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Semantical analyses are provided for several intensional logics, in particular for (substan-
tial parts of ) the systems R of relevant implication, R of relevant implication with necessity,
P of ticket entailment, and E of entailment, and what is the same theory as E the system II
of rigorous implication. The analyses provided are used to provide semantical completeness
results and decidability results for the main systems discussed, and are applied to settle
some of the open questions concerning E and R and their fragments (on these questions see
Anderson [?]).

The analyses extend the set-up analysis of the first-degree theory of entailment provided
in [?]. (The discussion in [?] is presupposed in the remainder of this introductory section).
The rules for set-up membership for conjunctive, disjunctive, and negated formulae are

essentially the rules already defended in [?]; viz.
(A&B) is in set-up H, iff A is in H, and B is in H,
(AV B) is in set-up H, iff A isin H, or B is in H,
~ Ais in set-up H, iff A is not in H},

with complementary set-up H} of H, explained as in [?]. The chief innovation is a more
sophisticated rule for the introduction of entailmental formaulae, of the form A — B, which
enables the design of set-ups which falsify entailmental principles, and in particular of set-ups
which falsify the law of identity A — A for any given A. This is done by evaluating higher
degree entailments not over a single (possible) situation as in strict implication, but over a
pair of (modus-ponens-) connected situations. Thus the special form of the implication rule
is as follows:—

A — B is in H, iff for every pair of set-ups Hg and H, which are R-related to H, if
A is in Hg then materially B is in H.; in short, if R(H,, Hs, H,) and A is in Hg then
B is in H,. Canonically relation R is the following: R(H,, Hg, H.,) iff for every wit B
and C, if B — Cisin H, and B is in Hg, then C'is in H,.

But the general implication rule requires special conditions for practically every pure impli-
cational thesis; so while it is a fine tool for independence proofs and for systems with weak
pure entailment parts, it considerably complicates first attempts to prove completeness. To
take advantage of known results, e.g. in system E, the implication rule is recast as follows:

A — Bisin H, iff for every set-up Hg which is R-related to H,, if A is in Hg then B is in
H.ip, where H,,z is a certain compounded set-up constructed from Hpz taking account of
H,. In fact, the connections may now be made using Anderson’s rule of entailment elimina-
tion: If A€ Hy, and A — B € Hp then B € H,,3 where o 4 (3 is the set of lattice union of
a and fS.
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For analysis of E, P, and R (and for typing) it is convenient to transform H, into the pair
(e, H) and to consider o and H as independent units. Then for all the systems mentioned the
R-relation of H, to Hg, now replaced by the relation of (a, Hy) to (8, H2), can be analyzed
broken down into two independent relations, of Hy RH, and of aZ 3. Relation R is the now
familiar alternativeness relation of modal logic; and in the case of system E it is required, as
for S4, that R is reflexive and transitive. In the case of systems like E and R, which, unlike
P countenance implicative suppression or implicative commutation principles, the ordering
relation Z does not figure, since aZ g for every a and f; accordingly the implication rule

can be simplified in these cases to:

A — Bisin («a, H) iff for every H; and every 3, if HiRH> and A is in (5, Hy) then B
is in (a + 3, Ha).

For system R where relation R is an equivalence relation and where the hereditariness con-

dition:
if Aisin (a, Hy) and HiRHo, then A is in (a, H»)

is satisfied, a further simplification can be made: relation R and its field can be omitted

altogether. This for system R the implication rule reduced to:
A — B is in « iff for every S, if A is in 8 then B is in a + (.

The rule for E can be recovered from this rule for R by combining it with the [J necessity

rule, for “[J7; viz.
OAis in («, H) iff, for every Hy, if HRH; then, materially, A is in («, Hy).

It will follow then from the semantics that E is effectively an S4-modalization of R.

The strict implication rule is a special case of the entailment rule for E; the strict impli-
cation rule results from equating o with g for every o and . Thus the semantics include
conditions for normal modal logics as special cases.

In the presentation a characteristic function A is used to indicate whether or not a given
wif is in or holds in a given situation, i.e. (A, (o, H)) =T, or = F, according as A is in, of
is not in, («, H). Finally, h(A, (o, H)) is shortened to h(A, o, H).

The paper is heavily indebted to the work of Anderson and Belnap and Meyer and Dunn
and coworkers (and I hope debt will increase). The paper presupposes some of their work,
and it also presupposes semantical analysis of modal logics, especially the work of Kripke.

The methods of the paper may be applied to provide semantics for a number of other

systems related to these studied.
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1 The Axiomatic Systems

[PDF p. 6]! The postulates of system E are (in favoured Anderson & Belnap form) as follows:

El. (A—A) — B)— B E8. A— AVB

E2 A-B—-B—->C—.A-=C E9. B+ AVEB

E3. A—-.A—-B)—-A—B E10. (A= C)&(B —-C)— .(AVB)—=C
E4. A&B — A Ell. A&(BV () — (A&B)VC

E5. A&B — B E12. A5~ A— .~ A

E6. (A — B)&(A— C) —» .A — (B&C) E13. A~ B— .B—>~ A

E7. NA&NB — N(A&B) El4. ~~v A — A

Modus Ponens (MP): From A and A — B to infer B.
Adjunction (Adj): From A and B to infer A&B.

The connectives “&” (symbolizing conjunction) “~” (negation) and “—” (implication or

entailment) are taken as primitive; “V” (disjunction) is either taken as primitive, or defined
in the full system; AV B =ps~ (~ A& ~ B) and “N” (necessity) is defined: NA =p;
(A — A) — A. The pure implicational fragment E;, of E, has as postulates E1-E3 and MP;
the implication-negation fragment, E;, the postulates E1-E3 and E12-E14 with MP; the
implication-conjunction fragment, Eg , the postulates E1-E7 with MP and Adj; the positive
fragment, ET, E1-E11 with MP and Adj.

The postulates of system R and those of E together with the scheme

EO. A—- . (A—>A) — A

or one of its equivalents. Further each fragment of R adds EO to the corresponding fragments
of E; e.g. RT is Et+ E0. Scheme E7 is however redundant whenever it occurs in R systems;
and scheme E12 may be proved using E3 (or vice versa) in R systems (see [?]).
System Ry (of Meyer [?]) takes the propositional constant f as primitive in place of N,
and replaces negation axioms E12-E14 of R by the single axiom: A — f — f — A.
System R, of relevant implication with S4-necessity, results upon adding to R the new

primitive ‘)’ and the intended S4 principles (see e.g. Meyer [?])
O1. 0A— A 03. DA&OB — O(A&B)

02. J(A - B) - .0A— 0B 04. OA - 0O0OA

'For convenience, sections begin with a reference to the page number of the PDF of the scanned
manuscript. In the manuscript, some pages are not numbered, and the numbering of the remaining pages
restarts at certain points. The reference to the page numbers of the PDF can be used by the reader to locate

the beginning of sections by counting from the first page of the manuscript.
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Necessitation (Nec): From A to infer CJA.
Entailment is defined thus in OR: A = B =p; O(A — B). The OR translation of a wit A

of E is the wif A" which results on replacing each occurrence of ‘—’ in A by ‘=’ and each

occurrence of ‘N’ by ‘[

LR may be reaxiomatized so as to avoid the rule of necessitation by doubling up on the
axioms as follows: for each axiom Ax of the given system the new axiom [JAz is added. For
example, in the reaxiomatization, both JA — A and (A — A) are taken as axioms. In
the reaxiomatized system the rule of necessitation is a derivable rule provable by induction
over proofs.

System P (of [?]) differs from E in just these respects. In place of E1 the scheme E1’.
A — Ais adopted; E7 is deleted; and the permuted form E2', A - B —- .C - A — .C — B,
of E2 is added. The pure implication fragment P; of P has as postulates E1’, E2, E2', and
E3 with MP; the implication-negation fragment P; has the postulates of P; together with
E12-E14; the implication-conjunction fragment P the postulates of P together with E4-E6
and Adj; and the positive fragment P* the postulates of P; together with E4-E6, E&-E11
and Adj.

The system EA (of [?]) adds to E a propositional constant A satisfying these postulates:

Al A=A —~ A A2. ~ (A= A)— A

EA, which is a conservative extension of E, corresponds to Ackermann’s system II' (of [?])
as E corresponds to Ackermann’s system II, i.e. they have the same class of theorems.

Several other systems are singled out for attention. First, S5-modalizations of the focal
systems. E5 (P5) adds to E (P) the S5 principle

E15. ~NA— N~ NA

(OR5 adds to 15 the postulate ~ [JA — [0 ~ [JA, and, in reaxiomatized form, the postulate
~ A = O~ [JA. Second, extensions of the focal systems by a special S5 type principle to
the effect that some logically false proposition entails its necessary falsity. Thus OR (5 adds
to OR; the postulate f — Of (and f = Of), and EA5 adds to EA the postulate A — NA.

Third, non-transitive analogues of E and P. Here E2 and P2 resemble S2 in the way E
resembles S3; they weaken the Exported Syllogism principles E2 and E2’ to the imported
form: (A — B)&(B — C) — .A — C. Naturally, compensation for the loss of an over-
powerful proofs principle such as exported syllogism has to be made elsewhere. Thus P2,

formulated with primitive connective set {—, ~, &}, reforges P as follows

P1. A= A P4. A&B — A
P2. A—-B&B —-(C — .A—-C P5. (A — B)&(C — C) — . A&C — D&B
P3. A—- (B—C)— A&B — C P6. A — A&LA
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P11-P14 are the same as E11-E14: to the rules of P is added the further rule of substi-
tutability of entailments: from C(A) and (A <» B), i.e. A — B&B — A, to infer C(B).
The sole pure entailment axiom P1 is of course derivable from P4 and P6.

Forth, extensions of PT and E* by different negation principles. Of special interest are
the systems PP (P proper) and EP obtained from P and E respectively by weakening E12;
for once impossible situations are admitted as semantically valuable, the reductio principle
E12 appears as an unnecessary and undesirable restriction. Moreover, in the case of P leads
to anomalies; e.g. P has as a theorem ((AV ~ A) — B) — B though rejecting the theorem
(A —- A) —» B) — B characteristic of E; yet the grounds for objecting to the second of

these are also grounds for objecting to the first.?

2There is a note here. The first half reads “add A — B —~ (A& ~ B) &”, and I have been unable to
figure out the last half.
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2 The Semantical Systems

2.0 Positive Models

[PDF p. 10] An E*-model 90t is a structure M = (G, K, R,0, N, h), where K is a set; G € K
R is a reflexive and transitive relation on K; N is a set of sets including the null set 0 and
closed under the set union operation +, and A is a 2-place holding function such that for
every atomic wif p and every H € K and « € N, h(p,o, H) =T or = F.

The holding function h is extended to all wif of ET as follows:—

WA&B,a, H) =T iff (A, o, H) =T = h(B,«, H)
WAV B,a, H) =T iff h(A,a, H) =T or h(B,o, H) =T

WA — B,a,H) = T iff for every H € K and € N if HRH' and h(A,5,H') =T
then materially W(B,a+ 5, H') =T .

A wiff B is true in E*-model 9 iff A(B,0,G) = T, false in M iff h(B,0,G) = F, Ef-valid iff
B is true in every ET-model. Et-model 9 falsifies B iff i(B,0,G) = F; M satisfies T" iff for
every wit B e T, i(B,0,G)=T.

An R*-model 91 is an E*-model such that:
(i) if h(p,a,Hy) = T and HiRH, then h(p,a,Hy) = T, for every atomic p and every
H,, H, € K (the hereditariness requirement).

A OR*-model M is a structure M = (G, K, R,0, N, W, h) where (G, K, R,0, N, h) is an
R*-model and W is another reflexive and transitive relation on K.

A P'-model is an ET-model where the elements of sets of N are ordered. A convenient
choice is to take N as a set of sets of positive integers (or ordinals). Then, as in Anderson
& Belnap [?], for « € N3

2.1 Forced Negation Models

An R-model 9 is a structure M = (G, K, R,0, N, P, h) where K is a set, G € K, R is a
reflexive and transitive relation on K, N is a set of sets including the null set 0 and closed
under the set union operation +, P is a relation on elements of N and K such that

(i) if, for every 8 € N and H € K H RH and P(a + /8, H) materially imply HRH, and
P(y + B, Hy), then (a, Hy) = (v, Hs) (the reduction requirement).

Finally h is a 2-place holding (or valuation) function such that for every atomic wif p and
every H € K and every a € N, h(p,o, H) =T or = F, and such that

(ii) for every atomic wif p and every Hy,Hy € K and every o« € N, if HiRH, and

3This sentence appears to be missing the latter half.
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h(p,a, Hy) = T, then h(p, o, Hy) = T (the hereditariness requirement); and
(iii) for every atomic p and every o € N and every Hy € K if h(p, o, H;) = F then for some
Hy € K and g € N HiRH, and P(a + 3, Hy) (the falsity requirement).

The holding function A is extended from atomic wif to all wif of R as follows:—
h(A&b,a, H) =T iff (A, o, H) =T = h(B,«a, H)

h(A — B,a,H) = T iff, every every H € K and every § € N, if HRH' and
h(A, 5, H') = T then, materially, h(B,a+ 5, H') =T

h(~ A,a,H) = T iff for every H' € K and every § € N if HRH' and P(a + (3, H’)
then, materially, h(A, B, H') = F.

An R-model may be simplified. G may be defined: G = H(H € K); and R may be
eliminated (in the way explained in [?]). If requirements (i) and (iii) and dropped a minimal

logic version of R which does not validate E14 results.
Lemma 1. For every wff A, if HHRHs and h(A,«, Hy) =T then h(A,a, Hy) = T.

Proof. Proof is by induction from the stipulated basis. There are 3 cases:

Ad &: If W(B&C,a, Hy) =T and HiRH, then W(B&C, o, Hy) =T

Ad —: by transitivity of R and definition of h

Ad ~: by transitivity of R and definition of h O

Lemma 2. . For every wff A and every Hy € K if h(A, «, Hy) = F then, for some Hy € K
and some € N, HHRHy and P(a + (3, Hs).

Proof. Proof is by induction from the stipulated basis.

Ad &: If W(B&C, a, Hy) = F then either i(B,a, H;) = F or h(C,a, Hy) = F. In either case
the derived rule follows by induction hypothesis.

Ad —: If (B — C,a, Hy) = F then for some H3 and some vy € N, HiRH3 and h(B,~, H3) =
T and WC,«a + v, H3) = F. Since h(C,a + v, H;) = F, by induction hypothesis, for some
H; € K and some 6 € N, H3RH, and P(a + v + 0, Hy). Thus, as R is transitive, for some
H; and some =~ + 4§, HHRH; and P(a + 3, Hy).

Ad ~: If h(~ B,a,Hy) = F, then, for some Hy € K and some 8 € N, HiRH, and
P(a+ 3, Hy). O

It is simplest to use the [ yielded by this lemma in applying the reduction requirement.

