Boolean Conservative Extension Results for some
Modal Relevant Logics

Epwin D. MARES*

PairosopHY PROGRAMME
AND CENTRE FOR LoGIc, LANGUAGE, AND COMPUTATION
VictoriA UNIVERSITY OF WELLINGTON

Edwin.Mares@Ovuw.ac.nz

Koj1 TaANAKA

PuirosopaYy DEPARTMENT
UNIVERSITY OF AUCKLAND

k.tanaka@auckland.ac.nz

Received by Greg Restall
Published September 22, 2010
http://wuw.philosophy.unimelb.edu.au/ajl/2010
© 2010 Edwin D. Mares and Koji Tanaka

Abstract: This paper shows that a collection of modal relevant logics are conser-
vatively extended by the addition of Boolean negation.

1 DEDICATION

This paper is dedicated to the memory of Bob Meyer. Bob was our friend and
colleague. We miss him greatly.

2 INTRODUCTION

This paper is a sequel to {12}. That paper is concerned with modal relevant
logic, in particular logics close to Meyer’s system NR. NR was first developed
as a tool to analyze the logic of entailment. The notion of entailment had been
formalized by Anderson and Belnap in logic the logic E (for ‘entailment’) that
had a conditional that incorporates both the notion of a relevant connection
between antecedent and consequent and the concept of a necessary connection

*Our greatest debt, of course, is to Bob Meyer who formulated the central question of the
paper and discussed it with Mares a great deal back in the early 1990s. In addition, we thank
Dov Gabbay, Hans-Jirgen Ohlbach, Rob Goldblatt, Jill LeBlanc, Greg Restall, John Slaney, and
Richard Sylvan for discussions related to this problem.
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between the two. It is, in short, the relevant version of strict implication.
This dual nature of entailment, however, suggests that the two notions can
be separated, using a contingent relevant implication and a necessity operator.
Taking up this suggestion, Meyer created NR, which combined the logic R (the
logic of contingent relevant implication) with the modal logic S4. But it turned
out that the fragment of this logic that is supposed to mimic E—conjunction,
disjunction, negation, and necessary relevant implication—is slightly stronger
than E.

NR turned out, however, to be interesting in its own right. Its approach to
combining relevance and modality has been adopted and generalized by several
authors (see, e.g., {2] and {g]). It is the ancestor of today’s relevant temporal
logics {zall, relevant deontic logics {3]l, and relevant counterfactual logics (see
[2D, and so on. One such related logic is R4. R4 differs from NR in that it
contains all instances of the following scheme:

() O(AV B) — (OA VOB)

The original interest in adding this scheme is the 0, A, V, — fragment of the
resulting logic is just S4. Thus, from the point of view of R4, we might think of
S4 as a good logic—it is only deficient in that it does not have a real implication
connective.

In the previous paper, we did not discover whether CR4—R4 together with
a boolean negation—is a conservative extension of R4. And this paper will not
provide an answer to this question either. But it will look at several other sys-
tems very close to R4, that include the scheme (!), and prove that the boolean
extension of each of these is conservative.

The original motivation for relevant logic is to avoid the paradoxes of impli-
cation, some of which essentially involve negation, such as ex falso (p A—p) —
q). To avoid these paradoxes, relevant logic replaces boolean negation with a
weaker DeMorgan negation. So, the question arises, whether the addition of a
boolean negation will affect the rest of a relevant logic—will it alter the proper-
ties and relationships between implication, DeMorgan negation, and the other
connectives? In 13} and {141 Meyer and Routley discovered that boolean nega-
tion can be conservatively added to R. This did not turn out to be the case,
however, for NR {1z} or E {g]. So, it seems that at least some modal relevant
logics are fragile when it comes to the addition of a boolean negation. The for-
mula that was used to prove that CNR and CE are not conservative extensions
of their non-boolean kin is

—0O(AVB)V (OAV OB).

This formula is a theorem of CNR and CE but not of NR or E. It is, however,
a theorem of all of the systems that we examine. This is one reason why the
question that we are solving is interesting.
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Another motivation for this paper comes from proof theory. In {3} and {15},
J-M. Dunn and Grigori Mints present sequent calculi for R that have two sorts
of structural connectives—extensional and intensional connectives. Nuel Bel-
nap has adopted and generalized this idea in his display logic. Belnap uses not
only structural connectives that correspond to conjunction and disjunction,
but he also employs structural negations. The advantage of having a boolean
(or extensional) structural negation is that it can be used together with exten-
sional conjunction and disjunction in versions of the antilogism rule, such as

Ao.BFC and AFBo,C
AF %:,Bo, C Aog*.BFC’

where o, is the extensional conjunction or disjunction (depending on whether
it is on the left or right side of the turnstile) and *. is the extensional structural
negation. Belnap has used the Routley-Meyer proof of conservative extension
to prove that this use of extensional negation is harmless. To do this, he uses
the fact that proofs in his display logic can be translated straightforwardly into
valid proofs in the Hilbert system for CR (see [1} §62)

3 Tue Logics

The logic that we use as our base logic is called R.K~. The minus sign indicates
that the following thesis of R4 is missing from R.K™ (and from all the other
logics that we examine here):

O(A — B) — (OA — [OB).

