). Hence ∃p ∈ V ar(Γ) such that p /∈ V ar(∆).
Construct a valuation v′ such that v′(r) = v(r) if r ∈ V ar(∆) and v′(r) = e
otherwise. So, since p /∈ V ar(∆), v′(p) = e. By Fact 2.1, v′(

∧
Γ) = e and

v′(
∨

∆) = 0. Therefore,
∧

Γ ⊭Lnf

∨
∆.

Consider now the case in which Γ ⊭Lnf
∆. Hence, there is a valuation v∗ such

that ∀δ ∈ ∆, v∗(δ) = 0 and ∀γ ∈ Γ, v∗(γ) ̸= 0. Therefore, v∗(
∨

∆) = 0 and
v∗(

∧
Γ) ̸= 0, and we conclude that

∧
Γ ⊭Lnf

∨
∆.

Lemma 5.2. For each pair Γ and ∆ of finite sets of formulas,
∧

Γ ⊨Lt

∨
∆ iff either

there is a non-empty Γ′ ⊆ Γ such that Γ′ ⊨Lt ∅ or Γ ⊨Lt ∆ and V ar(∆) ⊆ V ar(Γ).

Proof. Both directions are demonstrated by contraposition.

(⇐) If
∧

Γ ⊭Lt

∨
∆, then there is v such that v(

∧
Γ) = 1 and v(

∨
∆) ̸= 1. Then

∀γ ∈ Γ, v(γ) = 1, so ∄ non-empty Γ′ ⊆ Γ such that Γ′ ⊨Lt ∅. Moreover, either
∀δ ∈ ∆, v(δ) ̸= 1 or ∃δ ∈ ∆ such that v(δ) = e. If the former, Γ ⊭Lt ∆. If the
latter, then ∃p ∈ V ar(∆) such that p /∈ V ar(Γ), so V ar(∆) ̸⊆ V ar(Γ).

(⇒) Suppose that for all non-empty Γ′ ⊆ Γ, Γ′ ⊭Lt ∅. Hence for all non-empty Γ′ ⊆ Γ
there is a valuation verifying all formulas in it. In particular, there is a valuation
v such that ∀γ ∈ Γ, v(γ) = 1.

Now assume that V ar(∆) ⊈ V ar(Γ). So ∃p ∈ V ar(∆) such that p /∈ V ar(Γ).
Construct a valuation v′ such that v′(r) = v(r) if r ∈ V ar(Γ) and v′(r) = e
otherwise. Since p /∈ V ar(Γ), v(p) = e. Thus, v′(

∧
Γ) = 1 and v′(

∨
∆) = e by

Fact 2.1. Hence,
∧

Γ ⊭Lt

∨
∆.

Consider now the case in which Γ ⊭Lt ∆, then there is a valuation v∗ such that
∀γ ∈ Γ, v∗(γ) = 1 and ∀δ ∈ ∆, v∗(δ) ̸= 1. Then v∗(

∧
Γ) = 1 and v∗(

∨
∆) ̸= 1.

Hence,
∧

Γ ⊭Lt

∨
∆.
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Now take any logic L ∈ {Lnf ,Lt}:

Definition 5.1 (Uniform Companion). uL is the uniform companion of the infectious
logic L iff Γ ⊨uL ∆ iff

∧
Γ′ ⊨uL

∨
∆′ iff

∧
Γ′ ⊨L

∨
∆′ where Γ′ and ∆′ are finite subsets

of Γ and ∆.

Then, just as in the case of uWK logics, we have the following characterizations
for the consequence relation of any uLnf and uLt, using the previous lemmas and
definitions:

Theorem 5.3.

Γ ⊨uLnf
∆ iff either ∃∆′ ̸= ∅,∆′ ⊆ ∆ s.t. ∅ ⊨Lnf

∆′ or Γ ⊨Lnf
∆ and V ar(Γ) ⊆ V ar(∆)

Γ ⊨uLt ∆ iff either ∃Γ′ ̸= ∅,Γ′ ⊆ Γ s.t. Γ′ ⊨Lt ∅ or Γ ⊨Lt ∆ and V ar(∆) ⊆ V ar(Γ)

From these characterization results, it follows that the resulting uniform logics are
non-monotonic just as uWK logics:

Corollary 5.3.1. Any logic uLnf is such that Left Weakening is invalid, while any logic
uLt is such that Right Weakening is invalid.

6 Conclusion and Future Work

The aim of this work was to restore the uniformity between the object-language op-
erations and the metalinguistic expression ‘,’ in WK logics. This mismatch not only
goes against the usual reading of multiple-premise and multiple-conclusion inferences,
but also, taking seriously the challenge posed by Došen (1989), it leaves the logician
adopting WK logics with the uncomfortable conclusion that WK-conjunction and WK-
disjunction cannot be considered logical constants. Our new logical systems provide a
solution to this issue by allowing for a analysis of WK-operators in structural terms,
since the correspondence between the left comma and conjunction, and that between
the right comma and disjunction, is restored. Moreover, our strategy is in line with
(at least some of) the motivations for working with an infectious value, extending them
naturally to the realization of a similar phenomenon at the structural level.

