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Abstract: The theory of equivalential deductive systems, as introduced by Prucnal
and Wronski and further developed by Czelakowski, is abstracted to cover the
case of logical systems formalized as m-institutions. More precisely, the notion of
an N-equivalence system for a given 7-institution is introduced. A characteriza-
tion theorem for N-equivalence systems, previously proven for N-parameterized
equivalence systems, is revisited and a “transfer theorem" for N-equivalence sys-
tems is proven. For a 7-institution J having an N-equivalence system, the maxi-
mum such system is singled out and, then, an analog of Herrmann’s Test, charac-
terizing those N-protoalgebraic 7-institutions having an N-equivalence system, is
formulated. Finally, some of the rudiments of matrix theory are revisited in the
context of m-institutions, as they relate to the existence of N-equivalence systems.

I INTRODUCTION

One of the major accomplishments of the modern theory of abstract algebraic
logic, as developed by Czelakowski, Blok and Pigozzi and Font and Jansana
among others, has been the classification of sentential logics in different classes
of an abstract algebraic hierarchy, whose various steps reflect the amenability
of the logic to algebraic study techniques. The logics at the bottom steps of the
hierarchy are loosely connected to their algebraic counterparts whereas those
in higher steps have stronger connections. The stronger the connections, the
more the conclusions that may be drawn on metalogical properties possessed
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by the logics by studying corresponding algebraic properties of classes of alge-
bras forming their algebraic counterparts.

In this abstract algebraic hierarchy, known also as the Leibniz hierarchy,
the class of equivalential logics {18} 6] lies between the classes of protoalge-
braic logics {2} and algebraizable logics {3} 14} [13} 16l}; algebraizable logics are,
in fact, exactly those logics that are at the same time equivalential and weakly
algebraizable:

algebraizable
equivalential weakly algebraizable

protoalgebraic

Equivalential logics were first introduced by Prucnal and Wronski {18]} and
they have the honor to be the first class of logics in the abstract algebraic
hierarchy to be singled out during the early days of the history of abstract
algebraic logic (see {11]). They were later studied in great detail by Czelakowski
in {6}}.

A (sentential) logic or deductive system § is a pair § = (L,C), where L is a
set of connectives or operation symbols (depending on whether the point of
view is logical or algebraic, respectively) and C : P (Fmg (V)) — P (Fmg (V))
is a finitary and structural closure operator on the set Fmg, (V) of L-formulas
built out of a fixed, denumerable set of variables V. According to the original
definition, a logic § = (L, C) is said to be equivalential if there exists a set
E (p, q) of L-formulas in two variables p, g, such that, for all ¢, x,{ € Fmg, (V),

1. E(d, ) C C(0),
. E(,¢) C C(E(d,V)),
. E(d,x) € C(E(d,¥) UE (W, X)),

E (7\ (q?) A (113)) C C (Ui E(di, 1)), forall A € £, n-ary,
and all $, ¥ € Fmg (V)™,

5. b e C(E(D,¥) U{d)).

Later, it was shown that Conditions 1,4 and 3, above, suffice and a set
E (p, q) satisfying these three conditions is called an equsvalence for 8. It may
be shown that E (p, q) is an equivalence for § if and only if, for every $-matrix
A= (AF)andall a,b € A,

[

W

+

(a,b) € Qp (F) iff E(a,b) CF
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where, by Q, (F) is denoted the Leibniz congruence of F on 4, i.e., the largest
congruence on the algebra A that is compatible with the filter F.

Several characterizations exist of equivalential logics. According to one
(Theorem 3.2.1 of {7]), a logic 8§ is equivalential iff it is protoalgebraic and the
class Mod (8) of its matrix models has the Q-extension property, i.e., for every
8-matrix 9t and every submatrix 91 < 90, the Leibniz congruence Q (M) is the
restriction of the Leibniz congruence Q (91) to M. A second one (Theorem
3.2.8 of [7]) states that § is equivalential iff the class Mod* (8) of its reduced
matrix models is closed under the formation of o-filtered subdirect products.
Yet another (Theorem 3.3.4 of [7D), perhaps the best known, states that 8 is
equivalential iff the Leibniz operator is monotone and commutes with inverse
substitutions on the theories of 8. Finally, 8 is equivalential iff the Leibniz
operator is o-continuous on the lattice of S-filters on any L-algebra (Theorem
3.3.6 of {7). Corresponding results exist also for characterizing the class of
finitely equivalential logics, i.e., those logics that are finitary and possess a finite
equivalence E. Czelakowski in {7} presents a variety of examples of equivalen-
tial logics from the realm of modal logic, tense logic and dynamic logic. The
reader is encouraged to consult these examples and to compare the equivalen-
tial with the other classes of logics in the abstract algebraic hierarchy:.