The reason that we do not include it is that its associated semantic postulate]?]
cannot be proven to hold in the canonical model of section [6] below. Whether
the logics that include this thesis (as well as () and the other axioms of our
base system) are conservatively extended by the addition of boolean negation
is still and open question.

Although the loss of O(A — B) — (JA — [B) clearly weakens the logic,
it does not do so very much. All the logics that we examine are closed under
the rule RM, that is, - A — B =— + A — B and contain the thesis
(DA AOB) — O(A A B). Together with some standard R-moves we can prove
(O(A — B) ATJA) — OIB.

The language L contains a non-empty set of propositional variables, the
unary connective —, the binary connectives /\, o (fusion or intensional con-
junction), and —, and parentheses. Standard formation rules hold. We also
define the following connectives:

AV B =4 =(-A A—B)

In the case of E, whose boolean extension is not conservative, Belnap uses another method.
The use of conservative extension results is not essential, but very convenient.

*Which is 3x(Rabx A Sxc) = IxFy(Sax A Sby A Rxyc), and is known, for obvious reasons,
as “Hume’s dictum”.
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A—B=g4t((A—=B)A(B— A))
QA =qf LA
AoB=4f ~(A — —B)

The following is an axiomatization of R.K™:

AX10M SCHEMES

L ASA
2. A= (B—=C)—(B—=(A—-C)

3. (A—=B)—=((B—C)—(A—=C))

4 (A—(A—B)) = (A—B)

5. A= (AVB); B— (AVB)

6. (AAB) = A; (AAB) — B

7. (A= CA(B—C))— ((AVB)—C)
8. (A—B)A(B—C)) — (A— (BAC))
9. (AA(BVC))— ((AAB)V(AAC))
10. ——A & A

1. (A ——B) — (B — —A)

12. (JAAOB) — O(A AB)

13. O(AV B) — (OAVOB)
RuULESs

FA—B
FA MP)
.FB
FA
- B _
FAArp AD
FA—B

+HOA — OB RM)
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A Neo

S FOA
We can extend R.K~ by the addition of any subset of the following list
of axiom schemes and the conservative extension theorem will hold of the
resulting logic:

SCHEME NAME
OA — OA D
OA — A T

OA —-0O0A 4
A — O0A B

In what follows we make use of the following lemma.

LEMMA 1 The following are provable in R K :
@ (B—=C)V(D—E))—=((BAD)— (CVE))
(@) ((A—B)AA)— B;
@) (A—B)— (A — (AoB));
@) (A—(B—C))— ((A—B)— (A—C));
@) A— (B— (AoB));
@) (A —(B—C))— ((AoB) — C);
(wit) (A — —A) — —A;
(vizi) AV —A.

Proof: Straightforward. ]

4 NorMAL THEORIES

In this section we prove that R. K™ and the other logics are characterized by
the class of their prime consistent theories that contain all their theorems.
The proof is by means of Meyer’s method of metavaluations. A metavaluation
is a process whereby we take a prime theory containing all the theorems of
a logic and shrink it to a consistent such theory. But before we can explain
properly what a metavaluation is, we to give some definitions and to prove a
tew lemmas.

Where T is a set of formulas, ¥ ~r A iff JA;...A, € ¥3By...B,, €
A((AfA---ANAL) — (B3 V---VBn) € T). A set of formulas X is said to
be a I'-theory if, for any formula A, if £ Fr A, then A € L. X is said to be prime
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if for any disjunction AV B € L, at least one of A or B is in L. And a pair
of sets of formulas (X, A) is called /ndependent if * ¥ A. A theory is regular
if it contains all the theorems of R. K™ and it is normal if it is prime, regular,
and negation consistent. Where T is just the set of R. K~ theorems, we call
I'-theories ‘R.K™-theories’ or merely ‘theories’. If (2, A) is R. K™ -independent,
then we merely say (X, A) is independent’. We only use the notion of inde-
pendence, not the more general notion of 'independence in this section, but
when it comes to proving completeness we will need the more general notion.

The following lemma is the standard Lindenbaum lemma for relevant log-
ics, due originally to Dov Gabbay and Nuel Belnap.

LEMMA 2 If T is a regular R K™ theory and (L, A) is T-independent, then there is a
prime theory X' extending X such that (X', A) is T-independent.

We now prove some preliminary lemmas.

LEMMA 3 If T is a prime theory and there is a OA € T but no OB is in T, then for all
Sformulas C,0C € T.