To conclude, we would like to highlight some reasons why we consider this work
to be a fruitful starting point for future research. First of all, and continuing the idea
advanced in Section 5, we wish to generalize this approach in order to find a “recipe”
to define the uniform companion of any infectious Tarskian logic where Uniformity is
not satisfied. Next, we believe that a promising path forward is to explore the relation
between our systems and the existing literature on variable inclusion logics. Recently,
there have been a number of proposals aimed at ‘refining’ the characterization of variable
inclusion by making the demand of variable inclusion stricter, as in Paoli et al. (2021)
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and Szmuc & Rubin (2022). The results in Section 3.2 suggest that the pursue of uniform
companions can be seen as a nice addition to the landscape of variable inclusion logics,
representing a technically and philosophically appealing alternative to be explored and
contrasted to the already existing ones. Finally, and tying back to this last point, we
believe that new line of inquiry opened by this work includes the investigation into the,
as far as we know, unexplored territory of ‘substructural logics of variable inclusion’,
where failures of Monotonicity (and possibly Transitivity) could be used to give a novel
account of content inclusion.
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7 Appendix

7.1 Soundness and Completeness for SPWK and SKw
3

In this section, we will prove that the sequent calculi presented in 4.1 are sound and
complete with respect to the three-valued semantics for WK logics. Let us start with
the Soundness proof.

Lemma 7.1. Every axiom is Kw
3 -valid and all sequent rules of SKw

3
are locally valid in

Kw
3 .

Proof. We show that no valuation is a Kw
3 -counterexample to the initial axiom and

that all sequent rules preserve Kw
3 -satisfaction by a given valuation. We define v[Σ] =

{v(σ) | σ ∈ Σ} to abbreviate that every member of Σ receives the same truth-value.
The cases of (L¬¬), (L∧), (R¬∨), (R¬∧), (L¬∧), as well as Cut and the Weakening
rules, are left to the reader. Let us check the remaining rules.

(Id) Given any v and any formula φ, it is impossible that v(φ) ∈ D and v(φ) /∈ D.
(L¬) Suppose that v ⊭Kw

3
Γ,¬φ ⇒ ∆. Then v[Γ] = v(¬φ) = 1 whilst v[∆] ̸= 1.

Thus v(φ) = 0, and it follows that v ⊭Kw
3

Γ ⇒ ∆, φ.
(R¬¬) Assume that v ⊭Kw

3
Γ ⇒ ¬¬φ,∆. Then v[Γ] ∈ D, v[∆] /∈ D and v(¬¬φ) /∈ D.

Since v(¬¬φ) = v(φ), it follows that v(φ) /∈ D. Hence, v ⊭Kw
3

Γ ⇒ φ,∆.
(L∨) Suppose that v ⊭Kw

3
Γ, φ ∨ ψ ⇒ ∆. That means that v[Γ] = v(φ ∨ ψ) = 1

and v[∆] ̸= 1. Since v(φ ∨ ψ) = 1, it follows that v(φ) ̸= 1/2 and v(ψ) ̸= 1/2, and
either v(φ) = 1 or v(ψ) = 1, which leads us to consider three options. If v(φ) =
v(ψ) = 1, then v ⊭Kw

3
Γ, φ, ψ ⇒ ∆. If v(φ) = 1 and v(ψ) = 0, then v(¬ψ) = 1.

Thus, v ⊭Kw
3

Γ, φ,¬ψ ⇒ ∆. Lastly, if v(φ) = 0 and v(ψ) = 1, then v(¬φ) = 1 and
v ⊭Kw

3
Γ,¬φ,ψ ⇒ ∆.

(R∨) Suppose that v ⊭Kw
3

Γ ⇒ ∆, φ∨ψ. Then v[Γ] = 1, v(φ∨ψ) ̸= 1 and v[∆] ̸= 1.
Given that v(φ ∨ ψ) ̸= 1, we infer that either (i) v(φ) = 1/2, (ii) v(ψ) = 1/2 or (iii)
v(φ) = v(ψ) = 0. If (i), then v ⊭Kw

3
Γ ⇒ ∆, φ,¬φ. If (ii), then v ⊭Kw

3
Γ ⇒ ∆, ψ,¬ψ.

Finally, if (iii), then v ⊭Kw
3

Γ ⇒ ∆, φ, ψ.
(L¬∨) Assume that v ⊭Kw

3
Γ,¬(φ ∨ ψ) ⇒ ∆. Then v[Γ] = v(¬(φ ∨ ψ)) = 1 and

v[∆] ̸= 1. For v(φ ∨ ψ) = 0 to be the case, it means that both v(φ) = 0 and v(ψ) = 0.
Therefore, v(¬φ) = v(¬ψ) = 1 and v ⊭Kw

3
Γ,¬φ,¬ψ ⇒ ∆.