A wif B is true in R-model 9 iff A(B,0,G) = T; B is R-valid iff B is true in every
R-model. R-model 9 falsifies B iff h(B,0,G) = F. 9 satisfies I" iff for every wit B € T,
hB,0,G)=T.

Australasian Journal of Logic (15:2) 2018, Article no. 3.3
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Lemma 3. Where V is defined: AV B =ps~ (~ A& ~ B),

(i) if h(A o, H) =T or h(B,a, H) =T then h(AV B,o, H) =T

(ii) if hW(AV B,a,H) = T then h(A,a, H) =T or h(B,«a,H) = T provided that for some
wff C" and some 3, h(C,a+ B, H) = F.

Proof. (i) If h(~ (~ A& ~ B),a,H) = F then for some v and some H;, P(a + v, Hy)
and h(~ A,v,H;) = T = h(~ B,~, Hy). Hence since P(aw + v, Hy), A, a,H;) = F =
h(B,«a, Hy). Since HRH,, by hereditariness, h(A,a, H) = F = (B, «, H).

(ii) If h(~ (~ A& ~ B),a, H;) = T then for every § and H, if P(a + 5, H) and HiRH
then h(~ A& ~ B, 3, H) = F, i.e.: either h(~ A,3,H) = F or h(~ B, 3, H) = F. Suppose
further that h(~ A, 3, H) = F. Then for some v and some H,, P(8 + v, Hy) and HRH,
and h(A,~, Hy) = T. By the reduction requirement then (v, Hy) = (a, Hy): i.e. in this
case WA,«a, H) = T. Similarly, on the alternative assumption that h(~ B,5,H) = F
h(B,«, Hy) = T follows. Thus, using the falsity requirement to guarantee that for some /3
and H, HiRH and P(a + 8, H), either h(A, o, Hy) =T or M B,«a, Hy) =T. ]

An Ry-model is an R-model; only the extension of h differs as follows: the clause for
negated wif is replaces by this clause for f:
h(f,a, H) = F iff P(«, H)

Thus P may be eliminated in the case of R-models.

Lemma 4. A wff A of R s R-valid iff its Ry-translation Ay, obtained by eliminating each
part ~ B using the definition ~ B =py B — f, is Rg-valid.

Proof. Suppose A; is not Ry-valid. Then for some R-model M /' (A4, 0,G) = F where A’ is
the R-extension of h it follows by induction over sub formulae of Ay that /'(4,0,G) = F.

The converse half is similar. ]

An R-model 9 for wif A is an R-model 9t where h assigns truth vales only for atomic
sub wff of A (and for f). Function & is extended as before for sub wff of A. Further in the
case of disjunction A is extended as follows, for sub wif B and C"
if (B,a,H) =T or h(C,a, H) =T then (BV C,a,H) =T
if BV C,a,H)="T and, for some sub wif D of A (or f) and some 8, W(D,a+ 5,H) = F,
then W(B,a, H) =T or h(C,a,H) =T.

Under this definition, a wif A of R is valid (c-valid) iff A is true in every R-model for A,
i.e. h(A,0,G) =T for every R-model for A.

Theorem. Fvery theorem of R is both valid and c-valid.

A OR-model 9 is a structure M = (G, K, R,0, N, P,W, h) where (G, K, R,0, N, P, h) is

an R-model and W is a reflexive and transitive relation on K such that

Australasian Journal of Logic (15:2) 2018, Article no. 3.3
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(V) if HlRHg then H1WH2

Hence if H{ RHy and HoW H3 then H{W H3. The holding function £ is extended as for system
R; and, in addition,

h(OA, «, H) = T iff either for every H; such that HW H; h(A, «, Hy) = T or for every
Hj and B, if HRH, then not P(a + 3, Hy).

Truth in 91, OR-validity, LJR-c-validity, etc, are defined along the same lines as before.
Lemma 5. For every wff A, if HHRHy and h(A,«, Hy) =T, then h(A,a, Hy) =T.

Lemma 6. For every wff A, if h(A,«, H)) = F, then, for some Hy and B, HiRHy and
P(a+B7H2)'

The new induction step, for [J, is immediate from the holding function for [J, & helps explain
its design.
A OR5-model 9 is a [JR j-model such that

(vi) if HiW Hy and P(«, Hy) then P(a, Hy).
In the case of [JR4 the holding function ~ may be extended in the expected way for [; e.g.:
hOA, «, H) = T iff for every Hy such that HW Hy, WA, o, Hy) =T

The lemmata shown both hold.

It follows from the COR5 modeling that necessary entailments [are]* evaluated as follows:

A — B,a,H;) = T iff for every Hy and Hz and f, if HiW H,; and HyRH3 and
h(A, 3, Hs) =T then h(B,a+ 5, H3) =T.

In the case of JR-modeling the following alternative is added: or else for every H, and -, if
HyRH, then not P(a + ~y, Hy). In view of condition (v) and given quantification logic, the

main clause can be simplified to the following:

WA — B,«a,Hy) = T iff, for every Hs and 5, if H{W Hy and h(A, 3, H3) = T then
h(B,a + ﬁ,Hg) =T.

For, for some H,, HiW H, and HyRHj; iff H;W Hs, by quantification logic.

An® EA5-model is a structure 9 = (G, K, R,0, N, P, h) where K is a set, G € K, R is a

reflexive and transitive relation on K, N is a set of sets including the null set 0 closed under

4Cut off
5This page is marked for omission. I have indicated the contents of the page by the horizontal lines.
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set union operation +, P is a relation on elements of K and N such that
(i) If, for every f € N and H € K HiRH and P(a + 8, H) materially imply HRH, and
P(y + B, Hy), then (o, Hy) = (v, Hs), for o,y € N, Hy, H3 € K.
(ii) If P(«, Hy) and HiRH, then P(«a, Hy) for a« € N and Hy, Hy € K.
Finally & is a 2-place holding (or valuation) function such that for every atomic p and H € K
and a € N, h(p,a, H) =T or = F, and such that
(iii) for every atomic p and « € N, H; € K if h(p,a, H;) = F then, for some Hy € K and
B € N, HHRHy and P(a+ (3, Hs).

The holding function A is extended to wff of EASH as follows:—

WA&B, a, H) = T iff h(A, o, H) = T = h(B, o, H)
hA, o, H) = F iff P(a, H)

WA = B,a,H) =T iff for every H' € K and every € N, if HRH' and h(A, 5, H') =
T then materially h(B,5 +a,H')=T.

W~ Aa,H) = F iff for some H; € K and f € N HRH; and P(a + 3, H;) and
h(AvﬁaHl) =T.

A wif B is true in a EA5-model M iff A(B,0,G) = T; etc. Since the distinguishing
postulate ~ NA — N ~ NA of E5 is EA5-valid, it is tempting to define E5-validity as
EA5-validity of a A-free wif.

Lemma 7. For every wff A, if h(A,«, H) = F then for some Hy and some 3, HRH, and
P(Oé + ﬂ? Hl)

Lemma 8. For every wff B, if h(~ B,a, H) = T®°

the largest element of o, if o # 0
max(a) =
ZEro, ifa=0

In the case of P™ the holding function for — is extended to the following:—

WA — B,a,H) =T iff for every H' € K and 8 € N if HRH' and max(8) > max(a)
and h(A, 5, H') =T then, materially, (B,a+ §,H') =T.

A wff B is true in PT-model M iff h(B,0,G) = T} etc.
Modelings for systems E;, R;, Pr, Ejg, Rre, and Pjg are obtained from the modelings
given by deleting clauses for inoperative connectives.

6Page is cut off here
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Theorem. Ift; A then A is L-valid for each of the positive systems and their fragments.

An S4"-model and indeed an S4-model, is and ET-model where
N ={0}, i.e. @« =0 for every « € N. It is this clear that by varying conditions on the rela-
tion R implicational analogues of normal modal systems can be got. For a characterization
of entailment proper there is, as Lewis emphasized, a case for abandoning the transitiv-
ity requirement on R, and thereby cutting Exported Syllogism, E2, back to Conjunctive
Syllogism: A —- B&B — C — A — C.

2.2 Direct Negation Models

The models so far studied cause substantial problems with respect to the assessment of
formulae where negation occurs essentially (and not simple on a substitution instance of a
positive wif). To reduce the problems the initial models are supplanted by models which
treat negation more directly.

An E-model 9 is a structure M = (G, K, R,0,N,h) where K is a set of elements,
including G = Hy, such that for every H; € K there is a unique element J; € K; and R is a
transitive and reflexive relation on M = {H; : H; € K}, 0 and N are as before; and h is, as
before, two-valued holding function which assigns one of 7" or F' to every atomic wif for every
H; and J; € K and every a € N. But h also assigns one of T" and F' to every entailment for
every a € N and J; € K, i.e. entailments are assigned values arbitrarily at J-situations.

The symbols I, I, I5, ..., I, ...are used as general variables ranging over elements of
K. his extended from atomic wif to all wif of E thus:

WA&B, o, 1) = T iff h(A,a,1) = h(B,a,I) =T
WAV B,a, 1) =T iff h(A,a,I) =T or h(B,a, 1) =T
W~ A, Hy) =T iff h(A, o, J;)) = F

W~ A o, ;) =T iff (A o, H;)=F

if WA — B,a,H;) = T then, for every § € N and H; € K, if H;RH;, then if
MA,B,H;) =T MB,a+ 5,H;) =T and if h(A,a + 5,J;) =T WB,B,J;) =T ;
further if (A — B,a, H;) =T and h(B,a, H;) = F then h(A,«, J;) = F. (The last
condition is the reduction condition; the complication of the first condition is to take

account of contraposition principles.)

If (A = B,a,H;) = F then, for some § € N and some H; € K, H;RH; and
MA,B,H;) =T and W(B,a+ ,H;) =F, (A, a+~,J,) =T and h(B,v, Jy) = F
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(N.B. A single quantification, for some 3 € N, covering the whole consequent can be used
in place of the separate quantifications for § and ~. )

A wff B is true in E-model M iff h(B,0,G) =T, i.e. h(B,0, Hy) =T} etc.

An R-I-model MM is an E-model Mt such that

(1) Ris extended to M, i.e. K — M through the equivalence: J;RJ, iff HyRH, for every
Jl, Joy € K;

(2) if h(A,a,1;) = T and I, RI; then h(A, «a,ly) = T, for every initial case, i.e. (1) for
every atomic wif for every a € N and [, I, € K, and (ii) for every entailment for every
o € N and I, I, € M (the Hereditariness requirement).

Lemma 9. Where 9 is an R-I-model, if h(A,a, ) =T and I RI; then h(A, o, 1) =T,
for every wff A, every o« € N and I, 1, € K.

Proof is by induction over connectives in A.

A is R-I-valid iff A is true in every R-I-model.

A OR-I-model M is a structure M = (G, K, R,0, N, W, h) where (G, K, R,0, N, his an R-
[-model, and W is a reflexive and transitive relation on M such that if H; RHy then H{W Ho,
and h(OJA, «, J) is a further initial case, i.e. [JA is evaluated arbitrarily in (v, J) situations.
The hereditariness lemma, results.”

A is OR-I-valid iff A is true in every [JR-I-model.

A P-model is simple an E-model where N is an ordered set; however entailment wif are
evaluated differently in H-situations, i.e. the extension of h differs from that for E in the

following:—

If (A — B,a, H;) =T then, for every f € N and H; € K, if H;RH; and max(3)
> max(«), then if W(A,8,H;) =T WB,a+ ,H;) =T and if h(A,a+ 3,J;) =T
nB, B, J;) =T, further if W(A — B) =T then if (A, o, J;) =T WB,a,H;) =T.

If (A — B,a,H;) = F then for some f € N and H; € K max(f) > max(«) and
H;RH; and h(A,,H;) =T and W(B,a + §,H;) = F and also for some v € N and
Hy € K max(y) > max(«) and H;RHy and h(A,a +~,Jx) =T and h(B,~, H,) = F.

B is P-valid iff B is true in every P-model, in effect P-true in every E-model; etc.
In the case of the positive part, PT, of P the entailment evaluation rule simplifies to the

following:—

MA — B) =T iff for every f € N and H' € K if HRH' and max(a) < max(/) and
h(A,3,H") =T then (B,a+ 3, H') =T.

I have used the word “results” here as a placeholder, as I am unable to decipher the original.
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2.3 Simplified Models for Systems based on R and R*

Lemma 10. Fvery non-valid wff of R [OR etc] has a connected R- [OR- etc] countermodel,
i.e. every R-satisfiable wff has a connected R-model (etc).

Proof. Proof is as in Kripke [?]. Define K’ = {H € K : GR.H}® where R, is the ancestral
of R; R’ is the restriction of R to K'; and for H € K', W (p,a, H') = h(p,a, H)?. Then
M = (G,K',R',0,N,P I) is a connected R-model; & it follows, by induction, that for
every H € K', W(B,«a,H) = (B, «a, H). ]

Lemma 11. (i) For every H € K, h(A,a, H) = h(~~ A, o, H)
(ZZ) [leRHQ, h(N A,Oé,Hl) :h(N A,OZ,HQ).
(ZZZ) ]f HlRHQ, then h(A,Oé, Hl) = h(A,O_/,HQ)

Proof of (i) uses falsity and reduction requirements, and proof of (ii) the transitivity of R.
A simplified R-model 91 is a structure 9 = (0, N, P, h) where 0 and N are as before, P

is a property of elements of NV and h is a holding function such that for every atomic wif p

and every o € N, h(p,«) =T or = F. It is required:

(i) If, for every 5 € N, P(a + [3) materially implies P(y + (3), then o« = « (the simplified

reduction requirement).

(ii) For every atomic p and every a € N if h(p, ) = F then for some € N P(a+ 3) (the

simplified falsity requirement).

The holding function is extended in the expected way upon after deletion of H, viz:
MA&B,a) =T iff (A, a) =T = h(B, a)
WA — B,a) =T iff, for every 8 € N, if h(A, 3) = T then, materially, i(B,a+3) =T
h(~ A, «) =T iff, for every g € N, if P(a + () then, materially, h(A, 5) = F

A wif B is true in a simplified R-model iff A(B,0) = T. B is R-s-valid iff true in every
simplified R-model.'?

A simplified R-model is a structure (0, N, h): P is eliminated using f.

Lemma 12. In R-models the reduction requirement can be simplified without affecting R- or
R¢-validity to the following:
if, for every B, P(a+ 8, Hy) implies HHRHy and P( + v, Hy) then (a, Hy) = (v, Ha).

8Part is cut off. I merely guess that the clause is GR. H.
9 Again, this part was partially cut off.
10Last sentence cut off.
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Proof. The only postulate that requires the reduction principle ~~ A — A remains valid
using the simpler requirement, by direct verification. The converse presupposes completeness
material of §4. If A, & H, and A, € H, then A — f — f, & H;. Hence, for some H and g™
HRH and A — fs € H, and f,y3 ¢ H. By the preceding lemma since H1RHy A — fz € H;
and f,1p € H;. Remaining details in establishing the simplified reduction requirement are

as for the (presupposed) proof of the reduction requirement in §4. O
Theorem.