Proof: Suppose that T is a prime theory and there is a JA € T but no {B is in
. By axiom 5, A — (A V C) and so by RM, A — O(A V C). Moveover, by
axiom 15, J(AV C) — (OAVOC) and so JA — (OAVIOC). Since T is a theory,
QA V OC eT. But, by hypothesis, OA ¢ T'. Since I" is prime, OC € T O

As usual, we define T to be the set of all formulas A such that JA €T
and O~ 'T to be the set of all formulas B such that OB € T.

LEMMA 4 If T is a prime theory, then OA € T iff for all prime theories T such that
O 'rcrco ' Acr.

Proof: = obvious.

<« Case 1. Suppose that there are no formulas B such that 0B € . Then
there are no theories that are a subset of O~ 'T. But by Lemma [3] for every
formula COC eT.

Case 2. There is at least one formula B such that ¢B € TI".Suppose that CJA ¢
r. Let Ar = {AJU{B : OB ¢ T'}). We show that (0T, Ar) is independent.
Suppose not. There there are some Gi,...,Gn € O~ 'Tand By,...,By, € {B:
OB ¢ T} such that (Gy A---AGn) — (AV BV ---V By,) is a theorem of
R.K~. Then, by the rule RM, axioms 3, 13, 14, 15 (and a few applications of
modus ponens), J(G1 A---AGn) — (HAV OBy V.-V OBy,). Thus, since I
is a prime theory, either JJA € T or at least one of ¢B1,...,0By isin I'. But,
by hypothesis, none of these formulas are in I and so by reductio we conclude
that (07T, Ar) is independent as required.

By Lemmal2] we can expand 07T to a prime theory I such that (I, Ar) is
independent,ie. 0" ' T C T C O~ 'Tand A ¢ I, O
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Now we can give the definition of a metavaluation and proceed to the main
part of the proof.

DEFINITION § (Kripke Metavaluation) For a regular prime theory I', we define
=m as follows: (Mp) for all propositional variables p, I' =m p iff p € T; (MA)
Fem AABIMIT Em Aand T =m B; M) T =m —A iff () ~A € T and
@Wr¥Em A AM—=)TEm A - Biff ) A — B € I'and (i) either ' Fpm A
or Em B; MO) T =m DA ff VO(TMI® = © E=m A) (where Tm IO iff
O-'rceco .

This notion of a metavaluation is named after Kripke because it in effect
constructs a Kripke model out of the set of prime regular theories and reduces
the whole set simultaneously to normal theories.

We now prove that for each regular prime theory I', M(T') ={A: T =m A}
is a normal theory. It is clear from (MA) that M(T") is negation consistent,
(M) indicates that it is closed under conjunction, and (M—) entails that it is
closed under modus ponens. But we still need to show that it is a prime, regular
theory:.

Following standard practice in relevant logic, we define ' ={A : =A ¢ T'}.
The following lemma can be proven in exactly the same was as it is in {8}

LEMMA 6 Let T be a prime regular theory, then T* C M(T") C T

Lemma [6] proves that M(T") is negation complete. For suppose that A ¢
M(T'). Then, by Lemma A ¢ T*, so by definition of x, ~A € I'. Hence by our
hypothesis and (M—), ~A € M(T).

Lemma |6 also allows us to prove that M(T") is prime. For suppose that
AV B € T and suppose that A ¢ M(T') and B ¢ M(T"). Then, —A € T and
—B € T. So, by M—), ~A € M(T") and =B € M(T"). By (MA) ~A A—B € T. But,
by hypothesis and the definition of V, =(—A A —B) € T, contradicting the fact
that M(T") is negation consistent.

Axioms 1-11 can be proved to hold in M(T') just as in {8}. We need to show
that axioms 12 and 13 also hold in metavaluations.

LEMMA 7 If A is an instance of axiom 12 or 13, then T \=pm A, where T is a regular
prime theory.

Proof: (Axiom 12) Let A be (OB AOC) — O(B A C). Since T is regular, A € T.
Now we suppose that ' =pg OBADOC, thatis T =p OB and T =pm OC. So, by
(M0D), for all T’ such that TmTT, T Em B and 7 =m C. Thus, for each such
I, T"E=m BAC. Soby MO) T'=pm O(BAC). So T'=m (OBADOC) — O(BAC).

(Axiom 13) Let A be OBV C) — (OB V OC). Since T is regular, A € T.
Now we suppose that I" =p O(B V C). Thus, by (MD), for all for all I such
that T\I'T’, T" =m BV C. Since I is prime, either I’ E=pm B or such that
TmITY, T l=m C. If for at least one such I"' TV =pq B, then T =p OB and
hence I' Epm OBV OC. If, on the other hand, there is no I’ such that I E=pm B,
then all of them are such that I’ =p C and so, by (MO), ' =np OC and hence
'em OBV OC. ]
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LEMMA 8 (2) If for all prime regular theories T, A — B € M(T'), then OA — OB €
M(T); () #f for all prime regular theories T, A € M(T'), then DA € T.