(R∧) If v ⊭Kw
3

Γ ⇒ ∆, φ ∧ ψ, then v[Γ] = 1 while v[∆] ̸= 1 and v(φ ∧ ψ) ̸= 1. This
means that either v(φ) ∈ {0, 1/2} or v(ψ) ∈ {0, 1/2}. In the first case, v ⊭Kw

3
Γ ⇒ ∆, φ,

while in the second case v ⊭Kw
3

Γ ⇒ ∆, ψ.

Theorem 7.2 (Soundness of SKw
3

). For each pair Γ′ and ∆′ of finite sets of formulas,
it holds that if ⊢SKw

3
Γ′ ⇒ ∆′ then Γ ⊨Kw

3
∆ where Γ′ ⊆ Γ and ∆′ ⊆ ∆.

Proof. Let Γ′ ⇒ ∆′ be a provable sequent in SKw
3

. To establish that Γ′ ⊨Kw
3

∆′, we
proceed by induction on the height of the derivation (i.e., the number of nodes of its
longest branch). The base case is trivial since every axiomatic sequent is valid. For
the inductive step, if Γ′ ⇒ ∆′ has a proof of height n, then the sequents immediately
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above it have proofs shorter than n, and by inductive hypothesis, they are Kw
3 -valid.

Given that all rules of SKw
3

preserve satisfaction (as shown in Lemma 7.1), it follows
that Γ′ ⇒ ∆′ is also valid in Kw

3 . And by Monotonicity, it follows that Γ ⊨Kw
3

∆.

Lemma 7.3. Every axiom is PWK-valid and all sequent rules of SPWK are locally
valid in PWK.

Proof. We proceed in a similar fashion as with the previous Soundness lemma. Both
(Id) and (R¬¬) are the same as before. The cases of (L¬¬), (R¬∨), (L∨), (L¬∨), and
(R¬∧), as well as Cut and the Weakening rules, are left as exercise to the reader. We
proceed to check the remaining rules.

(R¬) Suppose that v ⊭PWK Γ ⇒ ∆,¬φ. Then v[Γ] ∈ {1, 1/2} whilst v[∆] = v(¬φ) =
0. Thus v(φ) = 1, and it follows that v ⊭PWK Γ, φ⇒ ∆.

(R∧) Suppose that v ⊭PWK Γ ⇒ φ∧ψ,∆. Then v[Γ] ̸= 0 and v(φ∧ψ) = v[∆] = 0.
And since v(φ∧ψ) = 0, it follows that v(φ) ̸= 1/2 and v(ψ) ̸= 1/2, and either v(φ) = 0 or
v(ψ) = 0, which leads us to consider three options. If v(φ) = v(ψ) = 0, then v ⊭PWK

Γ ⇒ φ,ψ,∆. If v(φ) = 1 and v(ψ) = 0, then v(¬φ) = 0 and v ⊭PWK Γ ⇒ ¬φ,ψ,∆.
Lastly, if v(φ) = 0 and v(ψ) = 1, then v(¬ψ) = 0 and v ⊭PWK Γ ⇒ φ,¬ψ,∆.

(L∧) Suppose that v ⊭PWK Γ, φ∧ψ ⇒ ∆. Then v[Γ] ̸= 0 ̸= v(φ∧ψ) and v[∆] = 0.
Given that v(φ ∧ ψ) ∈ {1, 1/2}, then either (i) v(φ) = 1/2, (ii) v(ψ) = 1/2 or (iii) v(φ) =
v(ψ) = 1. If (i), then v ⊭PWK Γ, φ,¬φ ⇒ ∆. If (ii), then v ⊭PWK Γ, ψ,¬ψ ⇒ ∆.
Finally, if (iii), then v ⊭PWK Γ, φ, ψ ⇒ ∆.

(R∨) Assume that v ⊭PWK Γ ⇒ φ ∨ ψ,∆. Then v[Γ] ∈ {1, 1/2} and v(φ ∨ ψ) =
v[∆] = 0. In turn, this must mean that v(φ) = 0 and v(ψ) = 0. Therefore, v ⊭PWK

Γ ⇒ φ,ψ,∆.
(L¬∧) Assume that v ⊭PWK Γ,¬(φ ∧ ψ) ⇒ ∆. Therefore, v[Γ] ̸= 0 ̸= v(¬(φ ∧ ψ))

and v[∆] = 0. Since v(¬(φ ∨ ψ)) ∈ {1, 1/2}, it follows that v(φ ∨ ψ) ∈ {0, 1/2}, which in
turn means that either v(φ) ∈ {0, 1/2} or v(ψ) ∈ {0, 1/2}. If the former, v(¬φ) ∈ {1, 1/2}
and v ⊭PWK Γ,¬φ⇒ ∆. If the latter, v(¬ψ) ∈ {1, 1/2} and v ⊭PWK Γ,¬ψ ⇒ ∆.