(i) If =r B (~r, B) then B is R-s-valid (Ry-s-valid).

(i1) B is Ry-s-valid iff B is Ryg-valid.

Proof. Proof of (i) is by induction over proof of B. As to (ii) if B is Ry-valid then B is
R -s-valid since R -s-models are R-models with K = {G}. Suppose, for the converse that B
is not Ry-valid; then there is a connected Ry countermodel 9 to B; Since I is connected
and R is transitive, by a lemma for every H € K, h(A, o, H) = h(A, a, G) = h(A, «) say. The
restriction of K to {G} thus provided a countermodel also, and hence B is not Rs-s-valid.
Ad (a). Since M is connected, for every H € K, GRH. Thus P(y + (,G) implies GRH &
P(TB,G) which implies GRH & P(v + 8, H). Hence for every 5, P(a + (8, G) implies
P(y + B,G) implies that for every 3, P(a + (8, G) implies GRH & P(v + 3, H). Therefore,
using the previous lemma, (a, G) = (v, H). Since, however, GRH, for evaluation of wif,
(o, G) = (,G). Next, if h(p,a, G) = F then for some  and H GRH ad P(a+ 3, H), i.e.
h(f,a + 5, H); hence for some 8 h(f,a+ §,G), i.e. P(a+ 3,G).

Ad (b). By induction over connectives, each step which shows that A holds or fails to hold

in (o, H) may be reflected in (o, G). (of the analogous proof in the decidability section). [

An S-model, for system S of classical two-valued logic, is a simplified R-model where
N = {0}. [Thus model wise it seems that R is related to classical logic as E is to S4: but,
though R includes S, E does not include S4].

A simplified OR s-model is a structure (G, K, R, 0, N, h) where (G, 0, N, h) is a simplified

Ry-model with a = (a,G), and K is a set with base G and R is a reflexive and transitive

relation on K. Further:

WA, «, H) = T iff for every H' € K if HRH' then, materially, h(A, o, H') = T.12

1 This transcription may be incorrect due to unreadability.
12There is a scratched out lemma below this.
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3 Deduction Theorems and Primeness Theorems

[PDF p. 25| Where L is one of the systems E or R or their parts, and where, as before
a,aq, ..., 0,7,0, etc are sets (or lattice elements), 0 is the null new (or minimal element)
and « + [ is the set (or lattice) union of « and 3, define:—

Al ... AL IFp Bgis an L-proof of By from hypotheses A ,..., A% iff there is a se-

o1 1)

quence C?

s, OO with C7" = Bpg, where each elements of the sequence is either

(i) one of the hypotheses, or
(ii) Dy where D is an axiom of L, or

(iii) obtained from predecessors in the sequence by application of the — F rule: from A,
and (A — D)g to infer D, 4, or

(iv) obtained from predecessors in the sequence by application of the rule &1I: from A, and
D,, to infer (A&D),.

As before a, aq, ..., a,,  are sets, 0 is the null set and a + ( is the set union of o and f.
V IFp Bgiff forsome A, ..., AL €V Al , A% Ik Bg; in this case Bg is L-provable from

a1? a1’

V. V, is a set of a-subscripted wif.
For systems like P and P2 and their parts, it is necessary, once again, to use sets where
elements are ordered. Sets of ordinals are a convenient choice. For these systems the rule

— F is simplified by adding the proviso: provided max(«) £ max(f), where, as before,

the largest element of o, if aw# 0
0, ifa=0

max(a) =

The first deduction theorems proved for E; R and P and their parts are given essentially

in Anderson [?] and Anderson and Belnap [7].

Lemma 13. If A} ,..., Al Ay lrg Bg and 0 # 0, 0 £ 8 and 0 £ o for any i, 1 <

a1

1 < n and each Ala is an entailment, i.e. of the form (Ey — Es)a,, for 1 < i < n, then
Al AL [Ag] kg NBg from which hypothesis Ag may be deleted.

a1?
Proof. Let the assumed proof sequence be represented
(o) Bg,,...,Bj with B = Bs.

Form a new sequence

(8) D}...., D% with D? = By,
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obtained from () by deleting every Bj '* such that 6 < ;. Then () guarantees.

AL AT kg Bg.

1) (6

For no wit with a subscript a including 6 occurs essentially in a proof of Bg from hypotheses
Al ..., Ay, for if it did it would follow that § < 8. For — E and &I eliminate no

1)

subscripts, and 6 # 0, so no axioms used have a # subscript. Now form a new sequence
1
(v) ND;j,, ... ,NDf;’p

[In the case of the pure calculus of entailment the more general form, ((D* — C) — C);, for
arbitrary C', can displace N D%i: see [?]] Proof of the adequacy of () uses the same proof
strategy as the deduction theorem which follows. There are these cases:
Case 1: Dgi is one of Aép...,AZn, say, A, . Then insert before N Dgi in () the zero
subscripted E-proof sequence of J(A™ — NA")y, using the fact that A" is an entailment.
NDj then results by — E.
Case 2: Dj is Cj for some axiom C' of system E.
Case 3: Dj is inferred by — E from ng and D , with j < i, k < 4. Then ng (say) is
(D" — D');, and 6; = 0; + 0;. By induction hypothesis, NDJ and Nng ie. N(D* — DY),
are available. Insert before Dj a zero subscripted E-proof of (N(D* — D') — .NDF —
ND%g; and N Df;j L5, results by two applications of — F.
Case 4: ngi is implied by &I from ng and D(’;“k, with j <4, k < 4. Then d; = 0; = 03 and
D' = Di&D*. By induction hypothesis N ng and N D} are available in (7). Insert before
NDj, the axiom NDI&ND* — N(D&DF), and (ND’&N DF);. .14

O
Lemma 14. If A} ,... A" Irog Bg, then DAY ... OA” Ik OBg.

a1?

Proof. Let the given proof sequence be represented
Cs,,...,Cf" = Bg
Form a new sequence
0c;,,...,007;

then this sequence provides a proof of [JBg from hypotheses DA}W ...,0A47 . The cases are
these at stage Cj :'°
Case 1: Cj, is A/, : Then OCj, is DAY, .

30riginal text appears to read B,
11 have fixed a number of typographical errors in this paragraph.
15T have added the formatting and case numbers to the following to be consistent with the above proof.
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Case 2: C3 is Dy where D is an axiom; then JC}, is 0Dy, which can be introduced in a OR
proof from hypothesis.

Case 3: Cj is obtained by rule — E from CJ and (C7 — C")g with §; = a + 3; then OC}.
is obtained from 0JCY and O(C? — C")5 which occur in the new sequence by the following
inserted steps:'¢

O(C7 — ¢*) — .0C7 — 0OC§, OC7 — OC, and one of — E.

Case 4: Cj is obtained from ng and C§ by &I, then &; = §; = 0 and C* = C7&C*: then
O(Ci&C*);, is obtained from DC’gi and OCY by &I, — E and the following inserted steps:
(OCI&DCH)s,, (OCI&DCY) — O(CI&C*),.

Case 5:C§¢ is 1Dy where Dy is an axiom; then DC’;Z,” is LDy and is obtained by — F
from the following inserted formulae, 1Dy, 1D — COID,. ]

Lemma 15. If V Ik Bg and each wff in V is an entailment then V IFg BBg, where
HBg < .B—+ B — B.

Proof is like the preceding lemma; it uses the following theorems of E:
C—-C—NC—D); NC—D)— .NC— ND; NC&K\'ND — N(C&D,).

Theorem (First Deduction Theorems for E and R and their Parts).
If Al o Ay JAs kL Bgand 6 #0, 6 € 8 but 6 £ oy for any i, 1 <i < n, then

o1
Aiq’ C vAZw”_L A— Bﬁ_d
where

(1) L is system R

(2) L is system E, and for each i, 1 < i < n, A" is an entailment, i.e. of the form
(Dl — DQ)

Proof. By assumption there is a sequence
1 .
Bg ..., By with B' = Bg
which provides a proof of By from hypotheses AL ..., A" .18 Form a new sequence

a1 (e79)

1/ m /!
BY',...,By

16T have made corrections in the following wifs
17Corrected
18Corrected to AR+ subscript in original possibly crossed out.
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where
(A — Bi)ﬁi*éa it o C ﬁz

Then since 6 C 3, Bf' ' = (A — B)g_s. Following the proof strategy of Church [?, p.

88-89] it is shown how to make insertions in the new sequence so that is provides a proof

il
Bﬁz‘_

from hypotheses Al oo Ag, of its last element ngm’. Suppose the insertions have been
completed just up to the (i — 1) stage. At the i stage there are these cases:

Case la: B} is A;. Then B}’ is (A — A)o. Insert before B}, a proof sequence of (4 — A)g
using zero subscripted axioms and — FE.

Case 1b: B isone of AL ,... A" say A7 . Then B}’ is also A, , since § Z o,. Thus B’
occurs as one of the hypotheses (case (i) in an L-proof from hypotheses).

Case 2: Bé is Dy for some axiom D of L. Since § # 0, as a consequence of § Z «;, Bfﬁ-, is also
Dq. Thus Béi/ occurs as a zero subscripted axiom (case (ii) in an L-proof from hypotheses).
Case 3: B} is inferred by — E from Béj and Bj , with j < i, k < i. Then B%J_ (say) is
(B* — B')g, and f3; = B; + . There are 4 subcases:—

Case 3a: 6 C B and § C fB; s0 6 C B;. Then BE " is (A — B¥)s,_s. Béj/ is (A — (B* —
B"))s,-s, and Bgi' is (A — B')p,+p,—s- Insert before Béi/ a zero subscripted proof sequence
of (A— (B* = B') = .A — B* — A — B')g; then insert (A — B* — A — B')s 5. B}’
is inferred by — E.

Case 3b: § C B and &  B;. Thus B% " is (A — B*);,_5 but ng/ if (B¥ — B")g,. Insert the
axiom (B¥ - B' - .A — B¥ - A — B'); and (A — B¥ — .A — B')s, before Béi,. Then
By, ie. (A= B')g 5,5, results by — E.

Case 3¢: 0 Z By, and 6 € B3;. Thus B’gk/ is Bf Béj/ is (B¥ — B')g,, and B/"Bi/, ie. BE’ﬁﬂw is
inferred by — E.

Case 3d: 6 C B3; and § Z By. Thus BE ' is BE | Béj/ is (A — (B* — B'))g,—s, and B}’ is
(A= B')g,4,-s-

(1) L is system R. Insert before B/’éi/ a zero subscripted proof sequence of (4 — (B* —
B') = .B* — .A — B'),, and then insert (B* — .A — B')3_;. B}’ then results from
— L.

(2) L is system E. By a lemma, since v & [, there is an E-proof from hypotheses of
NB¥)s . Insert this sequence, then insert the zero-subscripted proof sequence of
Bk
(A — (B¥ - B) - NB" - .A — B')y, and finally insert (NB* — A — B')3 ;.
B}, then results by — E.

Case 4: Bzﬁ is inferred by &I from Bg,j and B’gk with j <, kK < 4. Then 3, = 8; = 3, and
B is (B’&B¥). There are 2 subcases:—
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Case 4a: 6 C f;. Then B'gk/ is (A — B")g, s, Béj, is (A — BY)g,_s and Béi/ is (A —
Bi&B*)s, _s. Insert before B}’ the axiom ((A — B)&(A — B*) — .A — (Bi&BF)) and,
what is inferred by &I, (A — B7)&(A — B*)s, 5. Then Béi, is inferred by — E.

Case 4b: § Z B3;. Then B’gk/ is BY Béj/ is Bék, and BZ;/ is (BY&B¥)s,, which is inferred, as
before, by &1. O

This deduction theorem holds also for such extensions of E and R as EA, OR, [R5,
etc. It is not, of course, the only deduction theorem for E and R. Alternative deduction
theorems for R; are given in [?] and [?]'°, and an alternative deduction theorem for E; is as
follows: if Ay,...,A,, A g, B and A,,..., A, are entailments and A is used in the proof
then Ay,..., A, Fg A — B. In order to deal with disjunction in R then following deduction

theorem is needed:

Theorem (A Second Deduction Theorem for R and E). If A} ,... A A5 IFg Bg
then either A}, ..., AL [IFr A— Bg_s with 6 C § or Al ,..., A% Ik Bg. Similarly for E
when A}, ..., A% are entailments.

Proof. Let B} ,...,B7 = Bg be a proof of Bz from hypotheses Al ... A" . [It] is shown
b1 B B B8 a1 an

by induction for each Bj that either (i) A}, ,..., AL IFr A — Bj _; and § C §; or (ii)
AL, ... A% kR B
Case 1: Bj is As. Then A ,..., A% IFr A — Bj using A — Aj.

Case 2: B is a zero-subscripted axiom of one of A} ,..., A7 . Then A} ,.

LAY - B

’7 T an Bi
Case 3: Blﬁ is inferred by — E. The cases are as before. Note that Blﬂ results when and
only when both the previous are of form (i). § C f; follows from § C 5 or § C f.

Case 4: Bj is inferred by &I. O

Corollary 1. (Primeness Theorem for R) If I',; A5 IFr Bg and I',Cs kg Bg then I', (A V
O)s IFr Bg.

Proof. Given the premises, either I' I Bg, and so I', (A V C);s IFgr Bg, or both I' IFg A —
Bsg_sand I' IFp C — Bz_s and 6 C . Since kg (A - B)&(C — B) - . Av(C — B,
I'lFr (AV C — B)g_s with § C 8, whence I', AV C5 Ikr Big_s)4+s, i.e. I' AV Cs I-r Bg,
since 5 C 4. O

Corollary 2. (A primeness result for E). As in corollary 1 but with T' consisting only of
entailments.

Theorem (Alternative Form of the First Deduction Theorem for R and for E).
If Ail,...,Agn,A(; lFr Bg and 6 # 0, 6 C B and § disjoint from o, for 1 < i < n, then
Aél, AL kR A — Bg_s. Similarly for E where A, ,..., AL are entailments.

1)

19This footnote is in the original: “The simple use-of-hypotheses account breaks down over conjunction.”
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Proof. Redefine

B (A — B")s,_s, if d not disjoint 5;
s B, if § disjoint 3

Then Bglm' is (A — B)g—s. The proof is as before. Note in case 3c if § disj (), and 0 disj ;

then § disj (B; + Bk); in 3b 6 disj ; but not disj [, then § not disj (5; + f); in 3a § not

disj by and not disj f; then 6 not disj (8; + By); in 3d that 0 is not disj (5; + Br). ]

Theorem (First Deduction Theorem for P and its parts). If Al ,..., A" [ AslF, Bg

where § # 0, m = maz(d) € [ but m exceeds maz(a;) for each i in 1 < i < n, then
Al o ,AZH,H_L A— Blg_(;

a1?