Proof: (i) Suppose that or all prime regular theories I', A — B € M(T"). Then for
allsuchT, A — B € 'and if ' =pm A, then T =p B. Now, consider an arbitrary
prime regular theory © such that © =p OA. Then for all = such that T\ OZ,
= E=m A. Hence, = =m B for all such =. Therefore, by Lemma ® =m OB,
and so ©® =y OA — OB.

(ii) Follows directly from Lemma O

THEOREM 9 R.K™ 75 characterized by the class of its normal theories, that is, g - A
ff A is in every normal theory of R. K.
5§ SIMPLIFIED SEMANTICS

The semantics that we will use is a version of the simplified semantics. The
simplified semantics for relevant logics started out as a semantics for the
boolean extensions of relevant logics. Hence, it was originally called a “boolean
semantics”. We will use the name simplified semantics, due to {16]}, because we
wish to show that the non-boolean logic R. K™ is complete over it. We will
then use this fact to prove that the boolean extension is conservative.

But, before we present the simplified semantics, we will present the stan-
dard (or “non-simplified”) model theory. An R.K™ frame is a structure F =
(W,0,R, S, %) such that W is a non-empty set (of “worlds”), 0 is a non-empty
subset of W, R C W3, S C W2, and * is a unary operator on W, such that the
following definitions and semantic postulates hold:

a<b=4¢ Ix(x €0 A Rxab)
Tab =4¢ Sab A Sa*b*

SP1 Raaa

SP2 Rabc = Rbac

SP3 3Ix(Rabx A Rxcd) = Ix(Racx A Rxbd)
SP4 < is a partial order

SPs (a < b ARbed) = Racd

SP6 (a < bASbc)= Sac

SP7 Rabc = Rac*b*

SP8 a** =a

SP9 Sab = Ix(x < b A Tax)
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SP1o (a€0 A Tab)=be0

An R.K™ modelis a pair (F,v), where ¥ is an R. K™ frame and v is a function
from propositional variables to sets of worlds closed upwards under <. v is
extended to a satisfaction relation =, (written merely as ‘=" when no confusion
will result) according to the following inductive definition:

e akpiffaev(p)
caEFAABiffaEAandakEB

cakE—-Aiffa* KA

aEA—Biff ¥xVy((Raxy A x=A) =y E B)

e aEDAiff x(Sax = x = A)

A formula A is valid on a model if forall a € 0, a = A.

A hereditariness theorem holds of all R. KX~ models. That is, if a = A and
a < b, thenb = A, for all formulas A and all worlds a and b.

The following lemma is useful when proving soundness results:

LEMMA 10 (Semantic Entailment) Let M = (W,0,R, S, x,v). Suppose that for all
aeW,ifak A, then al=B. Then, A — B is valid on M.
A simplified R K™ frame is an R. K™ frame that obeys the condition SPrr:

SPma<b=a=b

In other words, in simplified frames (and hence in simplified models) the par-
tial order on worlds is an antichain.

In R. K™ models, the defined relation T acts like a modal accessibility rela-
tion in Kripke’s sense. Whereas the derived truth condition for ¢ is

a k= QA iff Ix(Sa*x A x* = A)

we can prove that
akE QA iff Ix(Tax A x = A)

as well as
aEOAffYx(Tax = x EA).

We can, with a few modifications, eliminate S in favour of T and make our
semantics much more Kripkean {77]. But in simplified models S collapses into
T, and we get the Kripkean truth conditions automatically.

The following theorem was proven in [12}. We repeat the proof here be-
cause of its importance for our completeness proof.
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THEOREM II (Clustering) If a € 0, Rabb, and Rbcd, then Racc and Radd.

Proof: Suppose that a € 0, Rabb, and Rbcd. Then, by SPs, there is some world
x such that Racx and Rxbd. But, by SP11, ¢ = x, so Racc. By SP7, Rbd*c*, so by
SPs again there is a world x such that Rad*x and Rxbc*. But by SP11, d* = x,
so Rad*d*. Therefore, by SP7 and SP8, Radd. O

This theorem tells us that around each base world there are a cluster of
other worlds that are closed under the implications of the base world. Each
cluster is closed under R. Our canonical model incorporates this closure in its
construction. Moreover, the following theorem tells us that worlds can belong
to only one cluster.

THEOREM 12 Ifa,a’ € 0, Rabb, and Ra’bb, then a = a’.