Theorem 7.4 (Soundness of SPWK). For each pair Γ′ and ∆′ of finite sets of formulas,
it holds that if ⊢SPWK

Γ′ ⇒ ∆′ then Γ ⊨PWK ∆ where Γ′ ⊆ Γ and ∆′ ⊆ ∆.

Proof. As before, a straightforward induction on the height of the derivation shows —
making use of Lemma 7.3 both in the base case and in the inductive step— that all
provable sequents in SPWK are valid inferences in PWK.

Moving on to the Completeness proof, we employ the proof strategy found in Takeuti
(2013). But before starting, let us replace the Identity axiom and the Weakening rules
with Weakened Identity (Γ′, φ ⇒ φ,∆′). This results in an equivalent sequent system
—as can be proven by induction on the height of the derivation—, and it makes the
proof below slightly easier. Parenthetically, let us mention that to perform the proof an
enumeration of the formulas of our language is needed.

Here is a layout of the general strategy: we will conduct a root-first proof search in
SPWK (resp. SKw

3
) following a set of instructions, called reduction rules. This (finite)
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procedure will result in either a proof, or else a recipe to construct a valuation which is
a counterexample to the sequent we began with.

At any stage of the construction, the leaf sequents on a branch of our tree can be
of the form Γ′, φ⇒ φ,∆′ for some formula φ. In this case, we will consider this branch
closed and will stop performing reductions on it. If a branch is not closed after applying
all the possible reduction rules, we will consider this branch open. Let us now list the
rules of the reduction process:

Stage 0. Let Γ0 ⇒ ∆0 be the root of the tree.
Stage n+1. Reduce each formula appearing on the top of each open branch,

according to the following instructions:

• For reducing a sequent of the form Γ′ ⇒ ¬¬φ,∆′ extend the branch with Γ′ ⇒
φ,∆′. Similarly, to reduce Γ′,¬¬φ⇒ ∆′ extend the branch with Γ′, φ⇒ ∆′.

• To reduce Γ′ ⇒ φ ∨ ψ,∆′ extend the branch with Γ′ ⇒ φ,ψ,∆′.

• For reducing Γ′ ⇒ ¬(φ ∧ ψ),∆′ extend the branch with Γ′ ⇒ ¬φ,¬ψ,∆′.

• To reduce Γ′ ⇒ φ ∧ ψ,∆′ extend the tree with three branches: Γ′ ⇒ φ,ψ,∆′,
then Γ′ ⇒ φ,¬ψ,∆′ and lastly Γ′ ⇒ ¬φ,ψ,∆′.

• For reducing a sequent of the form Γ′ ⇒ ¬(φ∨ψ),∆′ extend with three branches:
first Γ′ ⇒ ¬φ,¬ψ,∆′, second Γ′ ⇒ ¬φ,ψ,∆′ and third Γ′ ⇒ φ,¬ψ,∆′.

• To reduce Γ′, φ ∨ ψ ⇒ ∆′ extend with two branches: Γ′, φ⇒ ∆′ and Γ′, ψ ⇒ ∆′.

• To reduce Γ′,¬(φ ∧ ψ) ⇒ ∆′ extend the tree with Γ′,¬φ⇒ ∆′ and Γ′,¬ψ ⇒ ∆′.

• For reducing Γ′, φ ∧ ψ ⇒ ∆′ extend with three branches: Γ′, φ,¬φ ⇒ ∆′, then
Γ′, ψ,¬ψ ⇒ ∆′ and finally Γ′, φ, ψ ⇒ ∆′.

• To reduce a sequent of the form Γ′,¬(φ ∨ ψ) ⇒ ∆′ extend with three branches:
firstly, Γ′, φ,¬φ⇒ ∆′, secondly, Γ′, ψ,¬ψ ⇒ ∆′ and thirdly, Γ′,¬φ,¬ψ ⇒ ∆′.

• To reduce a sequent Γ′ ⇒ ¬φ,∆′, first consider whether ¬φ is of the form ¬¬φ′,
¬(φ′ ∧φ′′) or ¬(φ′ ∨φ′′) for some formulas φ′, φ′′, in which case proceed to apply
the corresponding reduction rules detailed above. If this is not the case, then
extend the branch with Γ′, φ⇒ ∆′.

If no more reduction rules can be applied, stop the process. At the end, one of two
results will occur: either every branch will close, or some branch will remain open. If
the first scenario is the case, then we say that the reduction tree is closed. Otherwise,
it is open. A closed tree will be a proof of its root, as the following lemma shows:

Lemma 7.5. For any finite sets of formulas Γ and ∆, if the reduction tree for Γ ⇒ ∆
is closed, then ⊢SPWK

Γ ⇒ ∆.
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Proof. Every tree is finite (there is a finite number of formulas and steps which generate
a finite number of new nodes and new formulas). At the end of each stage, the formulas
on the leaves have less complexity than the leaves of the previous stages. The leaves
of a closed tree are instances of the Weakened Identity axiom, and the tree itself is an
SPWK derivation of Γ ⇒ ∆, as can be verified by comparing the reduction steps to the
sequent rules.