Proof. Using the assumed sequence Bél, ..., B = Bg, for a new sequence Béll, ce Bg‘m’

where

(A — Bi)ﬁi,g, if maX((S) € 51

i /!
Bﬂz‘ - ; .
Bg,, if max(9) & G

Cases 1 and 2 and 4: as before.

Case 3: Bj is inferred by — E from Bj and Béj = (B* = B')g, with j < i, k < 1,
Bi = B; + Bk, and max(fSy) £ max(3;).

Case 3a: m = max(0) € 5; and m € fi; so m € ;. Thus B’gk, is (A — BY)g, s, Béj/ is
(A— (B* = B))s,_s, and B} is (A — B')s, 4, s.

Case 3a(i): max(f; — J) £ max(f; — J). Insert a zero-subscripted proof sequence of (A —
(B¥ = B') - .A— B¥ — .A — B'), then insert (A — B¥ — .A — B")5,_s. In view of the
ordering conditions — E may be applied to infer BE%I'

Case 3a(ii): max(8 — d) < max(8; — §). Insert a proof sequence for ((A — B¥) — A —
(B¥ — B') — .A — B, then insert A — (B* — B') — .A — B%)5, s (since max(8; —d)>
0).

Case 3b: m € By but m & Bj; s0m € By+ B, and BE "is (A — B¥)g,_5, B is (A — B')5,_;
but B "is (B — B')g,.

Case 3b(i): max(53;) < max(B;y — d). Insert (B¥ — B* - .A — B* - A — BY),, (A —
B* — A — B')s, before B}'; and use — E twice.

Case 3b(ii): max(8;) ¢ max(8j, — ). Insert (A — B* — .B*¥ » B" - .A — B),, (B* —
B — A — B'),_s before B}'; and use — E twice.

Case 3c: as before.
Case 3d: impossible. For since m € 3; the largest element that can occur belongs to ;. As

m & By, max(f3;) > max(f), contradicting an assumption for case 3. O
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Theorem (A Second Deduction Theorem for P and its parts). If A}, ,... AL A5 l-p
Bg and m = max(d) and m > max(c;) for every a;, 1 < i < n, then either AL ,... A% Irp

A— Bg_sandme or AL ,...,A% IFp Bg and m & 3.

ap?

Proof is like the second deduction theorem for R.
This deduction theorem is not sharp enough to provide the basis for a disjunction rule

for P. For that the following rule seems to be needed.

Theorem (Improved Second Deduction Theorem for P (conjecture only)). %
If AL ..., Al JAs Ikp Bg and maz(6) > maz(ey) for every a;, 1 < i < n, then either

Al ...,Agn ”‘pA—)Bﬁ_(; and m € (3 or Al ,Ann IFp Bﬁ.

a1? aq? «

Corollary 3. (A Primeness result for P)
IfT'Aglkp Cs and T', Bg IFp Cs then I', (AV B)g IFp Cs, provided max () > mazx(y) for
each D, € T'.

Theorem (Qualified Primeness Theorem for P and E). IfT',, A, IF C, and T, B, I+
C, then Ty, (AV B), IF C, for every a. Ty, is a set of wff all subscripted with c.

Proof. (/). It Ty, Ay IF C,, then Ty, (AV B), IF (C'V B),.

Let given sequence in (a/) be

AL LA™ =,

Y17 Ym

Then v; = 0 or a according as A is a theorem or is a consequence of at least one of the

hypotheses. Form a new sequence:

AL oA

Y10 ’ Ym

where

/ (Ai\/B>%'7 if v =«

Al otherwise

There are these cases:—

Case — E: Al follows by — E from AF and (AF — A7), = A7 and ;= 75 + Y

Case 1: 7; = 9% = a. Then v; = «, and by hypotheses have in new sequence (A* v B),, and
(A* — A"V .B),. Then insert (A* v B&A* — A*V .B), appropriate theorems leading to, in
turn, to

([A*&(AF — AV [AR&B] V [B&A* — AV [B&B])a

20 Above “conjecture” is written “unlikely?”.
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(A'V BV BV B),
(A"V B),
Case 2: v; = 7 = 0 Then result just as before by — E.
Case 3: 7, = v and y; = 0. Then v; = a and A% " is (4% v B),, A?yj/ is (A — A")g, and A!
is (A'V B),. Insert (B — B)o, (A* — A'&.B — B)y, ((A* — A)&(B — B) — .(A*v B) —
(A"V B))g, whence (A* vV B) — (A" V B)g so (A" V B),.
Case 4: 7% = 0 and 7; — a; so v; = a. This case is impossible for P unless a = 0, in
which case the result follows as for case 1. For E, A% is Af, A‘;'j/ is (A* — AY Vv B),
and A’ is (A'V B),. If & = 0 then the result folows as for case 1; if a # 0 then A* must
be a theorem. Hence (A* — A') — A is a theorem. So insert ((A* — A) — A%), [and]
insert (B — B)y then (B — B&(A* — A') — AY)g, then [something unreadable|, then
((A* = A') Vv B — A"V B),. Result by — E.
Base Hyp: AL €T, or AY is Au; then A "is (A'V B),. Insert A" — (A'V B).
Case Axiom: A!, = Dy; then A;il = D, also.
Case &I Agi = (AI&A¥).,, follows by &I from AZ'YJ_ and Aﬁk; then v; = v = .
Case 1: v; = a. So AL " = (A" V B),, Al" = (A7V B),, and Al = (A1&A* v B),. Apply
&I to get (A7 V B)&(A* V B)),, then insert appropriate theorems to get (A7&A* v B),.
Case 2: 7 = 0; then Al " = A}, A "= A} and AF "= Af*

(b') If T, By IF C,, then T, (C'V B), IF (C'V C),. The proof is similar to (V').2?

() To, (CV )y IFCy. For -CVC — C.

The theorem then follows on combining (a'), (b'), and (¢). O

21The rest cut off the page.We use & intro on the two theorems to get A?, then we simply insert A* — AV B.

The result follows by — E.
22Likely to mean (a’).

Australasian Journal of Logic (15:2) 2018, Article no. 3.3



234

4 Completeness by Maximal Set Methods

[PDF p. 41] V is L-consistent w.r.t. N iff,; for some 6 € N and Ds € V, Ds is not L-provable
from V.
V is an L-ok set w.r.t. N (where NN is a set closed under + and including 0) iff

(i) V is L-consistent w.r.t. N
(ii) Ap € V for every axiom A of L
(iii) for every « € N, if A, € V and B, € V then (A&B), € V

(iv) for every a, B € N, if Bg € V and (B — C), € V then C, 5 € V?* [provided max(3)

£ max(a) , in the case of P systems].
Lemma 16. If V is an L-ok set w.r.t. N then
(i) for every theorem A of L, Ay € V,
(ii) for o« € N, (A&B), € V iff Ay € V and B, € V,
(iii) fora € N, A, € V iff VIFL A,

An L-ok set V w.r.t. N is prime iff for every a € N if (AV B), € V then either A, € V
or B, € V. If V is prime then AV B, € Viff A, € Vor B, € V.

Lemma 17. If (B — C), & V where V is an E-ok set, and V' is a set whose elements
comprise every subscripted entailment (Dy — Ds)s, in 'V and Bs for any 6 # «, £ 6; for
(Dy — Dq)s, € V, and # 0, then Cyys is not E-provable from V'.

Proof. Suppose on the contrary, V' IFg C, 5. Then for some entailments, D;l, ., Dy eV,
and therefore in V', Dj ..., D} Bs kg Coys. Since § € §; for 1 < i < n, Bs must
occur among the hypotheses. The conditions for the subscripted deduction theorem are
satisfied; thus Dj ,..., D} Ikg (B — C),. Since, however, D; ..., D} € V and V is E-ok,
(B — C), € V,** contradiction the hypothesis. O

Lemma 18. If (B — C), ¢ V where V is an R-ok set [OR-ok set], and V' is a set whose
elements comprise those of V and Bs for any 6 € o, € B for Dg € V, and # 0, then Cyys
is not R-provable [OR-provable] from V'.

A suitable ¢ can always be got, e.g. by deriving a new 4.

ZCorrected N to V.
24 Corrected ¢ V to € V to form said contradiction.
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Lemma 19. If (B — C), ¢ V where V is a P-ok set [P2-ok set], and V' is a set whose
elements comprise every subscripted entailment (Dy — Ds)s, in 'V and B, where maz(7y) is
greater than all elements of o and of 6; for (Dy — Ds)s, € V, then Coyry is not P-provable
[P2-provable] from V'.

Lemma 20. If Cs is not L-provable from ¥V then there is an L-ok extension V' of V w.r.t.
any countable set N which includes all subscripts of V such that Cs & V'.

Proof. Enumerate N and numerate the wif of L, and then enumerate the wff of L with respect

to the subscripts of N. Let the resulting enumeration of subscripted wif be represented:
DY DY ... D7 ...

Define

V=V

Vitt = V7 if VI, D7 Ik, Cs, and
= V7 U {D7} otherwise
vh=JWv
I<w
(i) Cs is not L-provable from V*. Proof is by induction over j from the given basis. The

induction step is a consequence of the construction.
(ii) Cs € V¥, by (i).
(i) Dy € VT where D is an axiom of system L.

(iv) VT is closed under — E. Suppose, otherwise, that B, € V*, (B — D)z € VT but
Dsip ¢ VT (and for P: max(y) £ max(f) ). Then V*, D, 5 Ik, Cs. But then since
V*lkL B, and VT Ik, (B — D)s, VT IFL D45, whence VT IF Cy, contradicting (i).

(v) V7 is closed under &I. Suppose B, € V*, D, € V' but (B&D), ¢ V*. Then
V*,(B&D), Ik, Cs, and (much as in (iv)) V* Ik, Cs, contradicting (i).

Lemma 21. If, further, L is system R then V7T is prime.

Proof. Suppose AV B, € V™, A, € V™ and B, € V. Then for some p, V?, A, IFr Cs,
VP, B, IFr Cs, but not V? (AV B), IFr Cs. By the second deduction theorem either
VPIFA — Cs_p, and VP IFp C — Cs_,, and o C 0 or else VP IFr Cs. Since the second
is impossible, V? IFr (A — C)&(B — C)s_o. Hence, since Fr (A — C)&(B — C) —
AVB —C,VPIFRr AVB — Cs_,, and i.e. VP, AV B, IFg Cs. O
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Lemma 22. If no wff in non-null set ¥ is L-provable from V then there is an L-ok extension
VTt of V w.r.t. any set N which includes all subscripts of V such that no wff in X belongs
to V*.

Proof is like the similar lemma where ¥ = {C5s} except the V7 is redefined, as follows:

V=V
Vit =V if VI, D7 Ik, Dy for some Cy € ¥
= V7 U {D?} otherwise
vt = U v/
j<w
Then no wif Cs € ¥ is L-provable from V*, and V7 is L-ok.

Lemma 23. [f OB, ¢ V where V is a OR-ok set [OR4-ok set] then there is a set V',
whose elements comprise each Cs such that OCs € V, such that B, is not LIR-provable
[OR4-provable] from V'.%

Proof. Suppose C;l, .., C§ IFor B, Then by a lemma DC’gl, ..., 0C% Ikgr OB,. Hence,
since V is LJR-ok, (1B, € V. O

Lemma 24. If Cs is not OR-provable from YV then there is a OR-ok extension V™ of V
w.r.t. countable set N which includes all subscripts of V and that Cs & V7.

Lemma 25. If ~ A, € V where V is E-ok but ~ (A — A)ayg &€V (0r Agsp € V), and V'

is any set containing every entailment in V then Ag is not E-provable from V'.

Proof. Suppose V' Ik Az. Then by a lemma since each member of V' is an entailment
Vikg A—A— Ag;so V' iFg~ A —~ (A — A)g, and V/,~ A, IFg~ (A — A)45. Hence
since V is E-ok ~ (A — A),+s € V, contradicting the hypothesis. (In the case of Ay, use
the principle ~ (A — A) — A.) O

Lemma 26. If (B — C), ¢ V where V is an R-ok [OR-ok] set, then there is an R-ok
[OR-ok] set 3 which includes V such that By € ¥ but Cy 1y € X for some {k}.

Proof combines previous lemmata.
Lemma 27. If (B — C), ¢ V where V is an E-ok set then

(i) there is an E-ok set X such that for some {k} By € ¥ and (Dy — Dy)s € X if
(Dl — Dg)(s e V but Ca+{k} Q/ ¥.26

25Correction: added the prime to the last occurence of V in the lemma.
26The rest of this lemma was marked for omission by Routley.
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(i) There is an E-ok set @ which contains every subscripted entailment in V and does not
contain any subscripted negation not in 'V (i.e. if ~ Ds € V then ~ Ds & @) such

that for some {k} By € @ but Coqqiy € @.

Proof. Proof of (ii):2" given V, there is a set V', whose elements comprise every subscripted
entailment in V and By for suitable {k}, such that Cu, g is not E-provable from V'
Suppose, for some ~ Ds not in V, V', Byyy IFg~ D;s. Then Dy, must be used in the proof
since ~ Dy is not E-provable from V’; hence k € §. Now choose any k such that for each
~ Ds not in V with B —~ D;s_, € V for some «a, k ¢ §. (Any new k will satisfy these
conditions.)

Let ¥ be the set consisting of Cy4xy and every subscripted negation ~ Ds not in V.
Then ¥ is not null and no element of ¥ is E-provable from V’. Hence, by a lemma V' has

an E-ok extension, ) say, such that no element of > belongs to ®). O

Theorem (Completeness Theorems for Ry and R and RY).

(1) If Ao is not Ry-provable from Ty then there is an R-model M = (G, K, R,0, N, P, h)
with K and N denumerable which satisfies I' and falsifies A. Hence every Ry-consistent

set is satisfiable in a denumerable model.
(ii) If A is Ry-valid then Fgr, A.
(111) If A is R-valid then g A.
(i) If A is R"-valid then Fg+ A.

Proof. (i). By alemma there is an R -ok set, G say, w.r.t. {0}, which entails I'y but excludes
Ag. Define a canonical R-model 9t, with base GG, as follows:—

K and N are defined by a joint inductive definition:
(i) Ge Kand 0 € N

(ii) if for H; € K and g € N, (B — C)g ¢ H; then by a lemma there is a new (singleton)
subscript set v and an Rj-ok set H,, which extends H;, such that B, € H, and
Cpiry & Hy; fact Hy € K and v € N. (A convenient choice of 7 is as the set consisting
of the first positive integer k£ not already in N.)

(iii) K is the set consisting of G and its successors.

(iv) N is the closure under set union of the sets assigned to it.

27This proof was marked for omission.
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It follows, using set theory, that both K and N are denumerable. The remaining components
of the canonical model are defined thus:
H,RH, ift for every 8 € N and every wit C, if Cs € H; then C3 € Hy, i.e. iff H; C Ho;
P(a,H) iff F, & H, for « € N and H € K;
h(p, o, H) = T iff p, € H, for every atomic wff p, every o € N and every H € K.