Proof: Suppose that a,a’ € 0, Rabb, and Ra’bb. By SP2, Rba’b. So, there is a
world x such that Rabx and Rxa’b. Thus, by SPs, there is a world y, Raa’y and
Rybb. By SP11,y = d’. So, Raa’a’. By SP2, Ra’ad’, and so a < a’. By SPii,
a=ad. O

In addition to the clusters, we have an elegant embedding of an S4 model in
each simplified R.K~ model. Suppose that M = (W, 0,R, S, x,v) is a simplified
R.K™ model. Let M’ = (0,(T [ 0),(* [ 0),v'), where v/(p) = v(p) N 0. In
addition, let L~ be the implication free fragment of £. Then, we can extend V'
to a satisfaction relation I between worlds in 0 and formulas of L~ that obeys
the same clauses as those for R. K™ models. First, we can show that for any
a €0, alF—Aiff a¥ A. For, suppose that a € 0. By SP1, Ra*a*a*. Then, by
SP7 and SP8, Ra*aa. By SP2, Raa*a and so, by SP11, a = a*. So, a IF —A iff
a ¥ A. That T | 0 is reflexive and transitive is easy to show.

We constrain frames to accommodate our other logics in accordance with
the following correlations between schemes and semantic postulates:

SCHEME NAME POSTULATE
OA — OA D IxTax
OA — A T Saa
OA — OOA 4 (Sab A\ Sbc) = Sac
A — OOCA B Tab = Tba

For soundness arguments for these schemes see {4} and [6].

Edwin D. Mares and Koji Tanaka, “Boolean Conservative Extension Results”, Australasian Journal of Logic (8) 2010, 31-49


http://www.philosophy.unimelb.edu.au/ajl/2010
http://www.philosophy.unimelb.edu.au/ajl/

http://www.philosophy.unimelb.edu.au/ajl/2010 41

6 COMPLETENESS

The completeness proof makes use of the clustering theorem [11f above and a
trick from {17} The idea is that our canonical model is made up of a set of
clusters. Each cluster is centred around a normal theory. In terms of the impli-
cational R accessibility relation, the clusters are independent of one another.
Worlds from one cluster are only related to worlds in other clusters by means
of the modal S accessibility relation. Now, once we have isolated a cluster, we
make use of the trick from {17]. The idea is that each base world is duplicated
by a non-base world. That is, each normal theory is a base world, but also, in a
separate guise, acts as a non-base world. We put special restrictions on the way
that base worlds behave with regard to the R accessibility relation in order to
verify that the canonical model is a simplified model. These restrictions would
make the truth lemma (Lemma 24 below) extremely hard to prove. But having
a doppelganger for each base world that behaves without the special restric-
tions allows us to prove it easily. For this reason we take a base world to be
a pair of (I',0) where T" is a normal theory. The pairing with 0 marks it out as
a base world. A non-base world is a pair (X,T), where L is a prime I'-theory
and I is a normal theory. Thus, in the cluster around (T, 0) we also have its
doppelganger (', T'). The reason that we take a non-base world to be a pair of a
prime theory and a normal theory is that the normal theory indicates to which
cluster the world belongs. For consider the empty theory (). It is a '-theory for
every normal theory I. Thus, in the canonical model we have (), T") for each
suchT.

In order to set out our canonical model, we need a few more definitions.
We define a fusion operator on pairs of sets of formulas 2, ©, such that 200 =
{B: JA(A - B €L A A €0)}. LoO is so-to-speak the modus ponens closure
of Z and ©. Where I is a normal theory and X, ©, = are sets of formulas, RrXZO=
if and only if for all formulas A and B,if X -r A — B and © -1 A, then = k- B.

Our canonical model is a structure My = (W,0r,R¢, Sy, *1,vL) where
the members of My have the following definitions. Where 717 is a projection
function such that 717 (X,Y) = X,

* Or is the set of pairs (T, 0) where I" is a normal R.K™ theory;

* Wr = {(£,T) : where X is a prime I'-theory and I'" is a normal R.K™
theory} UOg;

* Va,b,c(Wi\0r) € Rpabc < dr(a=(X,T) Ab=(O,) A c=(ZT) A
o@ CZ)

e if a € 0r: Rrabc iff b,c are a-theories and b = c¢; Rybac iff b, c are
a-theories and b = ¢; Ry bca iff b, ¢ are a-theories and b = ¢*L;

3This is a weak completeness proof. As is well known, R is not strongly complete over the
simplified semantics {18].
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*ifacOr,thenSiabe (be0p A (O 'aCbC O 'a));
e ifa¢0,Stabe 0 'aCbC O Ta;

*Vae Wi\0) (a=(L,T) = a"t =({A: A ¢ a},));
* Vae O a*t =q;

*vi(p)={aeWr: pem(a)}l

Here O 'a={A: DA em(a)land O Ta={A: QA € m;(a).
In order to show that this construction is legitimate, we need to show the
following:

LEMMA 13 If T is a regular R K~ theory and L. is a T-theory, then L* ={A : ~A ¢ X}
is also a T-theory.