If there is a branch that remains open even after the above construction is completed,
we can build a counterexample for the root sequent from it.

Theorem 7.6 (Completeness of SPWK). If Γ ⊨PWK ∆, then there exists some finite
Γ′ ⊆ Γ and ∆′ ⊆ ∆ such that ⊢SPWK

Γ′ ⇒ ∆′.

Proof. Suppose that for all finite Γ′ ⊆ Γ and ∆′ ⊆ ∆, it is not the case that Γ′ ⇒ ∆′

has a derivation in SPWK. By Lemma 7.5, we infer that the reduction tree for Γ′ ⇒ ∆′

is open. Let B = ⟨Γ0 ⇒ ∆0, . . . ,Γn ⇒ ∆n⟩ be an open branch in the reduction tree for
the sequent Γ0 ⇒ ∆0. Then we define the sequent Γu ⇒ ∆u as Γu =

⋃
{Γi | 0 ≤ i ≤ n}

and ∆u =
⋃
{∆i | 0 ≤ i ≤ n}. Consider a valuation v such that:

v(p) =


1 if p ∈ Γu or ¬p ∈ ∆u

1/2 if p,¬p ∈ Γu

0 if p ∈ ∆u or ¬p ∈ Γu

Now we prove by induction on the complexity of the formula that v is a PWK-
counterexample to Γu ⇒ ∆u. But first, let us highlight a number of facts regarding
Γu and ∆u. Considering that there are no specific reduction rules for negated atoms in
the antecedent, we need to consider three base cases: the case in which the arbitrary
formula χ is a propositional variable p and p ∈ ∆u, the case where χ ≡ p and p ∈ Γu,
and lastly, the case in in which χ ≡ ¬p and ¬p ∈ Γu. Also, notice that, since the leaf is
open and given the fact that no atoms (nor negated atoms on the left) are eliminated
during the reduction process, it follows that Γu ∩ ∆u = ∅.

(Base cases)

• Assume χ ≡ p. If p ∈ ∆u, then v(p) = 0 (by definition of v). Suppose p ∈ Γu. If
¬p ∈ Γu is also the case, then v(p) = 1/2; otherwise, v(p) = 1 (by definition of v).
Since the leaf is open, there will be such an assignment.

• Let χ ≡ ¬p and ¬p ∈ Γu. If p ∈ Γu is also the case, then v(p) = 1/2 and
v(¬p) = 1/2. Otherwise, v(p) = 0 and v(¬p) = 1 (by definition of v). Lastly, if
¬p ∈ ∆u, then v(p) = 1 and v(¬p) = 0 (by definition of v). The leaf is open,
granting the well-definedness of v.

Assume that, for all formulas χ′ of lesser complexity than χ, v(χ′) is a WK valuation,
with the aim of showing that the same holds for v(χ):

(Inductive step)
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• Let χ ≡ ¬φ and φ ̸≡ ¬φ′, φ ̸≡ φ′ ⋆ φ′′ for ⋆ ∈ {∧,∨} and for each φ′, φ′′. If
¬φ ∈ ∆u, then by the reduction rules, we infer that φ ∈ Γu. By I.H., it follows
that v(φ) = 1. Hence, v(¬φ) = 0.

• Let χ ≡ ¬¬φ. If ¬¬φ ∈ ∆u, then by the reduction rules, it follows that φ ∈ ∆u.
By I.H., v(φ) = 0. Hence, v(¬¬φ) = 0. If ¬¬φ ∈ Γu, then by the reduction rules,
it follows that φ ∈ Γu. By I.H., we infer that v(φ) = 1. Therefore v(¬¬φ) = 1.

• If χ ≡ φ ∨ ψ and χ ∈ ∆u, then by the reduction rules, it follows that φ,ψ ∈ ∆u.
By I.H., we know that v(φ) = 0 and v(ψ) = 0. Hence, v(φ ∨ ψ) = 0.

• If χ ≡ φ ∨ ψ and χ ∈ Γu, then by the reduction rules, we infer that either (i)
φ ∈ Γu or (ii) ψ ∈ Γu. If the first, v(φ) = 1 and if the second, then v(ψ) = 1,
both by I.H. Either way, v(φ ∨ ψ) ∈ D.

• If χ ≡ φ ∧ ψ and χ ∈ Γu, then by the reduction rules, either (i) φ,¬φ ∈ Γu, (ii)
ψ,¬ψ ∈ Γu or (iii) φ,ψ ∈ Γu. If (i), then v(φ) = 1/2 (by I.H.) and v(¬φ) = 1/2,
and we can conclude that v(φ ∧ ψ) = 1/2. Similarly for (ii). If (iii), then by I.H.
we know that v(φ) = 1 and v(ψ) = 1. Thus, v(φ ∧ ψ) = 1.