(%) A, a, H) =T iff A, € H, for every a € N and H € K.

Proof is by induction from the specified base.

Ad f:
Wf,a, H) =T iff ~ P(a, H)
iff f, e H
Ad &:
hWA&B,a, H) =T iff (A,a, H) =T = h(B,a, H)
ifft A, € H and B, € H, by the induction hypothesis
iff A&B, € H, since H is Ry-ok.
Ad —:

(1) f B— C, € Hand HRH' then B — C, € H'; so if B € H’' then, since H' is R¢-ok,
Catp € H', for any a, f € N. Thus if B — C, € H, then (B — C,a, H) =T, using
the induction hypothesis and applying quantification logic.

(2) If B— C, ¢ H for « € N, then by the construction there is an H' € K and g € N
such that HRH' and Bz € H' and C,43 € H'. Hence, using the induction hypothesis,
WB — C,a,H)=T.

(+) 9 is an R-model.
It is immediate that G € K, 0 € N and that N is a set of sets closed under union. Moreover
since R is an inclusion relation, R is reflexive and transitive and the hereditariness require-
ments is satisfied. As to the falsity requirement, suppose A, &€ H. Then (A — f — f)o & H,
so for some 8 € N and Hy € K HRH, and F,.3 ¢ Hy; thus for some § and H;, HRH,
and P(a + (5, H;). Finally as to the reduction requirement, suppose (a, Hy) = (v, Hs),
then for some wif A, A, ¢ H; and A, € H, say (the other case is similar). Accordingly
(A— f = f)a & Hi, whence for some f € N and H € K, HiRH and A — F € H and
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fo+p & H. Since A — Fg € H and A, € Hj either ~ HRH; or fgy, € Hy. Thus it is false
for every f and every H that if HiRH and P(a+ [, H) then HRH, and P(8 + v, Ha).

Applying () since Ay € G, h(A,0,G) = F and for By € I, By € G, so h(B,0,G) = T.
Hence, since by (+) the canonical model 9t is an R-model, 9 satisfies I' and falsifies A.

(ii). If Ais not a theorem of Ry then Ay is not Ry-provable from the null set of hypotheses
Ag. Hence by (i) there is an R-model 9t which falsifies A; so A is not R-valid.

(iii). If wif A of R is R-valid then (see §2) A is Rg-valid, so by (i), (ii) A is a theorem of
R—f. Hence, since A is a wif of R and R is a conservative extension of Ry (see Meyer [?]),
A is a theorem of R.

(iv). As for (ii) but all statements and conditions concerning f and P are deleted. [
A direct proof of the completeness of R may be got as follows:

Theorem (Completeness and Skolem-Lowenheim Theorems for R).

(i) If Ay is not R-provable from Ty then there is an R-model M = (G, K, R,0,N, P, h)
with K and N denumerable which satisfies I and falsifies A.

(i1) If A is R-valid then g A.

Proof. Proof of (i) varies the proof of the preceeding theorem at these points.
Since the primitive set {—, ~, &} replaces the primitive set {—, f, &} of Ry, f is not a
wif of R. P is redefined thus

P(a, H) iff for every wif C, ~ (C — C), € H

In terms of R, f =~ (p)(p — p).
The induction step for ~ in (x) is proved as follows:—

(1) Suppose ~ A, € H and HRH, and Ag € H,. Then since Fp~ A — A —~ (A — A),
A —~ (A — A) € H. Since HRH, and Ag € Hy, ~ (A — A)ays € Hi; hence
~ P(a+ f,Hy). Hence ~ A, € H D . HRH\&P(a + B, Hy) D .Ag ¢ Hy, whence by
the induction hypothesis and quantification logic, ~ A, € H D .h(~ A,a, H) =T.

(2) Suppose~ A, € H; then A -~ (D — D), ¢ H for arbitrary D. Hence for some
H, and 8, HRH, and Ag € Hy and ~ (D — D)o4p & Hy, ie. P(a+ 3, Hy). Hence
h(~ A,a, H) = F. [The argument requires that for some H; and /5 for every D — not
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for every D there is some H; and g — so its validity may be questioned. I think the
substitution of A -~ (p)(p — p) = .~ A for A -~ (D — D) —~ A makes it plain
that the argument is satisfactory. For the skeptical the semantics may be complicated
by adding to 9t a class X of individuals; by replacing P(«, H) by P(«, H,C') where
C € X, and by complicating appropriately the conditions of P. In the canonical model
M, X is defined as the class of all wif and P(a, H,C) iff ~ (C — C), & H.]

Falsity and reduction requirements are established as follows: Suppose A, € H, then
~r~ A, & H, so for some 8 € N and some Hy, HRH; and P(a+ [, Hy), as required. Suppose
that (o, Hy) # (v, Hs). Then A, ¢ Hy, and A, € Hj say. Since A, ¢ Hy, ~~ A, & Hj,
so by (2), for some H and 5, HiRH and P(a+ 8, H) but ~ Az € Hs. By (1) then for Hs
such that HRH;3, HiRH and P(3 + v, H;), A, € Hj, contradicting the supposition.?® In
turn, for some H and 3, HiRH and P(«a + (, Hy) but it is not the case that both HRH3
and P(f + v, H3), as required. a

Corollary 4. R; is a conservative extension of R.
A normalized R-model 91 is an R-model 9 such that P(0,G).
Corollary 5. g A (Fr, A) iff A is true in all normalized R-models.

Proof. One half is immediate, by specialization. For the other half suppose A is not a theorem
of Ry (or R). Then Ay is not Ry-provable from Ag. But also ~Fg, (~Fp~ (D — D) for
any D); hence f; is not R—f provable from A;. Now let G be an R;-ok set including Ay
which excludes both Ay and fy. The remainder of the completeness is just as before: A

canonical R-model 9t with base G is constructed. Moreover, 91 is normalized; since fy € G,

P(0,G). 0

Corollary 6. (Meyer—Dunn Theorem for R) Material detachment is admissible for R, i.e.
Zf l_R A and "RN (A& ~ B) then I—R B.

Proof. Suppose A and ~ (A& ~ B) are theorems of R but B is not. Then there is a
normalized R-model 9 such that A(A,0,G) =T = h(~ (A& ~ B),0,G) but A(B,0,G) # T.
Since h(~ (A& ~ B),0,G) by an earlier lemma either A(~ A,0,G) =T or h(B,0,G) =T.
As the second case is impossible, h(~ A,0,G) = T. Since, however, P(0,G), P(0 + 0,G),
and h(A,0,G) # T, which is impossible. ]

[incomplete: breaks down for +ve parts]

28Perhaps Routley means A, & H3, which would contradict the supposition.
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Theorem (Separation Theorems for R formulated with {—,~, &} and R formu-
lated with {—, f, &}).

If A is a theorem of R, of Ry, and L is a fragment of R ({—},{—.~},{— &} fragments),
or of Ry ({—=}.{—. f},{—= &} fragments), then A is a theorem of L iff A is a wff of L.

Proof. Suppose, for the non-trivial half, that A is a wif of L and a theorem of R. Then A is
R-valid, and, since a wif of L, also L-valid. Hence, by the relevant part of the completeness

theorem, A is a theorem of L, provided L is a negative fragment of R. n

Theorem (Completeness Theorem for R" and Separation Theorems for R for-
mulated with {—,~, &} and R; formulated with {—, f, &}).
If L is a negation fragment of R, or Ry, ({—}, {—=~},{—=. f},{— &}.{—,V}) then:

(i) If A is a theorem of L, A is L-c-valid.
(i1) If A is a theorem of R, then A is a theorem of L iff A is a wff of L.

(11i) If A is a theorem of RT then where L is a fragment of R™ A is a theorem of L iff A is
a wff of L.

Proof. Proof of (i): By a lemma there is a prime L-ok set G which entails Ay w.r.t but
excludes Ag (delete the requirements which do not apply). Define a canonical model 9t
with base G as before, except for the following points:— B — C} is only considered in case
(B — C) is a subformula of A; and when a new set H € K is introduced it is required that
they set be a prime L-ok set — such a set is guaranteed by lemmata. h(p,a, H) = T iff
Pa € H for every atomic component p of A and for f, and for every o € N and H € K. (%)
is proved for subformulae of A. The new step for disjunction follows using primeness.
Proof of (ii) as before. O

It differs from the completeness proof that the qualification on the disjunction holding
function can be lifted; for as such stage of the construction there is a suitable wif C,15 (or
fatp) not in H.

Corollary 7.
1. Church’s theory of weak implication, Ry, is complete.
2. Ry is the pure implicational part of R.

As to 2. If A is a theorem of R and a witf of R; then A is a theorem of R; by the
preceding theorems. But if then follows, using a Gentzen formulation of R; (got from the
Kripke formulation of E; in Belnap & Wallace [?] by dropping the restriction to entailments
on the left of I[F—; see also Meyer [?]).
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Theorem (Completeness Theorem and Skolem-Léwenheim Theorem for [JR).

(i) If Ag is not OR-provable from Ty then there is a OR-model M = (G, K, R,0, N, P, W, h)
with K and N countable which satisfies I' and falsifies A.

(i1) If A is OR-valid then Fog A.
(i1i) Fogr iff A is true in every normalized CJR-model.

Proof. Proof is like that for R, but K is enlarged as follows:—

If for Hy € K and 8 € N, UAg € H,; then by a lemma there is a [JR-ok set Hy which
contains every wif B, such that 00B, € H; such that Ag & H,. [OR-ok sets are of course
used in place of R-ok sets. Further:

H,W H, iff for every o € N and every wit B, if 1B, € H; then, materially, B, € Hs.

(%) h(A,a, H) =T iff A, € H, for every a € N and H € K.
Ad O: If A, € H then h(A, a, H) = T by the definition of 4 and W and by quantification
logic. Conveniently if A, ¢ H then, by construction, for some H;, HW H, and A, ¢ H,,
i.e. by the induction hypotheses, h(A, a, Hy) = F. Furthermore if JA, ¢ H then since H is
OR-ok OA — f — fo, & H (or ~~ OA, & H); hence for some § and some H,, HRH> and
forp & Hyie. P(a+ B3, Hy) =T.%

(+) 9 is a OR-model.
For W is reflexive, and since For (JA — A, transitive. Since R is an inclusion relation,
H{RH, and HyW Hs imply H;W Hj.

The remainder of the proof is like that for Ry (or R). O

Similar results can be proved for [JR5. In particular using f — Of, if HHW Hs & f, & Ho
then f, € Hy, as required.

The admissibility of material detachment follows, as before, for both [IR and [JR5. In the
case of [JR however there is one further case because of the presence of P in the evaluation

function for OJ.

Theorem (Separation theorems for [(JR formulated with {—, 00, f, &}, {—,0, ~, &},
{—,0, f, &V} {—,0,~,&,V}).

Disjunction is only considered in the fragments {—,0,&,V} and {—, &, V}; otherwise all
proper fragments are considered.

If A is a theorem of R and L is one of the chosen fragments of JR then A is a theorem of
L iff A is a wff of L.

29This is certainly a typo.
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Proof.
Case 1: L is a fragment including negation or falsity. Then the proof is as usual.

Case 2: L is a fragment not including negation or falsity.
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30

Theorem (Completeness and Skolem-Lowenheim Theorems for EA5).

(i) If Ay is not EA5-provable from Ty then there is an EA5-model M = (G, K, R,0, N, P, h)
with K and N denumerable which satisfies I' and falsifies A.

(ii) If A is EA5-valid then Fpps A.

Proof. Proof of (i) varies the corresponding result for Ry at these points:—

In the construction of K each new set Hs, which is introduced in order to falsify the sub-
scripted wit (B — (') which is not in H, is related to H; as follows: If (D; — Ds)s € H;
then (D; — Ds) € Hy. Correspondingly R is defined thus:

H\RH, iff for every § € N and every wit (D — D,) if (Dy — Dy)s € H; then
(Dy — Dq)s € Hy. Furthermore P(a, H) iff A, & H.

(%) (A,a, H) =T iff A, € H fora € N and H € K.

Ad ~ (1) Suppose ~ A, ¢ H. Then A — A, ¢ H. Hence for some Hy and §, HRH; and
Az € Hy and Aoy & Hy, ie. Pla+ 3, Hy). Hence h(~ A,a, H) # T

(2) Suppose ~ A, € H and HRH, and P(a + 3, Hy). Then A5 ¢ Hy, and, since
HRHy, NA,y3 ¢ H. For if NA, € H then (A - A) - A, € H; so it HRH,
then if A — Ay € Hy, as it does, A, € H;. Finally then A, g € H, since
Feas A — NA. The conditions are simplified to apply a lemma which asserts
that Ag is not EA5-provable from any set V; comprising every entailment in H.
By the construction of K the only H € K are obtained by applying a simple
extension lemma. Hence for any Hy O V; in K, Ag ¢ Hy. In sum, ~ A, € H
implies h(~ A, o, H) = T.

(4+) M is an EA5-model.
Since R is an inclusion of entailments relation it is reflexive and transitive. That P(«, H»)
and HyRH, imply P(«, H,) follows as in (2) where using A — NA and that NAz € H,
and H1RH, imply Az € H,. Falsity and reduction requirements follow, using the theorem
~~ A — A; just as in the case of system R. O

A normalized EA5-model is an EA5-model such that P(0,G).
Corollary 8. Fgas A iff A is true in every normalized EA5-model.

Corollary 9. Material detachment is admissible for EAS.

30The following theorem, proof, definition, and corollaries were marked for omission by Routley. I have

indicated this section by horizontal lines.
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[Primeness presupposed: also presupposed in superlat®' theorem]
Theorem (Completeness and Skolem-Lowenheim Theorems for E and E+).

(i) If Ay is not E-provable from Ty then there is an E-model M = (G, K, R,0, N, h) with
K and N denumerable which satisfies T' and falsifies A. Similarly with E* for E.

(i1) If A is E-valid then Fg A.

Proof. Proof of (i) follows the same lines are earlier proofs. G = Hj is an E-ok extension of
[y w.r.t. {0} which excludes Ag. Then M and N are defined jointly, thus:

(i) G € M and {0} € N.

(ii) if for H; € M and f € N (B — C)p € H; then by a lemma there is a new (singleton)
subscript v and an E-ok set H, such that B, € H,, Csyy, ¢ Hy and such that if
(D1 — D3)y € Hy then (D — Dy), € Hy: put Hy € M and v € N.

(i) M is the new consisting of G' and its successions under (ii).

(iv) N is the closure under set union of elements assigned to it.

Further:
if H; € M then J; € M, where for every 8 € N and every wif A, Ag e J;ift ~ Ag & H,.
K=MUM.
H,RH, iff for every € N and every wit (Dy — D») if (Dy — D)z € Hy then (D; —
Dy)s € Hs.
h(p,a, I) = T iff p, € I for every atomic wif p, every « € N and I € K; and h((D; —
Dy),a, J) =T iff (D1 — Dy), € J for every wif (D; — Dy), every a € N, and J € M.