The classification of the various logical systems into the classes of the Leib-
niz hierarchy was originally accomplished only for sentential logics. Logics
with multiple-signatures and quantifiers, such as multi-signature equational
and first-order logic, can be handled in this context but in a rather inelegant,
clumsy way. Their handling presupposes first their transformation into senten-
tial logics via an ad-hoc process. The original theory has also the limitation
that it cannot handle directly logical systems whose syntax is not string-based.
These shortcomings motivated an effort to develop an analog of the theory
that deals with the algebraization of m-institutions instead of sentential logics.
T-institutions are more general structures that encompass sentential logics as
well as a wide variety of logics with multiple signatures and quantifiers and also
other logical systems with more abstract syntactic apparatuses. See {19, 20} for
more details on the limitations of the sentential logic framework that led to
this more general institutional-based approach and also for examples of alge-
braization processes using this newer, more powerful machinery.

Recently, the operator approach to abstract algebraic logic, that led to the
classification of sentential logics in the various classes of the abstract alge-
braic hierarchy, has been carried over to the context of m-institutions in the
series of papers [21]-32]}, via the introduction of a categorical Tarski operator
[21l, generalizing the Tarski operator of Font and Jansana {1c]. Based on this
work, a categorical Leibniz operator was introduced in {27} and the class of
N-protoalgebraic m-institutions was formed and studied in some detail. 28]}
complements and builds further on the work of {27}. Moreover, in {31} the
class of N-weakly algebraizable 7-institutions was defined, in the same frame-
work, this time taking after the definition of the class of weakly algebraizable
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sentential logics by Czelakowski and Jansana {8]. Looking at the diagram of
the lowest classes of the abstract algebraic hierarchy, presented above, the only
class an analog of which has not yet been studied in the categorical framework
is the class of equivalential logics. The goal of the present work is to begin that
study.

As is the case with sentential logics, the key notion in the study of equiv-
alentiality is that of an equivalence system. N-equivalence systems are in-
troduced and studied in Section 3. It should be mentioned that they form
a special case of the N-parameterized equivalence systems of {28}, being N-
parameterized but without parameters. Thus, some of the results presented in
Section 3 are special cases of results presented in {28} and, as a consequence,
are given without proofs.

In Section 4, the study of N-equivalence systems is continued, but the re-
sults presented have a close relationship with applications of the theory of
the N-Leibniz operator to m-institutions. A feature result here is Theorem [i3)
which characterizes the largest N-equivalence system of a 7-institution that
possesses one. Another interesting result, Theorem [15] is an analog of Her-
rmann’s Test ([16]}, see also Theorem 3.3.3 of {7D), that characterizes equivalen-
tial sentential logics inside the wider class of protoalgebraic logics. In the last
two main results of Section 4, it is shown, roughly speaking, that having an
N-equivalence system implies monotonicity and “commutativity with inverse
translations" of the N-Leibniz operator and also its p-continuity under suitable
cardinality restrictions.

Unfortunately, as was the case with many of the results pertaining to N-
protoalgebraicity and N-weak algebraizability, many of the characterization
results from the sentential framework seem to only yield necessary but not
sufficient conditions in the 7-institution context. This leads, in Section 4,
to the introduction of two classes of N-equivalential 7t-institutions. The, so-
called, syntactically N-equivalential, containing those m-institutions having an
N-equivalence system, and the semantically N-equivalential, characterized by
monotonicity and commutativity with inverse translations of the N-Leibniz
operator on the lattice of theory families of the 7-institution.

In the last section, some of the rudiments of the theory of logical matrices
are revisited in the context of 7-institutions. The matrices adapted in this
context are called N-matrix systems. Some of the results presented in Section
3 are recast in terms of N-matrix systems.