• If χ ≡ φ ∧ ψ and χ ∈ ∆u, then by the reduction rules, either (i) φ,ψ ∈ ∆u, (ii)
¬φ,ψ ∈ ∆u or (iii) φ,¬ψ ∈ ∆u. If (i), then v(φ) = 0 and v(ψ) = 0 (by I.H.).
Thus, v(φ ∧ ψ) = 0. If (ii), then v(ψ) = 0 and by the reduction rules, it follows
that φ ∈ Γu. By I.H, v(φ) = 1 and v(¬φ) = 0. Therefore, v(φ ∧ ψ) = 0. Case
(iii) proceeds similarly.

(Cases χ ≡ ¬(φ∨ψ) and χ ≡ ¬(φ∧ψ) are similar to the ones given). So no matter the
form of the sequent we have started with, nor the height of the tree, if there is an open
branch in the tree, the root sequent has a counterexample. Hence, Γ ⊭PWK ∆.

Next, we present some examples of reductions and show how to extract a counterex-
ample for distinctive PWK failures:

Example 1. Open tree for p⇒ p ∧ q:

p⇒ p, q
p, p⇒ q
p⇒ ¬p, q p⇒ p,¬q
p⇒ p ∧ q

We write p, p⇒ q for clarity but since we are working with sets, this sequent is equivalent
to p ⇒ q (same consideration applies below). Two valuations counterexemplify p ⇒ q,
but only one of those is a counterexample to the root sequent (v(p) = 1 and v(q) = 0).
The fact that p ∈ Γu and ¬p ∈ ∆u helps us select the correct valuation.

Example 2 (Simplification). Open tree for p∧q ⇒ p. Observe that it contains the 0-step
reduction of p,¬p⇒ q (Explosion) as a subtree:

p,¬p⇒ q q,¬q ⇒ q p, q ⇒ q
p ∧ q ⇒ q
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In this case, Γu ⇒ ∆u ≡ p,¬p, p ∧ q ⇒ q. Since both p,¬p ∈ Γu, v(p) = 1/2 and since
q ∈ ∆u, then v(q) = 0.

Example 3 (Absorption). Open tree for p ∧ (p ∨ q) ⇒ p:

p,¬p⇒ p

p ∨ q, p,¬p⇒ p
p, q,¬q ⇒ p

B1

q, q,¬q ⇒ p
p ∨ q, q,¬q ⇒ p

p,¬p,¬q ⇒ p
B2

q,¬p,¬q ⇒ p
p ∨ q,¬p,¬q ⇒ p

p ∨ q,¬(p ∨ q) ⇒ p p, p ∨ q ⇒ p

p ∧ (p ∨ q) ⇒ p

Following either open branch, we get that v(p) = 0 and v(q) = 1/2.

The same proof strategy allows us to get Completeness also in the case of SKw
3

. The
reduction rules can be easily adapted to account for applications of SKw

3
rules, and the

proofs are just analogous to the ones above:

Lemma 7.7. For any finite sets of formulas Γ and ∆, if the reduction tree for Γ ⇒ ∆
is closed, then ⊢SKw

3
Γ ⇒ ∆.

Theorem 7.8 (Completeness of SKw
3

). If Γ ⊨Kw
3

∆, then there exists some finite Γ′ ⊆ Γ
and ∆′ ⊆ ∆ such that ⊢SKw

3
Γ′ ⇒ ∆′.

Proof. Suppose that for all finite Γ′ ⊆ Γ and ∆′ ⊆ ∆, it is not the case that Γ′ ⇒ ∆′

has a derivation in SKw
3

. By Lemma 7.7, we infer that the reduction tree for Γ′ ⇒ ∆′

is open. Let Γu ⇒ ∆u be the same as before, and consider a valuation v such that:

v(p) =


1 if p ∈ Γu or ¬p ∈ ∆u

1/2 if p,¬p ∈ ∆u

0 if p ∈ ∆u or ¬p ∈ Γu

With this we can prove, in a similar manner as before, that v is a Kw
3 -counterexample

to Γu ⇒ ∆u. Bear in mind that, in this case, there are no specific reduction rules for
negated atoms in the succedent, so we need to consider three base cases: χ ≡ p and
p ∈ ∆u, χ ≡ p and p ∈ Γu and χ ≡ ¬p and ¬p ∈ ∆u.

This method for proving Completeness allows us to obtain Cut elimination as a
corollary:

Corollary 7.8.1. The Cut rule is eliminable from SKw
3
.