(x) WA, o, I) =T iff A, € I for every wit A, every o« € N and I € K.

Proof is by induction from the specified initial cases.

Ad &: WB&C,a, Hy) =T iff W(B,«a, H;)) =T = h(C, «, H;) is proved as before using induc-

tion hypothesis and properties of E and sets.

WB&C,a, J;) =T ift (B, a, J;) =T = W(C,a, J;)

iff B, € J; and C, € J;
ifft ~B,¢ H; and ~C, ¢ H;
ifft ~ B,V ~ C, € H; by primeness
iff ~ (B&C), & H; since g~ BV ~ C <>~ (B&C)
iff B&C € J;

31Unable to read what I have put here as “superlat”.
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Ad V: Similar in principle to the & case.
Ad ~:

h(N A, «, Hz) =T iff h(A, «, Jz) 7é T
iff A, & J;

h(N A,CY, JZ> iff Aa GHZ
iff NNAaeHlby I_ENNAHA
i~ A,

Ad —: (B — C,a,J) =T iff B— C, € J, by stipulation.

(1) If B— C, € H, then, if HRH' and Bz € H'** then C,,3 € H' — is proved as before.
Alsoif B—+ C, € H then ~C —-~ B, € Hsincetp B—-C —- .~ (C —~ B. So
similarly if HRH' then ~ Cg € H' materially implies ~ B,13 € H', i.e. Byip € J'
materially implies Cz € J'. Finally since - B - C —~ BV C, if B — C, € H then
~BvVC, € H,so~ B, € HofC, € H, whence B, & J or C,, € J and h(B,«,J) # T
of (C,a,H)=T.

(2) If C — C, ¢ H then by construction for some H' € K and 5 € N Bg € H', Coyp & H’
and HRH'. Alsoif B — C, ¢ H then ~ C —~ B, ¢ H; this, by the construction,
for some H” € K and vy € N, HRH", ~ C, € H" and ~ B,y &€ H", i.e. Boy, € J"
and C, & J".

Much as before.

(+) M is an E-model.
[

Theorem (Completeness and Skolem-Léwenheim Theorems for R using R-I-mod-
els).

Statement and proof are like the preceding result; but note:— Step (ii) in the construction
of M is carried out as for RT. HyRH, iff, for every f € N and every wif C, if Cs € H,;
then Cs € Hy. JiRJy ift H{RH,. The model is an R-I-model, since Cz € H; and HiRH,
materially imply Cg € Hy in virtue of the definition of R. As for the J-case, if U3 € J; and
J1RJy then ~ Cg & Hy and HiRH;, so ~ Cg & Hy, ie. Cg € Jy.

32Correction
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Theorem (Completeness and Skolem-Léwenheim Theorems for [JR using
COR-I-models).

Use [JR-ok sets in place of the R-ok sets of the preceding result, and extend M by the
following step: if OAg ¢ Hy for 8 € N and H; € M then there is a OR-ok set Hs, which
contains every wif B, such that OB, € H; such that Ag ¢ Hy:* put Hy in M.

Theorem (Translation Theorem 1). A is a theorem of E iff its OR-translation A" is a
theorem of LIR.

Proof. One half, if Fg A then Fgg A follows by induction over the E-proof of A. As to
the other half, suppose ~g A; then there is an E-model 9 = (G, K, W, 0, N, h) such that
h(A,O,G) = F. Form a new model My = (G, K, 1d,0, N,W,h) where Id is the identity
relation on K and remaining elements are as before. Then 91, is a JR-I-model which
falsifies A™; hence ~Fng A.

0

Theorem (Translation Theorem 2). A is a theorem of Et iff its OR-translation A% is
a theorem of (OR™.

[Primeness assumed]
Theorem (Completeness and Skolem-Léwenheim Theorems for P and P7).

Statement and proof is like that for E and E* except at the following points:
At point (ii) in the construction of M it required that m = max(y) exceeds every element
of 8 and of « for (D; — Dy), € H;.
Ad —: If B - C, € H and HRH' and max(3) > max(a) and Bz € H'** then since
B — C, € H Cy+p € H' by the — E rule for P since H' is P-ok. The remainder is much

like before but taking account of maximization requirements.

Theorem (Meyer-Dunn theorem for E and P). (v) is admissible: i.e. if -, A and
Fr~ AV B then b B, where L is P or E.

Proof. Suppose otherwise that in some L-model h(A,O,G) = T = h(~ AV B,0,G) and
h(B,0,G) # T. Since h ~ A,0,G) = T or (B,0,G) = T, h(~ A0,G) = T, ie.
h(A,0,Jy) = F. But h(A — A,0,G) =T, so that if h(A,0, Jy) = F then h(A,0,G) = F by
the reduction condition. Hence h(A,0,G) = F, contradicting h(A,0,G) =T. ]

33Correction.
34Correction.
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Because of the unfortunate way negation and disjunction features are used in showing
that the implication relation is correct in the canonical model, a separation theorem is not
an immediate corollary of completeness theorems. However, some partial results may be

35

obtained by building on independently results.

Theorem (Separation theorem from {—,~} part, E;, of E). If A is a theorem of E
then A is a theorem of E; iff A is a wff of E}.

Proof. Suppose A is a theorem of E and a wif of E;. Then its OR-translation A" is a
theorem of [OR; but A* is a wif whose only connectives are —, ~ and [J. Hence, by the
separation theorem of OJR, AT is a theorem of the {—, ~, O} fragment of R, i.e. of OR;.
Then, however, by a result of Meyer [?], A is a theorem of E; . O

Theorem (Separation theorem for the pure entailment part, E;, of E). If A is a
theorem of E then A is a theorem of Er iff A is a wff of Ey.

Proof. By the previous theorem if A is a theorem of E and a wff of E; then A is a theorem
of E7. But it follows using the Belnap-Wallace Gentzen formulations of E; (in [?]) that if
Ais a wif of E; and a theorem of E;, A is a theorem of Ej. O

Theorem (Separation theorem for E* and P*). If A is a theorem of ET (PT ) and L
is one of these fragments of E (P)** — {—},{—,&}— then A is a theorem of L iff A is a
wif of L.

35Word unreadable.
36 Correction.
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5 Decidability

5.1

[PDF p. 63] An equivalence class method is used to show that the systems studied have the
finite model property (for further details see [?] and [?]).

Where W is a set of wif closed under subformulae, define (ay, I1) =y (o, I5) iff, for every
wit B € ¥, h(B,aq,1;) = T iff (B, a9, l3). Then =y is an equivalence relation which
partitions situations («, ) into equivalence classes; and there are finitely many equivalence
classes when W is finite. Next (I)g =p; {I' : (Ua € N).(a, 1) =)g(a, 1)} and (&)y =py
{o/ : (UI € K).(o/,1) =¢ (o, I)}. Then relative to a given ¥ K = {I : [ € K}, H =
{6&:ae N} Also W(A,a,I) =T iff h(A,a,]) =T and A € W, for every initial case (and
thus for every atomic wif A). In the case of system R, H,RH, iff for every B € ¥ and
every o € N, if h(B,«, Hy) = T then, materially, h(B,a, Hy) = T and JiRJy iff HyRH,.
For OR, H,W H, iff for every B € U and o € N if h(OB,«, Hy) = T then, materially,
h(B,o,Hy) = T. For E and P, H,RH, iff for every wif B,C' € ¥ and every o € N if
h(B — C,a, Hy) = T then, materially, h(B — C,a, Hy) = T. This specification defined a
filtration 90t = (é, K,R,0,N, [W], iL> of L-model M through ¥, written M = M/ .

Lemma 28. Where 9 is an L-model (for L = R, OR, E, P or their parts) then
(i) If HLRH, then HyRH,
(ii) If HyW Hy then H,W H,

(iii) R is reflexive and transitive

(iv) W is reflexive and transitive

(v) where L is R or OR and A € U, if HyRH, and B(A, Q, [fll) =T, then B(A, Q, I;TQ) =T,
for every & € N and every Hy, Hy € K37

Hence M is an L-model.
Lemma 29. For every wff A € ¥, for every I € K, B(A,d, f) =T iff h(A,a,1)=T.

Proof is by induction on the number of connectives in A. The basis for initial cases is
immediate, & the induction steps for “&”, “V” and “~” are straightforward. The step for
— is based on the fact that h(A — B,«a,H) = T iff for every 8 and H' if HRH' and
WA, B, H') = T [and max(8) > max(a)] then h(B, o+ 3, H') = T and similarly for R. The
case for .J situations is an initial case. If A(B — C, &, H) = T then h(B — C, o, H) = T, since

37Last part of sentence cut off. I have merely guessed the last part.
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HRH' implies HRH'. Conversely, suppose B(B — C,a, H) # T and iL(C’,a + B,I:I’) =F,
whence HRH' and WB,p,H") =T and h(C,«a + B, H") = F by the induction hypothesis.
Hence, using the definition of R, WB— C,a,H)#T.

Theorem (Decidability Theorems).

(i) If wff A is false in L-model O then, where @) is the subformula closure of A, A is false
in L-model MM/ @);

(ii) L has the finite model property, and accordingly is decidable; and therefore
(i1i) E, P, and R and their isolable fragments are decidable.

(iv) ET, PT, and R and their fragments are decidable.

Proof. Proof of (i). Applying previous lemmata M = M /@ is an L-model, and ﬁ(A, 0, é)
F. Further K and N are finite since there are only finitely many equivalence classes, (a;, I
when (@) is finite.

o=

[How convincing]
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5.3 Decidability using Simplified R;

Where U is a set of formulae closed under subformulae and including f, define a; =g vy iff
for every wit B € U, h(B, 1) = W(B, az); (&)y = {a/ : &/ =g a}.

A filtration 90t = M/W = (N, 0, P, h) of M through ¥ is defined as follows (relative to a
given V):

N:{&:QGN};@+B:@;
P(&) iff h(f,o) = F since f € ¥ always;
?z(p,&):Tiffh(p,&):T&pe\Il

Lemma 30. Where 9 is a simplified R-model, M is also.

Lemma 31. For every wff A € U, h(A, &) = h(4, a)

Proof. Proof is by induction from the following dual basis:
h(p,&) = T iff h(p,o) =T & p € U iff h(p,a) =T
h(f, &) =T iff ~ P(&) iff h(f,a) =T

& step is immediate;
=

WA — B,&) =T iff, for every § € N, (A, ) =T D h(B,a+8) =T
iff for every g € N, h(A,B8) =T D W(B,a+p)=T
by the induction hypothesis
iff (A — B,a) =T

Theorem (Decidability for R; and R).
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6 Semantic Tableaux for the Systems

[PDF p. 66] A tableaux construction for a wif A (i.e. Ap) is begun by putting Ay in the right
column of the two columns of the main tableaux G of the construction. (The exposition
presupposes the work of Kripke; see especially [?, p. 72 ft]). The construction is continued,
in the case of wff of E (in form [JR) and its fragments, by applying the following rules for

any tableaux H and any subscript a:—
&l if (A&B), is on the left of H, put both A, and B, on the left of H.

&r if (A&B), is on the right of H, put either A, on the right of H of B, on the right of
H. In such a case the tableaux is replaced by alternative cases (in a way well explained
in [?]).

VL if (AV B), is on the left of H, put either A, on the left of H or B, on the left of H.
vr if (AV B), is on the right of H, put both A, and B, on the right of H.

— | If (A — B), is on the left of H, for every tableaux H' such that HRH’, put either Ag
on the right of H” or B,z on the left of H', for every subscript 3 in N.*8

—r If (A — B), is on the right of H begin a new tableaux H’, with Az for new subscript
B € N on the left of H" and B, on the right of H', such that HRH'.

N.B. these negation rules are not adequate for negation in combination with disjunction: try
B—-C—.~BVC.

~ 1 If ~ A, is on the left of H, put A, on the right of H for every v in N such that
Pla+7,H).

~r If ~ A, is on the right of H, put A,, with new subscript v € N, on the left of H, and
set P(a+ v, H) to the left of A,.

~~ 1 If A, is on the right of H, put ~~ A, on the right of H.

For an E-construction, tableaux relation R is assumed to have the same properties as mod-
eling relation R, i.e. to be reflexive and transitive, P to have the same properties as P, and
subscript operation + to satisfy the same conditions as its modeling correlate. Subscript set
N is of course determined by the construction, beginning with element 0 and being enlarged

through application of — r and ~ r; N is closed under operation +. For constructions for

38There is system R, the modeling relation R and tableaux relation R. Tableaux relation R and system R

and written without italics. Context will be sufficient to discriminate between uses.
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fragments of E, the inapplicable rules are simply deleted. Negation-free constructions have

the subformula property. Negation operations are illustrated in the following example:39-40-41

~A—~B—.B— A
GR
~A—~B,|B—A, By —r
H, R
B/g Aa-i—,é’ by—>7“
A NNA(I+IB by ~~ T
P(’Y"‘Oé‘i‘ﬁ) NA,Y ber
1. 2. 1. 2.
by —

Beth’s way of setting out alternatives and showing closure have been adopted in the
example, but for more complicated examples it is useful to combine Beth’s method with
Kripke’s method of recopying alternatives (see [?, p. 74 ft]).

For P-constructions, and constructions for systems which eliminate implicative suppres-
sion, the implication rules are amended by replacing “such that HRH'” in each case by “such
that HRH" and max(8) > max(a)”. In the case of wif of R, tableaux constructions corre-
sponding to simplified models are easier. In this case the main tableaux G (together with
its alternatives) is the only tableaux. The rules for conjunction, disjunction, and negation

Y

remain as before except that “H” is replaces throughout by “the tableaux” and deleted from

P(v, H). The implication rules are as follows:

— | If (A — B), is on the left of the tableaux, put either Az on the right of the tableaux
or B,, on the left of the tableaux, for every 3 in N.

— r If (A — B), is on the right of the tableaux, choose a new subscript 3, put Az on the
left of the tableaux and B, on the right of the tableaux, and put 5 in N.

A tableaux is closed iff some subscripted wit Ag appears on both sides of the tableaux;

a set of tableaux is closed iff some tableaux in it is closed; a system of tableaux is closed

39Placement of G, Hy, ..., and the placement of the R slightly modified to fit the tabular environment in

LaTeX.
40 ast line of the following tableaux is cut off.
41T have inserted a picture of the original tableaux in the Transcriber’s Note at the end of this document.
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iff each of its alternative sets is closed; and a subscripted construction is closed iff at some
stage of the construction a closed system of alternative sets appears. To facilitate closure it
is required that rules are not applied to subscripted wif occurring in a closed tableaux and
are not applied in case their result is repetitive, i.e. only reflects an application of the rules
that has already been made (perhaps with relettered notation). The presence of A, on the
right of a tableaux and Ag on the left does not ensure closure unless a = f.