For all unexplained categorical terminology and notation the reader is re-
ferred to any of {1, [5, 17l. For the definitions pertaining to institutions see
{12, 131, whereas m-institutions were introduced in {g}. For background on the
theory of abstract algebraic logic and a more detailed discussion of the classes
of the abstract algebraic hierarchy, some of which were mentioned in this in-

troduction, the reader is referred to the review article {x1], the monograph {rc}
and Czelakowski’s book {7].
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2 A FEW PRELIMINARIES

Before proceeding with the main developments, we remind the reader of two
of the basic notions that form the framework in which our studies will take
place.

Recall that a m-institution {9} is a triple J = (Sign, SEN, C), where

(i) Sign is a category, whose objects are called signatures.

(i) SEN : Sign — Set is a set-valued functor from the category Sign of
signatures, called the sentence functor and giving, for each signature Z,
a set whose elements are called sentences over that signature £ or X-
sentences.

(i) Cyz : P(SEN (X)) — P(SEN (X)), for each L € [Sign|, is a mapping,
called Z-closure, such that

(@ ACCs(A),forall Z €[Sign|, A C SEN (X),
(b) Cs(Cs(A))=Cs (A),forall L [Sign|, A C SEN (X),
(©) Cx(A)C Cx (B), forall X €|Sign|, A C B C SEN (LX),

(d) SEN () (Cx, (A)) C Cx, (SEN (f) (A)), for all ;, %, € [Signl,
fe Sign (Z1 , Zz), A C SEN (Z] )

Recall also from {27} (this is a corrected version of the original definition
given in [21]) that, given a sentence functor SEN : Sign — Set, the clone
of all natural transformations on SEN is defined to be the locally small
category with collection of objects {SEN* : « an ordinal} and collection of
morphisms T : SEN* — SENP B-sequences of natural transformations T; :
SEN® — SEN. Composition

e 0;:) <
SEN® — P e 055 <) SENY
is defined by

(oj:j<y)o(tizi<PB)=(o5((ti:i<PB)):j<v).
A subcategory N of this category containing «// objects of the form SEN* for
k < w, and all projection morphisms p** : SEN* — SEN, i < k, k < w, with
p&t:SEN (2)* — SEN(Z) given by
p¥t (§) =i, forall &eSEN(D)Y,

and such that, for every family {; : SEN* — SEN : i < 1} of natural transfor-
mations in N, the sequence (t; : i < 1) : SEN* — SEN" is also in N, is referred
to as a category of natural transformations on SEN.
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Given a functor SEN : Sign — Set, a collection 6 = {0x}sc|sign|, such
that 05 is an equivalence relation on SEN (X), for all X € [Sign|, is called
an equivalence family on SEN. If, in addition, for all £;,X, € [Sign],
f € Sign(Xy,X,), O satisfies SEN (f)? (0s,) C 03,, then 6 is said to be an
equivalence system on SEN. If N is a category of natural transformations
on SEN and an equivalence system 6 on SEN satisfies, for all o : SEN™ — SEN
in N, all X € |Sign| and all bo,VPo,...,dn_1,Pn_1 € SEN (L),

<¢i>¢i>€9>:>i<n» lmply <GZ (d)O)--')q)TLf])aO—Z (11)0)-“»1[)1171» 692)

then 6 is a said to be an N-congruence system on SEN.

Let J = (Sign,SEN, C) be a m-institution, with N a category of natural
transformations on SEN. An N-congruence system 6 on SEN is said to be
a logical N-congruence system of J if, for all £ € [sign| and all b, €
SEN (Z), (¢, V) € 05 implies that Cx (¢) = Cx (). It was shown in {21} that,
under the signature-wise inclusion <, the collection Con™ (9) of all logical N-
congruence systems of J forms a complete lattice Con™ (J), whence, there exists
a largest logical N-congruence system of J, which is denoted by QN (J) and is
called the Tarski N-congruence system of J.

Given a m-institution J = (Sign,SEN, C), as above, with N a category
of natural transformations on SEN, recall from {26} that a collection T =
{Tx}scisign of subsets Tx € SEN(X),X € [Sign], is called an axiom system
of Jif

SEN (f) (T);]) - T):z, forall X;,X;¢ \Signl,f € Sign (Z9,%7). 69)

An axiom system is called a theory system {23} if, in addition, Ts is a Z-theory,
for every L € [Signl|. To refer to a collection T = {Tx }s¢|sign| Of subsets Tx C
SEN (X) that do not necessarily satisfy Condition (1) we will use the term axiom
family (and theory family, if Ts is a Z-theory, for every L € [Sign)).