Proof. By Theorem 7.2, if there is a proof of the sequent Γ′ ⇒ ∆′ in SKw
3

, then Γ ⊨Kw
3

∆.
Furthermore, by Theorem 7.8, if Γ ⊨Kw

3
∆, then applying the method of reduction trees

yields a proof of the sequent Γ′ ⇒ ∆′ in SKw
3

(for some finite Γ′ ⊆ Γ′ and ∆′ ⊆ ∆).
However, notice that this proof does not feature any instance of the Cut rule. Hence,
for any sequent provable in SKw

3
, there is a cut-free proof of it.

Corollary 7.8.2. The Cut rule is eliminable from SPWK.
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7.2 Soundness and Completeness for SuPWK and SuKw
3

We now show that the systems SuPWK and SuKw
3

are sound and complete with respect
to uPWK and uKw

3 , respectively.

Lemma 7.9. Every axiom is uPWK-valid and all sequent rules of SuPWK are locally
valid in uPWK.

Proof. We prove this for LW⊆, LW ∅ and Cut. The proof of the remaining cases is
(practically) the same as in Lemma 7.3.

(LW⊆) Let v be a valuation of uPWK such that v ⊨uPWK Γ ⇒ ∆, and assume
that V ar(φ) ⊆ V ar(∆). Then v(

∨
∆) ∈ {1, 1/2} or v(

∧
Γ) = 0. If v(φ) = 1, then

v(
∧

Γ ∪ {φ}) = 0. Hence, v ⊨uPWK Γ, φ ⇒ ∆. If v(φ) = 1/2, then v(p) = 1/2 for
some p ∈ V ar(φ). It follows from V ar(φ) ⊆ V ar(∆) that p ∈ V ar(∆). By Fact 2.1,
we infer that v(

∨
∆) = 1/2. Thus, v ⊨uPWK Γ, φ ⇒ ∆. Lastly, if v(φ) = 0, then

v(
∧

Γ ∪ {φ}) ∈ {0, 1/2}. We reason by cases:

• If v(
∧

Γ ∪ {φ}) = 0, then v ⊨uPWK Γ, φ⇒ ∆.

• If v(
∧

Γ ∪ {φ}) = 1/2, then there is at least one γ ∈ Γ such that v(γ) = 1/2
(Fact 2.1). Then, by hypothesis, we infer that v(

∨
∆) ∈ {1, 1/2} (otherwise,

v ⊭uPWK Γ ⇒ ∆). Hence v ⊨uPWK Γ, φ⇒ ∆.

(LW ∅) Suppose that for every valuation v of uPWK, v ⊨uPWK ∆′ for some subset
∆′ ⊆ ∆. Then for every v of uPWK, v ⊨uPWK⇒ ∆. In which case, it follows that for
every valuation v of uPWK, v ⊨uPWK Γ ⇒ ∆.

(Cut) Assume that there is a v, such that (i) v ⊨uPWK Γ, φ⇒ ∆ and (ii) v ⊨uPWK

Γ ⇒ φ,∆. Now, suppose (towards a reductio) that (iii) v ⊭uPWK Γ ⇒ ∆. Given the
latter, v(

∧
Γ) ∈ D but v(

∨
∆) = 0. Then:

• If (i), either v(
∧

Γ ∪ {φ}) = 0 or v(
∨

∆) ∈ D. Assumption (iii) contradicts the
second disjunct. If v(

∧
Γ ∪ {φ}) = 0 and v(

∧
Γ) ∈ D, then we know there is no

variable p in V ar(Γ) such that v(p) = 1/2 (by Fact 2.1) and v(φ) = 0.

• If (ii), either v(
∧

Γ) = 0 or v(
∨

∆ ∪ {φ}) ∈ D. Assumption (iii) contradicts the
first disjunct. Thus, if v(

∨
∆ ∪ {φ}) ∈ D and v(

∨
∆) = 0, then v(φ) ̸= 0.

Contradiction. Therefore, v ⊨uPWK Γ ⇒ ∆.

From this lemma plus the Soundness result for SPWK, it is easy to establish the
Soundness of SuPWK:

Theorem 7.10 (Soundness of SuPWK). For each pair Γ and ∆ of finite sets of formulas,
it holds that if ⊢SuPWK

Γ ⇒ ∆ then Γ ⊨uPWK ∆.

The same proof strategy goes for SuKw
3

.

Lemma 7.11. Every axiom is uKw
3 -valid and all sequent rules of SuKw

3
are locally valid

in uKw
3 .
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Theorem 7.12 (Soundness of SuKw
3

). For each pair Γ and ∆ of finite sets of formulas,
it holds that if ⊢SuKw

3
Γ ⇒ ∆ then Γ ⊨uKw

3
∆.

For the Completeness proofs, we will make use of the same methodology as Coniglio
& Corbalán (2013), Belikov & Petrukhin (2020) and Ciuni et al. (2019).

Lemma 7.13. For each pair Γ and ∆ of finite sets of formulas, if ⊢SPWK
Γ ⇒ ∆ and

V ar(Γ) ⊆ V ar(∆), then Γ ⇒ ∆ is provable in SuPWK without using the Cut rule.