Proof: Suppose that T is a regular R. K™ theory and X is a '-theory. Assume
that Be 2*and B — C € T. Then, B ¢ X and -C — B € T. So, =C ¢ %,
hence C € I*. Therefore, generalizing, Z* is a '-theory:. ]

LEMMA 14 If T is @ normal theory, then any prime theory L such that 07T C £ C
O T is also normal.

Proof- Suppose that T is a normal theory, £ is a prime theory, and 0T C
L C O~ 'T. Because R.K™ is closed under the rule of necessitation, for every
theorem A, DA € "and so A € L. Thus, X is regular. In addition, ~0(A A —A)
is a theorem of R. K™, so ~0(AA—A) € I"and, because I" is negation consistent,
O(AA—A) ¢T. Since £ C O~ 'T for no formula A, (A A—A) € L. Thus, I is
also negation consistent. Therefore, X is normal. O

We now show that the canonical model is a simplified R.K™ model. Some-
times, for the sake of brevity, instead of specifying, for example, that a = (X, T)
and saying A € X or writing A € 7 (a) (where 7; is a projection function), we
will merely write ‘A € a’. Similarly, we write a C b instead of 711 (a) C 7y (b).

LEMMA 15 If £ and © are R K~ theories and = is a prime T-theory such that Rr LOZ,
then there are prime T-theories ' and ®' such that *. C Y/, © C ©', and RrL'O'Z.

Proof: Suppose that ~ and © are R.K ™ theories and = is a prime I'-theory such
that RrZOZ=. Let Ay ={B — C: B ® A C ¢ Z}. It can be seen that (£, Ayx)
is T-independent. For suppose that there are B — C,B’ — C’ € Ay such that
LFkr (B— C)V (B — C’). Then, by Lemmai, SFr (BAB) — (CV ).
Neither C nor C’ is in = and both B and B’ (and hence B A B’) are in © by
the definition of Ay. Then, contrary to our assumption, it would not be that
RrZOZ. Thus, we can extend X to a prime I'-theory X’ such that RrX'OZ=.
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Now we extend O to a prime I-theory ©' such that RrZ'O'=Z. Let Ag = {A :
JB(A - CeX A C¢Z).. We can see that (©,Ap) is M'independent. For
suppose that © Fr (A V A’) for some A;A’ € Ag. Then there are C,C’ ¢ =
such that A — C € X’ and A’ — C’ € X’. Then, by axioms 5 and 7, (AV A’) —
(CV (') € ¥'. Since = is prime, CV C’ ¢ =. Thus, it cannot be the case that
RrZ'OZ=. So, (0, Ag) is '-independent. Now we extend © to a prime theory ©
such that RrZ'©’Z ending the proof of the lemma. O

We begin by showing that SP11 holds, because proving this makes it redun-
dant to show that SP4, SP5, SP6, and SP9 hold, since they follow automatically
from SPi1.

LEMMA 16 (SP13) For all worlds a and o in Wy, a <p biffa=b.

Proof: < trivial. = Suppose that a <t b, i.e. there is a world x in 01 such that
Rpxab. Then, by the construction of the canonical model, a = b. O

We also prove SP7 and SP8 out of order because we assume them in later
lemmas.

LEMMA 17 (SP7) Rpabc = Rpac*tb*L,

Proof: Suppose that Ry abc.

Case 1. a,b,c ¢ Or (so b*L,c*t ¢ 0). Suppose that A — B € aand A € c*t.
Then, —~A ¢ c. But, by axioms 12 and 13, =B — —A € a. So —B ¢ b, hence
B € b*t. Generalizing, Ry ac*tb*L.

Case 2. a € 0. Then, by the construction of the canonical model, b = ¢
and R; ab*tb*t.

Case 3. b € 0r. Then, a = ¢, so Rpaba. Moreover, b = b*L and by the
definition of Ry, Ry aa*Lb.

Case 4. ¢ € 0r. Then, a = b*t and ¢ = c*t. By the definition of R, Ry aca,
i.e. Rpac*tb*t, OJ

LEMMA 18 (SP8) For all worlds a in Wy, a*1*L = a.

Proof: Case 1. a € Or. Then a*t = a, by definition. Case 2. a ¢ 0. Suppose
that A € a*t*t. Then, ~A ¢ a*L, so —A € a. By axiom 12, A € a. Suppose
now that A € a. Then, by axiom 12 —A € a. So, ~A ¢ a*t and ——A € a*L*t.
Hence by axiom 12 A € a*t*t. O

LEMMA 19 (SP1) For all worlds a in Wi, R aaa.