It is advantageous to reformulate the rules so that the constructions may be based on a
tree relation S instead of relation R: constructions and formulations based on S are called
“s-constructions” and “s-formulations”. These reformulations do not, of course, apply to
constructions for wff of systems like R where they omit relation R altogether. Consider then
an E-s-construction. The construction is begun as before; all the rules are as before except
for — r where “S” replaces “R” and — [ which is altered to:

— | If (A — B), is on the left of the H, put either Az on the right of H or B,5 on the left
of H, for each subscript 5 in N, and put (A — B), on the left of H’ for any H' such
that HSH'.

The — [ rule for s-constructions for other systems where R is both reflexive and transitive
is similarly formulated. The statement as to what is meant by “alternative sets” also has to
be reformulated with “S” in place of “R” (for a lucid statement see Kripke [?, p. 121]). For
systems like CT, ET, and D where relation R is reflexive but not transitive the s-formulation
is a similar modification of the original formulation except for the rule — [ which is altered
to:

— | If (A — B), is on the left of the H, put either Az on the right of H or B,;3 on the
left of H and of any tableaux H' such that HSH’, for each subscript 5 in N.

Lemma 32. The L-s-construction for A is closed iff the L-construction for A is closed, for

each system L for which both constructions have been introduced.

Proof consists of showing that one construction can be transformed into the other, and
vice versa.

Note how we split — [ into two parts— as for intuitionistic logic.

Theorem. The L-construction for A is closed iff A is L-valid; for each semantical system

L introduced.

Proof reduces to two lemmas, and in each of these the arguments of Kripke ( [?, p. 76-79])

are adopted.

Lemma 33. If the L-construction for A is closed the A is L-valid.
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Proof. Suppose the L-construction is closed by A is not L-valid. Then there is an L-model
M = (G, K, R, N, h) such that h(A,{ },G) = F. Also for each n, at the n'* stage of the
closed L-construction, there is an alternative set © of the construction and a mapping J,
mapping tableaux of ® into elements of K such that

(%) If H is a tableaux of ©, H = ¥(H) and B, is any wff occurring on the left (right) of H then
(B,a,H) =T (F). Furthermore, if H; and Hy are in ® and H; = J(H;) and Hy, = ¥(H,)
then HiRH, implies HyRH>.

Proof is by induction on n. For n = 1 there is only one tableaux G with Ay, on the right;
but h(A,{ },G) = F, as required. For the induction step suppose that in realizing the (n+1)
stage one of the rules is applied to some tableaux H of ®, and that (%) holds for all stages
up to and including the n'".

(incomplete in detail) O

Generally each semantical system yields a corresponding tableaux system.
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7 Deductive Tableaux and Natural Deduction and an

Alternative Route to Completeness

[PDF p. 72| Deductive tableaux are specifically arranged semantics-tableaux in which certain
formulae are repeated. The specific arrangement and repetition is required in order that
closed tableaux may be mechanically transformed into Fitch-style natural deduction proofs.
(On deductive tableaux and their conversion into natural deduction proofs see Barth [?]
and [?] and the papers of Beth referred to therein; and on Fitch-style natural deduction
proofs for E, P, R and their fragments, see Anderson [?] and Anderson and Belnap [?]).

In presenting the rules for natural deduction tableaux the rules and format of Barth [?],
for classical sentential logic, are adopted. In the rules that follow A is the class of all wff
in the right column, A’, A” are subclasses of A, and X, > are subclasses of X; each of these
classes may be null. A is the null class of wff. The rules are given the form of transformation
rules. The table on the left of the symbol “—" is the resulting table after application of the
rule. On the far right in each case the ensuing natural deduction is displayed. Subsequently
natural deduction rules are provided which ensure that the resulting natural deduction is
valid provided the dotted vertical lines can be filled in correctly. The deductive tableaux
rules stated are those for E and fragments. Qualifications needed for rules for P are stated,

where required, in square brackets.
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Repetition (Rep)

Implication Introduction (— I)

A
TAg T

I_BOH_/@’_I
A— B, —1
E/

Implication Elimination (— F)

L|R L|R

A Y ALY

AlA 7 AlA
A” A//

=T

L R L -
A ¥
A ¥
— A— B,
A— B,
A .
Ag Bayp
(8 new)
[For P: 5 new and max(/3) > max(«a)]
— 1
L | R L -
AURIDY A >
— A— B,
A— B,
AV 1. 2. 1. ]2
BOH—B Aﬁ
(any f)

[For P: for any /8 with max(f) > max(«)]
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The particular form of the result of the transformation is selected to work with the

convention for linearizing tableaux that is chosen.

— transmission:*? Reiteration (Reit)
L| R
L|R A Y A
ALY A — B, A— B,
A — B, A" A
A// —
tt rA/l/j
A" Y
IR A — B, Reit
A= B, DM
El
&r: Conjunction Introduction (&1)
L R
L R, A = A
Al X
— A& B,
AlcBo 1|2 1| 2
A ]2 : A
A, | B,
B,
A& B, &I
2/
&l: Conjunction Elimination (&1)
L|R
L|R A D A
A Y . A& B, A& B,
A& B, A A
"
A gjv Ay &E
“ B, &E
by

42The last line in both the right tableaux and the natural deduction proofs are cut off.
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Vr: Disjunction Introduction (VI)
. R L R
A S A or A
A Y
AV B,
AV B 1. || 2 1 || 2
A 2. : A B,
A, || Ba
AV B, AV B,
Y ¥

The double vertical lines indicate that only one of the subtableaux need be closed for
the tableaux to be closed. This form is chosen so that deductive tableaux rules are always
applied on the right first.

Vi Disjunction Elimination (VE)

L| R A’ 3 A’
A AV B, Cors AV B,
AV B, | Coqp A" A
A 1. | 2 1.
Ao | By | Casg

Cors -
Cors VE
E/
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~ T Negation Introduction (VE)
L R L R
NN A
Al Y -
~ A, — ~ Aa Pla+p) A, -
A
Pla+vy) A, | ~A, A
~ A,
E/

~~ T Double Negation Elimination (VE)
L| R L R
Al Y Al Y A
—
A, A,
A ~~ A A
Ay, ~~F
Z/
~ 1 Negation Elimination (~ E)
L|R L|R
P(B+7) A P(E+q) A PB+y) A
~ Bj ~ B ~ Bj
A/I A” B’Y A//

Z/

Once again the negation rules are unsatisfactory.
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The general method of linearization of closed deductive tableaux is best indicated dia-

grammatically:
LR
Dl

A closed tableaux is transformed into a natural deduction sequence by rewriting the
formulae in the tableaux in a vertical arrangement in the order in which they appear along
the arrow in this linearization diagram, and by inserting in the resulting vertical arrangement
hypotheses introduction and removal signs and marginal notes as to natural deduction rules
applied. Both of the later features are listed systematically along with the rules given above
for each connective.

To illustrate two important examples of closed deductive tableaux and their transforma-

tions in natural deduction form are given.
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(i) Distribution (E11)

A& (B V C) — .(A&B) V C
A&(BV C), (A&B) Vv C,
Aq
BV C,
1. 2. 1. 2.
B, C, (A&B) V C, |(A&B) V C,
A& B, Cy
1 2 1. 2.
A, B,

TA&(BV C), B Hyp
A &FE
(BV (), &F
A, Rep
B, — Hyp
A, Reit
B, Rep
(A&B), &I
(A&B) V C, - VI
C,, - Hyp
(A&B) V C, - VI

L(A&B) Vv C, N VE
A&(BV C) — .(A&B)V C — I
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(ii) Contraposition (E13)

A—~B— .B—~A
A —~ B, B —~ A,
By ~ Aatp
Pla+pf+7) 4, ~ Aatp
A =~ B,
1 2. 1 2
~ Baiy A,
Bg
TA —~ B, B Hyp
"Bs T Hyp
Pla+p8+7v) 4, - Hyp
A —~ B, Reit
A, Rep
~ BOH—’Y — E
Blg Rep
~ Aa+ﬁ —
L Y Aa+,8 _I ~ I
LB —~ Aa | — 1
A—~ B — B~ A — 1
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For R-deductive tableaux, the —-transmission rules is deleted and the implication rule

— r is amended to the following:

i Implication Introduction (— I)
L R L R
Al X Al Y A
—
A— B, A — B, "Ag Hyp'
A Ag Bais
LBayg o
A—- B, —1

(8 new) ¥

The remaining rules are just as for E-deductive tableaux.

Theorem. If the L-s-construction for A is closed then the L-deductive tableaux construction

for A s closed.

The Fitch-style natural deduction systems, E*, P* and R*, introduced differ from those
of Anderson and Belnap, in particular in that two sets of hypotheses are admitted. (How-
ever the systems of Anderson and Belnap are taken for granted as background knowledge;
see especially [?]). In stating the rules there for E* one takes as central; and differences
and qualifications needed for P* and R* are noted where needed. Such standard features
of natural deduction systems as vertical arrangement subproof arrangement are taken for
granted.

(i) Structural Rules:

New World Hypotheses (N. Hyp). A step B, may be introduced as the new world hypothesis

of a new subproof, where each new hypothesis B receives a new subscript a from N. The
introduction of such subscripted hypothesis is marked by the sign ™ - " written above it, and
‘N. Hyp’ written to its right, and the hypothesis is eliminated with the paired sign L ... ..

Ordinary Hypothesis (O. Hyp). A step B, may be introduced as the ordinary hypothesis in

the application of an extensional logical rule of a new subproof. The introduction of such a
hypothesis is marked by the signs ©~  — ’ and its removal by the coupled sign * .43
Repetition. B, by be repeated within a proof or subproof.

Reiteration. B, may be reiterated, retaining its subscript, in

(i) ordinary hypothetical subproofs, with no restriction;

(ii) new world hypothetical subproofs, provided B has the form C' — D.

In the case of R* B, may be reiterated into new world hypothetical subproofs whatever its

43The signs I have chosen to use differ slightly from those Routley used.
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form. Hence the distinction between N. Hypotheses and O. Hypotheses largely vanishes in
R and by reshaping the implication rules N. hypotheses can be eliminated altogether from
R*.

(i) Logical Rules:
These rules have already been exhibited schematically. They are, to summarize, as follows:

(iia) Implicational rules.

— I. From a proof of B,yg on hypothesis Ag to infer A — B,. For P* it is required
that max(f) > max(«). In the case of R*, where N. Hypotheses are eliminated, the rule is
modified to:

— I(R). From a proof of B,z on hypothesis Ag to infer A — B,,, provided £ is a new label
from N except in the case of VE and ~ [ below.

— E. From Az and A — Bg to infer B,;s. For P* it is required that max(3) > max(a).
(iib) Extensional Rules.

&I. From A, and B, to infer A&B,,.

&E. From (A&B), to infer both A, and B,,.

VI. From A, to infer (AV B),. From B, to infer (AV B),.

VE. From (AV B), and a proof of C,,s on O. hypothesis A, and a proof of C,.s on O.
hypothesis A, to infer C, 3.

~~ F. From ~~ A, to infer A,.
~ I. From a proof of ~ A, on O. hypothesis A, where P(a + ) to infer ~ A,.
~ E From ~ Ag where P(/5 + ) to infer A,.

Theorem. If the deductive L-tableaux for A is closed then A is a theorem of L*.

Proof. Transform the deductive L-tableaux into vertical form. Then no gaps remain since

the L-tableaux is closed, so a proof in L* results. O

Theorem (Anderson Completeness). If A is a theorem of L*, then A is a theorem of
L. This may be proved either by the methods of Anderson [?], or using deduction theorems.
Note that the case 4 of proof could be applied directly to deductive tableau.

44Word cannot be deciphered.
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8 Reversed Tableaux and Completeness Through
Gentzen Methods

9 Independent Gentzen Formulations of the Positive
Systems; A Gentzen Form of R": R/

[PDF p. 83]
Axiom Scheme C, -,

In the following formulation I', @) etc are sets of subscripted wif. A singular formulation is

given.

Structural rules. in antecedent

Weakening (Thinning):

I' I+ Ds
Cy, T'IF Ds
Contraction:
Co,Cy,T'IF Ds
Co,I'IF Dg
Interchange:

A Cy, Ds® IF E,
A, Dg,C,,® IF E,

Logical rules.

in succedent in antecedent
_ Ay, T'IF By AlF A, By, ' IF Ds
- T'IFA— Bsg, A — Bg, AT IF Ds

Provided o #£ 0, « C 5, a &€ § for Cs € T'.

TFA, TI-B, Ay, T IF D;
= T I (A&B), (A&B).,T IF D;
B.,TIF D;

(A& B),, T IF Dy
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y 'l A, A, T'lFDs  B,,T'IF Ds
- TIF(AVB), (AV B)a, I'IF Ds
'+ B,
I'l-F(AV B),

AlFCs  Cs,TID,

Cut
ATIFD,

A Cut-Free Reformulation. R/

The following changes are made to the first formulation.

Weakening:
I'lIF Dg .
_— C
C. T D, provided a C 9
F=
A, I'IF Bg
I''FA— Bs_,
provided a # 0, a C 3, o disj (3, for Cs € T
=k

I A, Baig, I'IF Ds
A— Bg, I' - Ds

Cut is omitted.
Lemma 34. IfI' IF Ds and C, € T' then a C 6.

Proof. Proof is by induction over the rules. The one case that is not immediate is —IF.
Suppose C,, € I'. Then v C 3. But also ae C 3 and « disj 7; hence v C 8 — . n

Theorem (Elimination theorem for R). If AIF Cs and Cs,T' Ik D, then AT IF D.,.

Proof. Cut may be replaced by the following rule Mix:

AlM; 2D,
Asy i, (M),

where M; € ¥ and sequence Xy, is obtained from ¥ by suppressing all occurrences of M;.

Cut follows from Mix, and thus:

AlFCs  Cs Tl D,
ATc, F D,
ATIFD,

Mix
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by weakening, since, by a premise , § C 7.

Sk D,
AFMs My, Sy, F D,
A, Sy, I D,

Proof that all cases of Mix may be eliminated follows Kleene [?, p. 54 ft]. Kleene’s
definition of rank is applied: M is replaced by Mjs in the definitions since Mj is now the mix
formula.*

The case structure of the double induction is same as in Kleene, but some cases treated
by Klenne no longer occur in a simpler formulation. In some remaining cases subscript

induction has to be established. The mix to be established is written:

MM, SIkD,
I, %y, - D,

or briefly
Sh S
S3
where M; € 3.
A. Preliminary cases
Case la. Ms € II. If C, € II then, in view of S1, a C ¢, since My € ¥, § C v; so a C 9.
Hence Sj arises from Sy by weakening.

Case2a. does not occur, but case 2b does:—

® IF D, )
MkDps, My,@iFD, . "hMe®
I, @, IF D, Mix

Since II I My, if C, € II, a C ~. Thus the proof figure may be converted to eliminate Mix,
thus:

@ IFD,
I, @, - D,

T (@M5 - @)

B. Further cases. These cases differ from those in Kleene in only the matter of showing that
relevant conditions are satisfied. Main examples:—

B1, where rank is 2.