Proof. A SuPWK-derivation is a rooted tree such that the root is the sequent being
proved, in this case Γ ⇒ ∆, and each leaf of the tree is an instance of the only axiom,
i.e., φ⇒ φ for some formula φ.

Suppose that D is a cut-free derivation of Γ ⇒ ∆ in SPWK such that V ar(Γ) ⊆
V ar(∆). If D is a cut-free derivation in SuPWK as well, then we have already obtained
the result we wanted to establish. Otherwise, we need to transform D into a derivation
of the same sequent in SuPWK. Notice that if D is a cut-free derivation of Γ ⇒ ∆ in
SPWK but not in SuPWK, then D must have applications of the rule LW such that the
proviso required by LW⊆ is not fulfilled, i.e.,

Γ′ ⇒ ∆′
where V ar(φ) ⊈ V ar(∆′)

Γ′, φ⇒ ∆′

Since we know that D is cut-free and all the rules are introduction rules, we also
know that V ar(Γ ∪ ∆) = V ar(D), where V ar(D) is the set of propositional variables
featured in D. Moreover, since V ar(Γ) ⊆ V ar(∆), we have that V ar(D) = V ar(∆).
So now we construct a rooted tree D*, which is the result of preceding in D all the
applications of LW to Γ′ ⇒ ∆′ with the use of the rule RW introducing all formulas of
∆, so as to obtain Γ′ ⇒ ∆′′ where V ar(∆′′) = V ar(∆). Do the same in each branch
for equal contexts. Then, we can apply LW to introduce φ, with the guarantee that
V ar(φ) ⊆ V ar(∆) holds.

So all the applications of the rule LW that in D did not fulfill the requirement, now
in D* have the following form:

Γ′ ⇒ ∆′
RW

... RW and V ar(∆′) = V ar(∆′′)
Γ′ ⇒ ∆′′

LW = LW⊆
Γ′, φ⇒ ∆′′

This implies that D* is a cut-free derivation of Γ ⇒ ∆ in SuPWK as well.

Lemma 7.14. For each pair Γ and ∆ of finite sets of formulas, if Γ ⊨uPWK ∆ and
V ar(Γ) ⊈ V ar(∆), then ∆ is a theorem and ⊢SuPWK

Γ ⇒ ∆.

Proof. Assume that Γ ⊨uPWK ∆ and V ar(Γ) ⊈ V ar(∆). By Fact 3.2, along with
the Completeness and Cut elimination results for SPWK (Theorem 7.6 and Corollary
7.8.2), we know that there is a cut-free derivation of the same sequent in SPWK. By
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Completeness and the characterization result of PWK (Theorem 7.6 and Fact 2.3), we
infer that ⊢SPWK

⇒ ∆′ for some non-empty ∆′ ⊆ ∆. From the proof for ⇒ ∆′, we can
construct a cut-free derivation of Γ ⇒ ∆ in SuPWK by using RW as many times as
necessary, so as to get ⇒ ∆. Finally, we apply LW ∅ at the last step, to obtain a cut-free
derivation of Γ ⇒ ∆ in SuPWK.

Theorem 7.15 (Completeness of SuPWK). For each pair Γ and ∆ of finite sets of
formulas, Γ ⊨uPWK ∆ entails that ⊢SuPWK

Γ ⇒ ∆.

Proof. Suppose that Γ ⊨uPWK ∆. By Fact 3.2, it is also the case that Γ ⊨PWK ∆.
By the Completeness and Cut elimination results for SPWK (7.6 and 7.8.2), it follows
that there is a cut-free proof of Γ ⇒ ∆ in SPWK. If V ar(Γ) ⊆ V ar(∆), then it follows
from Lemma 7.13 that there is a derivation of the same sequent in SuPWK that is also
cut-free. If V ar(Γ) ⊈ V ar(∆), then by Lemma 7.14, it follows that ∆ is a theorem and
that there is a cut-free derivation of Γ ⇒ ∆ in SuPWK. Hence, ⊢SuPWK

Γ ⇒ ∆.

The proof strategy for proving SuKw
3

’s Completeness is similar.

Lemma 7.16. For each pair Γ and ∆ of finite sets of formulas, if ⊢SKw
3

Γ ⇒ ∆ and

V ar(∆) ⊆ V ar(Γ), then Γ ⇒ ∆ is provable in SuKw
3

without using the Cut rule.

Lemma 7.17. For each pair Γ and ∆ of finite sets of formulas, if Γ ⊨uKw
3

∆ and
V ar(∆) ⊈ V ar(Γ), then Γ is an antitheorem and ⊢SuKw

3
Γ ⇒ ∆.

Finally, these lemmas allow us to prove the last Completeness theorem:

Theorem 7.18 (Completeness of SuKw
3

). For each pair Γ and ∆ of finite sets of for-
mulas, Γ ⊨uKw

3
∆ entails that ⊢SuKw

3
Γ ⇒ ∆.
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