The collection ThFam (J) of theory families of a r-institution J ordered by
signature-wise inclusion forms a complete lattice ThFam (J) = (ThFam (J), <)
and the same holds for the collection ThSys (J) of all theory systems under
signature-wise inclusion <. Moreover it is not very hard to see that ThSys (J)
forms a complete sublattice of ThFam (J).

An N-congruence system 6 on SEN is said to be compatible with the
axiom family T, if, for all X € [Sign|, 05 is compatible with Ts in the usual
sense, i.e., if, for all £ € |Sign|, ¢, € SEN (X),

(b,) €0x and ¢ €Ty implies Ve Ts.

It was shown in Proposition 2.3 of 27] that there always exists a largest N-con-
gruence system on SEN that is compatible with a given axiom family T. It is
called the Leibniz N-congruence system of T and denoted by QN (T).

In {27} Leibniz N-congruence systems are used to define the notion of an N-
protoalgebraic m-institution. Namely, a m-institution J = (Sign, SEN, C) , with
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N a category of natural transformations on SEN, is said to be
N-protoalgebraic if, for every theory family T = {Ts}scisign of J, every
Y € [8ign| and all ¢, € SEN(X),

(0, ¥) € ON(T) implies Cx(Tsx U{dp}) = Cs (T U{P}).

In Lemma 3.8 of {27], it is shown that a 7-institution J = (Sign, SEN, C), with
N a category of natural transformations on SEN, is N-protoalgebraic if, for all
T, T’ € ThFam(J), we have that

T<T' implies QMN(T)<QN(T),
p

i.e., if and only if the N-Leibniz operator on the collection of all theory fami-
lies of J is monotonic. Some other equivalent conditions are provided in {27],
which also studies some additional properties of N-protoalgebraic m-institut-
ions. A further study of N-protoalgebraicity is contained in {28} and the inter-
ested reader is advised to consult these two references.

3 N-EQUIVALENCE SYSTEMS

In this section, equivalence systems for 7-institutions will be introduced taking
after the systems of equivalence sentences of {7} (see also {18} and {6]). These
systems are special cases of the parameterized equivalence systems, which were
introduced in {28} for the m-institution framework, following preceding work
on sentential logics in {f}. Some results, that are either special cases of or paral-
lel results presented in {281, will be proved for m-institutions with equivalence
systems, the so-called syntactically equivalential 7-institutions. In the next
section semantically equivalential r-institutions will be introduced, based on
properties of their Leibniz operator, and it will be shown that syntactic equiv-
alentiality implies semantic equivalentiality. The converse implication does not
seem to hold in general in the m-institution framework, despite the fact that,
as will be pointed out later when all relevant definitions are in place, it is true
in the sentential logic framework.

DEFINITION I Suppose that J = (Sign, SEN, C) is a 7-institution and N a
category of natural transformations on SEN. A collection E = {e' : i € I},
with €' : SEN? — SEN in N, for all i € I, is said to be an N-equivalence
system for Jif, for all o : SEN™ — SEN in N, £ € [Sign|, ¢, € SEN (X),
$,VP € SEN ()™ and all theory families T of J,

I. EZ (Cb) d)) g CZ (Q)’
2. T (Vi) (VF) <Ez/ (SEN( )2 )) C Ty ), then

(d1, 0 Te/
(vF) (Ex/ (SEN(£)? (o5 (6) 05 (¥))) S Tor).

3. ¢ € Tr and (Vf) (E;/ (SEN( )2 (q),q))) c Tz,> imply € Tz,

|ﬂv
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where (Vf) is an abbreviation (Vf) := (VX' € |Sign|) (Vf € Sign (X, X')).

Let J = (Sign,SEN, C) be a m-institution, with N a category of natural
transformations on SEN, E a collection of natural transformations SEN? —
SEN in N and T € ThFam (J) a theory family of J. Define the relation system
E(T)={Es (T)}ZE‘Sign‘, by setting, for all X € [Sign]|,

Es (T) = {(¢,¥) € SEN (£)” : (%) (Ex/ (SEN (f)? (¢,9)) € T )}

As in Proposition 4.1 and Corollary 4.2 of 28], we obtain the following
proposition stating that, if E (T) happens to be reflexive, then it includes the
N-Leibniz congruence system corresponding to T.