Proof: By Lemmaii, F ((A — B)AA) — B. So, suppose that A — B € a and
A € a. Then, B € a. Generalizing, a o a C a, hence R aaa. O

LEMMA 20 (SP2) For all worlds a, b and c in Wy, if Ry abc, then Ry bac.
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Proof: Suppose that Ry abc. By the construction of the canonical model, there
is some normal theory I" such that a = (X,T), b = (©,T), and ¢ = (Z,T) and
L 00 C =. Now suppose that A — B € @ and A € L. By axiom 3, (A — B) —
B € L. So, since Lo® C Z, B € =. Generalizing, o L C =. So, by the definition
of R]_, RLbac. L]

LEMMA 21 (SP3) If there is a world x such that Ry abx and Ryxcd, then there is a
worldy such that Ry acy and Ry ybd.

Proof: Suppose that there is a world x such that R abx and Ry xcd.

Case o. None of a,b,x,c,d are in Or. By the construction of the canon-
ical model, there is a normal theory I" such that a,b,x,c,d are all based on
I'-theories and ao b C x and x o ¢ C d. We show that (aoc)ob C d. Suppose
that C € (aoc)ob. Then thereisa B € b such that B — C € aoc and so there
isan A € c such that A — (B — C) € a. By axiom 4, B — (A — C) € a. Then,
since aob C x, A — C € x. Moreover, since xoc C d, C € d. Generalizing
(aoc)ob C d. Now, by Lemma we can extend a o ¢ to a prime [-theory
such y that Ryybd and Ry acy.

Case 1. a € Or. Then, x = b. So we have R abb and Ry bcd. But, by the
construction of the canonical model, R acc. Moreover, by Lemma R cbd.
Hence there is a world y such that R; acy and Ryybd.

Case 2. b € 0r. Then a = x and we have R{aba and Rracd. By the
construction of the canonical model, we have R{bdd and, so by Lemma
Rp dbd. But we already have Ry acd, so there is a world y, namely d, such that
Rracy and Ryybd.

Case 3. x € Op. Then b = a*t and d = ¢*t. That is, R aa*x and Ry xcc*t.
Let x = (I',0) and let X’ = (I',T"). By the construction of the canonical model,
Rraa*x” and Rpx’cc*t. The rest proceeds as in the other cases.

Case 4. ¢ € Or. Then we have x = d and R abd. By the construction of
the canonical model, we know that Ry aca. Thus, there is a world y, namely a,
such that R; acy and Ry ybd.

Case 5. d € 0.. Then we know that x = ¢*I so we have R abc*t and
Ric*tcd. So, by Lemma |20, we know that R acb*t and, by the construction
the canonical model, Rib*tbd. So, we have a world y, namely b*t, such that
Rracy and Rpybd. O

LEMMA 22 Forall a € Wy, and all formulas A, B, A — B € aiff forallb,c € Wy,
ifRiabcand A € b, then B € c.

Proof: = by definition of Ry .

<« Suppose that A — B ¢ a. Case 1. a € Or, that is, a is (I, 0), where T’
is a normal R.K™ theory. Then, ({A},{B}) is l'-independent. So, by Lemma
there is a prime '-theory b that contains A and does not contain B. Since b is
a prime I'-theory, Ri abb.
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Case 2. a ¢ Or. Let a = (£,T). Then (a o {A},{B}) is I'-independent, for
if a o {A} Fr B, then there would be a formula C such that A — C € a and
C — B € T. Butsince a is a I'-theory, A — B would be in a, contrary to the
hypothesis. By Lemmalzlwe can extend ao{A} to ©, a prime '-theory that does
not include B. Let us call (©,T), c. So now we have RrZ{A}O where £ and ©
are prime -theories. So, by Lemmal|i5] there is a prime '-theory = extending
{A} such that RrX=0. Let us call (Z,T), b. So we have Ry abc. ]

LEMMA 23 For all a € Wy, and all formulas A, OA € aiff for allb € Wy, if Sy ab,
A €b.

Proof: = By definition of Sy.

< Suppose that A ¢ a. Let us set A = {AJU{B : OB ¢ a}.
(0~ 'a,A) is independent. For suppose that 0~ 'a F¢ k- A. Then, we would
have Cy,...,Cn € O 'aand By,...,Bym € Asuch that - (C; A--- A Cyp) —
(AV By V-V Bn). By necessitation and the distribution of necessity over
implication, we then get - O(C; A--- A Cp) = OAVB; V.-V By). But
FOAVBV:---VBy) — (AVOB V-V OBn), so we have - O(Cy A
~ACn) — (HAVOB1 V- - VOB ). But O(Cy A---ACr) € a, by hypothesis
and axiom 18, so (JAV OB; V ---V 0By,) € a. Moreover, a is prime, so we
have OA € a or {B; € q, or...or OB, € a. But none of these formulas is in a.
So, by reductio, (0~ 'a,A) is independent. Then by Lemma we can extend
O~ 'a to a prime RK ™ theory X such that LN A = (.