Case 3

Ao, I Boig
IIFA— By

T A, Bays LI Ds
A— B/g, I'IF D5 .
M.TIF D, Mix

(with conditions)

45There may be an addition cut off at this point.
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Since aw C B+ a C 0 the figure may be amended to (after change of subscripts perhaps)

TlFAy  Ag I Boyg
T, 1a, IF Bays Bass, T IF Dy
10, g, IF Ds
LT IF D,

X

X

B2, where rank exceeds 2.
B2.1, the left rank > 2. So Mj; occurs in the antecedent of at least one of the premises for
the inference of S;

Case 4a. S} is by an antecedent structural rule §.

Case 4.()
®) similar
kA, '+ B, Ao, T'IF Ds Hence o C &
TIF (A%B)., (A&B)., T IF Dy © =
T.TIF D Mix
Alter to
Im+-A, A, TIFDs
ILT, F Dy . =
" Aa 7 O C
0TI D, using a C ¢
Case 5 @
- A, I, A, Ik Ds [, B, Ik Ds diti
I (AV B), [,AV DB, IF D, __ I conditions
ILT IF D, X
Alter to
mEA, T,A,lF D;s
T4 IFDs X
m Since « Q )

Thus all conditions are met automatically.
Case 3: General Form
A ILIE Doy L' A, Byip, I'IF Ds
IIIFA— Bg A — Bg,T'IF Ds
II,T IF D
By hypothesis there is a proof without mix of A,,II IF B + v+ 5, where £ disj v for

X

every Ce € II. If C, € II for some C choose a new distinct subscript n and change « to
7n throughout the proof of A,, Il IF B, 3. As for lemma 35 in Kleene the new figure is a
proof. The procedure eliminates all occurrences of « from II’s subscripts. Finally v to «
throughout the proof figure. Then the same figure as before, only relettered, provides a proof
of Ay, I Ik B,yp, satisfying the conditions for I-—.

Then the figure on the left is replaced by the figure on the right.
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10, I Mg I, -M; SID
7(5 Y M
1T - M 2Dy I, %y, F D, =
11, %y, IF D, = 11, %y, IF D,

In case the rule § is weakening by C,, note that a C § C ~, since My € ¥. The new
figure reduced the rank of the mix by one.
Casella: S; is by a one premise logical rule L, either IF—, & IF, of IF V. Since the formulation
is singular and the left rank > 2 only the following case can occur with A, = A, of B,. It

is altered as shown on the right.

A L Ao, TIFM;  SID,
(A&B)., T I M, SIFD, Ao, T, S0, IF D,
(A&B)a, T, Sy, I+ D, = (A&B)o,T, Sy, - D,

Mix

& IF

Case 12: 5] is by a two-premise logical rule L, either —I of V I since I+ & is impossible.
V IF:

A TIEM;  B.TEM;
(AV B)o, T I M; Sk D,

(AV B)o, T, Sy IF D, Mix
Alter to the following figure which reduced the rank of the mix.
Ay, T IF Ms X+ D, _ B,, T I+ Mg X+ D,

Mix

Mix

A,.T, S, IF D, BoT. 5 F D,
(AV B)a,T. S, IF D,
Ik
Tl Ay Buys, T - M
A5 By T M, L swp,
A By T, S F D, Mix
Alter to:

Bass, Tl Ms  SFD,

Tl A, Bass: T, %0, F D,
A= By, I,T, 5y, IF D,
A= By, T, %y, IF D,

B2.2: The right rank > 2, so My occurs in the antecedent of it before one of the premises for
the inference.

Cases 4b and 10b: S5 is by an antecedent structural rule . The figure is amended as on the
right.

Australasian Journal of Logic (15:2) 2018, Article no. 3.3



271

> - D, My S FD,
nFM, =D, O I, %1, IF D, Mix
LS., FD, M LSy, F D,

In case Mj; is an interchanged or contracted formula in application of 0, 3y, is Xz, and the
last § step is unnecessary. In case some formula C,, not Mj, is introduced by application of
0 then o C 7, so § can be applied after mix.
Case 11b: S5 is by a one premise logical rule L. The rule has the form

AT QA

=L, 0 IF Q=

where each of Ay, Ay is either a side formula of empty and one of =,=; is the principal

formula while the other is empty, and at best one of 2 and Ay and of €2 and =5 is empty.
Subcase 1: =Z; is not Mg, so Ms € T'.
AT IFEQ, =
IT I+ Mg =2, T Q=
) Eh FMg H_ Q) EQ

Mix

The altered proof figure is:

MMy, ALTQA,
LAy, Do IF A, VX
A IL Ty, IF QL A,
=1L Ty, F O, 55
.5, Doy, - O, 55

The new mix is of rank one less than the original. It remains to show in case L in —IF that

I

for each C¢ € II £ disj o, where Ay = A,. By 51, £ C o and by the original premise for
application of L, § disj « since My € I'. Hence & disj a.

Subcase 2: = is M;. Then =, is empty, 2 is D, and Ay is empty. Also A; is not M;, so
M;s € T'. (Thus L can only be & IF, but the more general case is given to reduce later new

cases in extensions of R*.)

AL T IFE D,
IT I+ M Ms,T'IF D, )
Mix
IL, Tpg IF D,y
Alter to:
IT IF M AL T IFE D, )
Mix
I, Ay, T'ay IF D,
A IL Ty, IF D,
IT I+ M M5 1L, Ty, - D, _
Mix
IL 1L, Ty I D,
II, Tp, IF D,
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Casel2b: S, is by a two premise logical rule L. The rule has the form

AH, ' QA12 A21, 'l QAQQ
=.TIFQ, 5,

Subcase 1: =; is not Mg, so Ms € T'.

AH, '+ QAlg Agl, '+ QAQQ
I IF M; =T IFQ, =,

1,2, Ty, IF Q, 5, X
The amended proof figure is:
ITIF Ms A, T QA Mi ITIF M;s Ao, T IFQ, Ags Mi
I Ay, Dagg I A 5 T, Agy, Ty IF Ags .
All; H7 PM(; I+ A12 A217 H? PM(S I+ A22
21, 1L Doy IF 9, =
IT, =1, Ty, IF Q2,2
Subcase 2: = is Ms. The case reduces to
A, T'IF D, Aoy, T'IF D,
IT - Ms M;, 'l D, ‘
Mix
I, Ty IF D,
Ms € T' (The rule can only be IF V.)
The amended proof figure is:
IT I Ms A, T'IF D, . IT I M;s Aoy, T'IF D, .
M A, T D, Mix I Apr, Toy F D, X
s 43115, L M o' I y 43215 4+ M v
A IL Ty, IF D, Aoy 11, T'ay, IF D,
ITIF M;s Ms, 11, Ty, I D, .
Mix
ILIL, Ty I D,
IL Ty I D,

Corollary 10.
(i) R} proofs without cut have the subformula property.
(i) The separation theorem holds.

(11i) The decidability theorem holds.

Weakening is available in a form which does not affect Kleene’s cognation class argument.

(In fact in /R weakening is available with qualification.)

Theorem (The Elimination Theorem for R} (without cut)).
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Proof. Proof is as for R}, except that in B2.2 it is assumed both that the right rank exceeds
1 and that the left rank = 1. In this way the restrictions on IF— needed in case 11b are
guaranteed by the form of Sj. n

Theorem (Equivalence Theorem for R* Systems).

iff I+ Ag in | R

Proof. One half amounts to direct demonstration of the axioms of R*; for modus ponens
follows using Cut and adjunction follows from I- &. For the converse the sequent I' I- As of
the Gentzen system is interpreted as I' IFg As, i.e. as an RT-proof of As from hypotheses
I'. Then the axiom scheme holds, and in the case of each rule, if the premises hold the
the conclusion holds, using the deduction theorems already established, & their corollaries.
Hence, if IF Ag in R} then there is an R™-proof of A from null hypotheses, so Fr A. m
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A Cut-Free Formulation [0 R/

The following rules are added to R}

AaTIFDs
OA, T IF D

OT - Dy

Or - op, " H

I is the sequence of subscripted wif forms by prefixing [J to each wff in sequence T'.
Lemma 35. IfT' I Ds and C, € ', then a C 9.
Theorem (Elimination theorem for OR]).

There are the following new cases.
B1, where rank is 2.

Case 6:

O - C, C,,T I+ Ds
OIFOC,  OC,TIF Dy

OIL T IF Ds Mix
Amend the figure to:
OIT - C, C,,T'IF Ds .
O T Ik Dy =
B2, where rank exceeds 2.
Case 11a: Only the following new case can occur.
Ay, T IF Mg Ok
OA,, T IF Ms XI-D, '
OA..T, %y, IF D, Mix
Amend to
Ay, T'IF Mg XI-D, .
A, T.5y, FD, M
O+

OA,, T, %y, IF D,

Case 11b: Already treated generally: except one case.6

Casellb subcase 1: My € I'; so My is LINs. The proof figure to be amended is:

46The corollary following these subcases was originally put after this line. I have moved the corollary to
after the subcases for convenience. Routley had “see pl0”, the next page, at the location of this footnote.
In moving the corollary I have obviated the need for this reference.
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ar - D,
nr-oN, orrop, "5
ILOCoy, FOD, X

Case a: The left rank is 1. Then Ny must have been introduced by I L. Thus II is of the
form [J@#H). The proof figure is amended as follows:

O® - 0ON;  OCIF D,
O0®, Oy, IF D,
0@, Oloy, IF 0D,

Mix

=0

Case b: The left rank exceeds 1, so > 2, is already treated under B2.1

Corollary 11. Separation & Decidability theorems for QR , and hence for ORT.

Gentzen Forms of ET

Add to the forms for R™ the further proviso on IF—. Provided every member of I' is a
subscripted entailment.
The elimination theorem holds (for case B2.2, assume also that left rank = 1).
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Cut Free Formulations of Parts of P

() Pr*
| Formulation 1|, Axiom C, IF C,

Structural rules: Contraction and interchange (as for RT)

I'IF Ds

m Weakenlng

provided a C ¢

Logical Rules:

T'lF Ay Bays T IF Dy
— Ik
A— B/g, I'I- D5

provided max(a)> max(f3)

A, T I By
T'IFA— By,

[-—

provided a # 0, a < 3, and for C5 € '
a disj 6 and max(«) > max(0).

Lemma 36. IfT'IF Ds and C, € I then
(i) « C6
(i1) maz(a) < maz(d)

New details in the elimination theorem.

(i) For —. In cases 12a and 12b the restrictions in the original figures carry over to the
amended figures. In case 12b subcase 1, the further restriction on — I is derived thus. For
Ce € 11, max(§) < max(d) by the premise S;. But M5 € I' so max(«) > max(d; hence ()
> max(§).

| Formulation 2| As per above but
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(a) proviso on weakening removed

(b) IF— replace by [the] following rule

Ao, T I By
TlFA— By,

[F—

provided « # 0, max(«) € S,
and max(a) > max(d) for C5 € I.

Since rule elimination theorem holds, P; is... the methods of Kleene.*
(I) Pie

Add to the formulations the subscripted rules for &. Everything holds
(III) P*.

Add to Pre* the subscripted rules for V.

Then everything holds but the equivalence theorem. It breaks down because I have not

been able to prove primeness, i.e. (here).
(7') if F,Aﬁ H—p 05 and F,B/g H—p 05 then F(A V B)ﬁ “—p 05

There is a Gentzen formulation using primeness in the form I have managed to establish,

but then the proof of the elimination theorem breaks down.

47Cut off of page
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Covering Note Confidential

There are several gaps in the argument, and no doubt many invalid moves — I should be
grateful if you would point out all those you think I have failed to see. The chief gaps &
deficiencies are these:

1) A proof of the following primeness theorem is still outstanding in the area of E and P:
If v, A, IF Cg and v, B, IF Cp then 7, (AV B), IF Cs.

2) A separation theorem for the positive logics of R, OOR, E and P is still lacking. I've
put very little work into looking for one: The lack of one is symptomatic of the next.

3) The lack of a satisfactory treatment of negation. Two reasons:
i) an inadequate logic of negation

ii) The implication evaluation function is not quite right. There are clearly lots of varia-

tions on the implication rule with the right sort of features.

I started out e.g. with the following functions:

h(A — B, Hy) = T iff for every Ho, Hs if Hy R(H, H3) and h(A, Hy) = T then h(B, H3) = T.
h(~ A H)=Tiff (A, H*) =F.

Then the condition for contraposition is the not unpleasing : if H R(Hy, Hs) then HR(H5, HY).
But the conditions for implication theorems get quite complicated. It should be possible to
guess a suitable simplification. An improved implication rule might enable a solution of 1)
too. For all the trouble. ..%®

4) The later parts — §6 on — are sketchy and even transparently deficient, but I would
hope the deficiencies & gaps can be repaired when other problems (1)& 3)) have been solved.

5) The simple rule for negation on the right:

If ~ A, is in the right of H put A, on the left appears to work fine, but I haven’t been
able to show its adequacy. But its mate for negation on the right would sanction Disjunctive
Syllogism, if in any case it is not adequate for that thorn Contraposition.

6) I'm still unhappy about disjunctions behavior in {— & f} formulations of R. There’s
more to this than has met my eye.

7) All of my “proofs” that simplified models will work for R have broken down. I now
think a proof will result using the methods of the sketchy §7: at least it seems to follow that
models for R* may be simplified as in §2.3.

8) The basic idea of §8, which I have only in rough form, is that deductive tableaux
rewritten, from bottom to top, provide a Gentzen cut-free proof method. Thus completeness
follows using an interpretation theorem for the Gentzen system. You'll see how the positive

Gentzen systems look in §9.

48Cut off page.
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Transcriber’s Note

In transcribing this work of Routley’s, I have taken the liberty to correct a couple obvious
typographical errors. In each case I have added a footnote indicating the correction. Fur-
thermore, the only corrections I have made are small, but significant, errors; e.g. writing
a € V when he means o ¢ V.

All of the footnotes in this document are my own, and they take note of various things.
Some examples include the material of Routley’s (single) footnote and notational alterations
I have made to ease the transcription to ITEX.

I have used the latex citation in place of Routley’s [ | notation. The result, however, is
very similar.

There are a number of words that I have been unable to decipher. Some of these words
were guessed at, and other I have marked with an underlined blank space. In each case there
is an accompanying footnote.

My recreation of the example tableaux in section 6 leaves a lot to be desired. Below is a

copy of the tableaux from Routley.

BT A, l,y,ﬂ;.;—ae/s”'.:e.,.__g =A,
| ,

oy

— NSO(]’[’ N/'?Y 2

In formatting the document I have tried to balance the formatting, and formatting notes,
of the original with considerations for readability.

—Nicholas Ferenz
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