PROPOSITION 2 Let J = (Sign,SEN, C) be a m-institution, with N a category of
natural transformations on SEN, E a collection of natural transformations SEN* —
SEN in N and T € ThFam (J). If € (T) is a reflexive relation system on SEN, then
ON(T) <E(T).

Proof- If £ € [Signl|, ¢, € SEN (X), such that (¢, ) € QN (T), then, we have,
by the N-congruence system property of QN (T), that, for all £’ € |Sign|and all
f € Sign (X, X’), SEN ()% (¢, V) € QN (T). Thus, by the N-congruence prop-
erty of QN (T), we get that, for all e € E, <€Z’ (SEN(f)2 (P, d))) ,

ex (SEN(f)2 (¢,¥))) € QN (T), whence, since, by the reflexivity of E (T),
ex' (SEN (1) (¢, ) € Ty, we obtain, by the compatibility of ON (T) with T,

that ey (SEN(f)2 (¢,¢)) € Ty, ie., that (¢, ) € Ex (T). Hence QN (T) <
E(T). 0

The analog of Corollary 4.2 of {28} now says that, in case E (T) happens to
be an N-congruence system on SEN that is compatible with T, then it necessar-
ily coincides with the N-Leibniz congruence system QN (T). It is an immediate
corollary of Proposition

COROLLARY 3 Let J = (Sign, SEN, C) be a m-institution, with N a category
of natural transformations on SEN, E a collection of natural transformations
SEN? — SEN in N and T € ThFam (J). If E (T) is an N-congruence system on
SEN that is compatible with T, then E (T) = QN (T).

It is stated, next, that, if E is an N-equivalence system for J, then E (T) is in
fact an N-congruence system on SEN that is compatible with T, for every the-
ory family T of J. This result summarizes Lemmas 4.3, 4.4 and 4.5 of [28]} in the
special case of an N-equivalence system (without parameters). The proof will
therefore be omitted, referring the interested reader to {28} for more details.

LEMMA 4 Let J = (Sign,SEN, C) be a re-institution, with N a category of natural
transformations on SEN, E an N-equivalence system for 3 and T € ThFam (7). Then
E (T) s an N-congruence system on SEN that is compatible with T.
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Corollary and Lemma |4] lead directly to the following theorem, which
is the analog of Theorem 4.6 of [28] in the present setting and characterizes
N-equivalence systems.

THEOREM § LetJ = (Sign, SEN, C) be a m-institution, with N a category of natural
transformations on SEN, and © a collection of natural transformations
SEN? — SEN s N. E is an N-equivalence system for J if and only if, for every
T € ThFam (J), E(T) = QN (T).

Theorem [5] has a series of corollaries.

COROLLARY 6 Let J = (Sign,SEN, C) be a m-institution, with N a category
of natural transformations on SEN and E, E’ two N-equivalence systems for J.
Then, for all theory families T of J and for all £ € [Signl, ¢, € SEN (),

(v) (Ess (SEN (1 (¢, %)) € Ts) « (v) (Ex, (SEN (% (0,%)) C T/} .

Proof: The conclusion follows directly from the observation that, for all T €
ThFam (J), E (T) = QN (T) = E'(T). O

COROLLARY 7 Let J = (Sign, SEN, C) be a m-institution, with N a category of
natural transformations on SEN, and E, E’ two collections of natural transfor-
mations SEN? — SEN in N. If, for all theory families T of J and all £ € [Sign],
¢, € SEN (1),

(v) (Esr (SEN ()2 (6,9)) € Tz ) < (41) (E& (SEN(F)? (0,9)) € T,

then E is an N-equivalence system for J if and only if E’ is.

Proof- E is an N-equivalence system for J if and only if E (T) = QN (T) if and
only if, by the hypothesis, E/ (T) = QN (T) if and only if E’ is an N-equivalence
system for J. O

Given two 7-institutions J = (Sign, SEN, C) and J’ = (Sign, SEN, C’) over
the same sentence functors, such that C < C’, it is not very difficult to see that,
if J has an N-equivalence system E, then E is also an N-equivalence system for
J’.

PROPOSITION 8 LetJ = (Sign,SEN, C), ' = (Sign, SEN, C’) be m-institutions,
with N a category of natural transformations on SEN, such that C < C'. If Eisan
N-equivalence system for J, then E is also an N-equivalence system forJ'.