Now we construct a normal theory I' such that I is a I'-theory. Let I be
the set of R.K~ Theorems. Then, we know that RrT'XX. By Lemma there
is a prime extension I'"" of " such that R ["XX. In [8]}, moreover, it is shown
that each prime regular R K™ theory has a normal theory as a subset. Let us
call a normal theory contained in ', I'. Then RpTZE. Now we set b = (Z,T).
Thus, there is a b in W such that S;aband A ¢ b. ]

Now we can prove the usual truth lemma.

LEMMA 24 (Truth) For all worlds a € Wy and all formula A, a =1 AiffA € a.

Proof: By induction on the complexity of A.

Case 1. A = p. By definition of =1 .

Case 2. A =B AC. Easy.

Case 3. A = BV C. By the inductive hypothesis and the primeness of
worlds.

Case 4. A = B — C. By the inductive hypothesis and Lemma 22

Case 5. A = B. By the inductive hypothesis and Lemma 23| O

THEOREM 25 For all formula A, by x— A iff for all R K~ models M, M = A.

Proof: = by soundness. < Suppose that for all R. K™ models M, M = A. The
canonical model is an R.K~ model. Thus, M; = A. Then, by Lemma |24}
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A € T for all normal theories I'. By Lemma (o} if A is in every normal theory,
then Fr k- A. ]

7 BOOLEAN NEGATION

The point of the completeness proof is to aid in proving that the addition
of boolean negation to R.K™ yields a conservative extension. First we add
boolean negation, ~, to our language, creating L~. We construct a boolean
extension, CR.K™, of R. K™ by adding the following axiom scheme

C1 A— (B— (CV~C))
C2 A — (~(B—C)V (~BVC))
C3 (AA~A)—B

C.4 O(AA~A) > B

Cs A —O(BV~B)

A CR.K™ model is just a simplified R. K™ model. The difference between
the semantics for the two logics (and two languages) is that the satisfaction
relation is slightly different. To mark out the difference with R. K™, we use I+
for a CR.K™ satisfaction relation. The definition of IF agrees with its corre-
sponding = on all clauses except, of course, that the definition for |- has an
extra clause for boolean negation, that is,

alF~A iff a ¥ A.

The notion of validity remains as it is for R K.
We first prove soundness.

THEOREM 26 (Soundness) Every instance of axioms C.1-C.5 are valid on all simpli-
fied models for CR. K.

Proof: We note first that A V ~A is true at every world and that A A ~A fails
at every world.

C.1. Suppose that a |- A and that Rabc and b I B. As we have noted,

¢ IF C V ~C. Hence, by the truth condition for implication, a |- B —
(CV ~C) and, by Lemmalto} A — (B — (C V ~C)) is valid.

C.2. Suppose that a |- A. Also assume that a ¥~( B — C),i.e,, al- (B — C).
By SP1, Raaa, so either a ¥ Bor al- C, thatis a l-~B VC. Hence a IF~(
B — C)V (~B V C). Thus, by Lemma(io] A — (~( B — C) V (~B V C))
is valid.

4The first three of these are taken from {11}
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C.3. (A A ~A) is never true at any world. So, vacuously, by Lemma
(A A~A) — Bis valid.

C.4. Since (A A ~A) is never true, nor is O(A A ~A), so O(A AN ~A) — B is
valid.

C.s. O(B V ~B) is true at every world, hence A — J(BV ~B) is valid. ]

Now we prove conservative extension.

LEMMA 27 Let F be a simplified R K~ frame and = an R K~ valuation and |- a
CR.K~ wvaluation on F such that for all propositional variables p and all worlds a in
E a Ik piff a = p. Then for all formulas A not containing boolean negation, a |- A iff
a = A, for all worlds a.

Proof: By a simple induction on the complexity of A. O

THEOREM 28 Let A be a formula not containing boolean negation. Then, Fcg x- A
ik A

Proof: < by the fact that all the axioms of R. K™ are axioms of CR.K™ and the
rules of R.K™ are all rules of CR. K.

= Suppose that g - A. Consider the frame J1 of the canonical model.
Let us construct a canonical CR. K™ valuation, IF;. We set a I p iff a =1 p,
for all worlds a and all propositional variables p. Then, by Lemma 27, we have
a Iy Biff a =1 B for all formulas B not containing boolean negation. Consider
one such formula A that is not a theorem of R K™~. By Lemma g} there is a
normal theory I" that does not contain A. By the construction of the canonical
model, (I, T) € Or. By Lemmalzg] (I'T) ¥ A. So, (I'T) ¥ A. Thus, A is not
CR.K™-valid. So, by theorem Fcerk- A. O

THEOREM 29 The boolean extension of any of the extensions of R. K~ by any collection
of the schemes D, T, 4, and B is conservative over the corresponding non-boolean logic.

Proof: Follows directly from the completeness theorem for the logic in ques-
tion and Lemmalfz7] O

Thus we have proven that CR.K™ is a conservative extension of R.K™.

Extending this proof to the other logics is straightforward.
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