Proof: Suppose that T € ThFam (3’). Then, since C < C’, T € ThFam (J),
whence, since E is an N-equivalence system for J, E (T) = QN (T). This shows
that E is also an N-equivalence system for J’. O

It is shown, next, that every m-institution J, with N a category of
natural transformations on SEN, that has an N-equivalence system is
N-protoalgebraic.
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PROPOSITION 9 Let J = (Sign,SEN, C) be a T-institution, with N a category
of natural transformations on SEN. 1If I bas an N-equivalence system, then J is N-
protoalgebraic.

Proof: It suffices to show, by Lemma 3.8 of {z7], that QN is monotone on the
collection of theory families of J. Suppose that T, T’ € ThFam (J), such that
T < T'. Then, we have, for all £ € |[Sign|,

M (M) = Ex(T)
= {(&,¥): (V) (Ex/ (SEN () (¢, ) C Ty )}
C (¢, W) : (vF) (Ex (SEN(F)? (,%)) € T4, )3

= Ex(T)

= O (1",

showing that QN (T) < QN (T'). O

We close the section with the formulation and proof of a “transfer theo-
rem" to the effect that an N-equivalence system is carried to an N’-equivalence
system via surjective (N, N’)-logical morphisms.

THEOREM 10 Let J = (Sign,SEN,C),J’ = (Sign/,SEN’ ,C’) be two m-
institutions, N, N/ categories of natural transformations on SEN, SEN', respectively,
and (F, o) : 3)-°°7" a surjective (N, N')-logical morphism. If E is an N-equivalence sys-
tem for 1, then the collection €', corresponding to € via the (N, N')-epimorphic property,
is an N'-equivalence system forJ'.

Proof: The three properties of an N’-equivalence system will be shown to hold
for E’.

Suppose that £’ € [Sign’|, ¢’ € SEN'(L’). Then, there exists £ € [Sign|,
¢ € SEN (X), such that F (£) = X" and a5 (¢) = ¢’. Thus, we have

E5 (¢, d") Efis (az (§), oz ($))
as (Ex (b, d))

ax (Cx (0))

Cix) (o= (0))

— L ).

NN

Suppose, now, that £ € [Sign|, o : SEN™ — SEN is in N and ¢, € SEN (£)™.
Let T be a theory family of ' and recall that, in that case, « ' (T’), defined by

o (T,) :{“E] (TF,(Z)>}26\Sign\>

is a theory family of J. We have, for all i < n and all ¥’ € [Sign|,
feSign (LX), By (SEN' (F(R)® (o (65, 11))) C Ty;5) implies

Efiz (o (SEN (17 (,00)) ) € Tz
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implies a5/ (E;;/ (SEN(f)2 (C])i,ll)i])) - T]é(z,) whence,

Es/ (SEN(f)2 (d)i,tbi)) C oy (TF'(Z’>)‘

Therefore, by the hypothesis, we obtain

Es/ (SEN (07 (05 () 05 (¥))) S 5! (i) -
This implies that

giving that

e (a (SN (o2 (8) o () € T

which implies that

Erz) (SEN'(F(9)* (o (02 (§) 0= (¥)))) € Tz

and, therefore, we obtain the required

Btz (SEN'(F()? (of5) (o (F)) ots) (a2 (¥)))) € Thien
Finally, for the last condition, suppose that £ € [Sign|, ¢, € SEN(Z),

T’ € ThFam (J’), such that o5 () € T]é(z) and, for all £’ € [Sign|, f €
Sign(Z,Z’'),

Efiz) (SEN' (F(£) (o (6,))) € Tz
Then, following the same steps followed above for the proof of the second
condition, we obtain that ¢ € ocg] (T]é( z)) and, for every L’ € [Sign|, f €

Sign(X,%'), Ex/ (SEN(]‘)2 (d),lb)) C oc{) (T]é(z,)>. Therefore, by the hypoth-
esis, we get that 1\ € cxg] (TF’(Z)>,which yields that oz () € TF’(Z). O

Theorem[10] combined with Theorem|s}, allows the formulation of the fol-
lowing alternative criterion for a collection of natural transformations to be an
equivalence system for a given 7-institution.

THEOREM 11 LetJ = (Sign, SEN, C) be a m-institution, with N a category of natural
transformations on SEN, and € a collection of natural transformations SEN* — SEN
in N. E is an N-equivalence system for J if and only if, for all functors SEN’ : Sign’ —
Set, with category of natural transformations N’ on SEN', and all surjective (N,N’)-
epimorphic translations (F, ) : SEN —¢ SEN’, we have E/ (T) = oN' (M), for
all T € ThFaméF’OQ (SEN'), where £’ is the collection corresponding to E via the
(N, N)-epimorphic property.

In Theorem the notation ThFaméF"x> (SEN’) refers to the collection of
theory families of the (F, o)-min (N, N’)-model of J on SEN’. For the defini-
tion of min models and related notation, the reader is referred to {2z}.
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4 N-LEIBNIZ CONGRUENCE SYSTEMS

Let J = (Sign,SEN, C) be a m-institution, with N a category of natural trans-
formations on SEN. Denote by E™ the subcollection of all natural transfor-
mations € : SEN? — SEN in N, such that, for all £ € ISign|, & € SEN (X),

ex (b, ) € Cx (D).

E™ = {e:SEN? - SENinN:
(VZ € [Sign]) (V¢ € SEN (X)) (ex (b, d) € Cs (0))}.

It is shown that the m-institution J has an N-equivalence system E if and only
if E™ is also an N-equivalence system of J. This will immediately yield that E™
is actually the largest N-equivalence system of J in case J has an N-equivalence
system.

THEOREM 12 LetJ = (Sign, SEN, C) be a r-institution, with N a category of natural
transformations on SEN, and E a collection of natural transformations SEN* — SEN
in N. If € is an N-equivalence system for J, then, for all T € ThFam (J), X € [Sign|,
¢, € SEN (1),

(v) (Ex/ (SEN (F)% (¢, 9)) € Ts) = (¥6) (ER/ (SEN (£)% (¢,)) C Ts).

Proof: Suppose that E is an N-equivalence for J. Note that, in this case, for
all £ € [Sign|, d € SEN(X), ex (¢, d) C Cx (0), for all € € E. Therefore

E C E™. This immediately yields that, if (vf) (EZ, (SEN ()* (¢, %)) C Tx/),
then (Vf) (Ez/ (SEN (f)2 (cb,ll))) - Tz/), i.e., the right-to-left implication in
the conclusion.

Suppose, conversely, that (Vf) (Ezl (SEN(]‘)Z ((I),l]))) C Tz/). Then
(¢,P) € Ex (T) and, since E is an N-equivalence system for J, we obtain, by

Theorem [5, (¢, ) € QN (T). Therefore, since QN (T) is an N-congruence
system, we obtain, forall e € E™, X’ € [Sign|, f € Sign(Z,X’),

(es/ (SEN (02 (0, 0)) e/ (SEN ()7 (9,8)) ) € O (T),

whence, since € € E™ implies ez’ (SEN(f)2 (d),d))) € Cz/(0) C Ty, we get,

by the compatibility of QN (T) with T, that ez <SEN ()2 (¢,¢)) € Ty/. This
shows that

(v) (E2: (SEN (£)? (o, 9)) € Tz
and concludes the proof of the left-to-right implication in the conclusion. []

Theorem [12| shows that the property of having an N-equivalence system
may be characterized by the property of E™ being an N-equivalence system.
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THEOREM 13 LetJ = (Sign, SEN, C) be a T-institution, with N a category of natural
transformations on SEN. I bas an N-equivalence system if and only if ™ is an N-
equivalence system for 3. Moreover, in this case, E™ is the largest N-equivalence system

forJ.

Proof: The “if" statement is obvious. The “only if" follows directly from The-
orem|12]and Corollary[7] Finally, the last statement also follows from Theorem
and the fact that, for every N-equivalence system E, every e € E satisfies
ex (b,d) € Cx (D), for all £ € |[Sign|and all $ € SEN (L). d

Next, a characterization of those m-institutions possessing an N-
equivalence system inside the class of N-protoalgebraic 7-institutions will be
provided. The result will form an analog of Herrmann’s Test ({16]; also Theo-
rem 3.3.3 of [7l). To introduce this result, a construction that makes sense in
any 7-institution is needed.

Suppose that J = (Sign, SEN, C) is a m-institution, N a category of natural
transformations on SEN and E a collection of natural transformations SEN? —
SEN in N. For all Xy € [Sign|, ¢, € SEN (Zy), define the theory system

E(Zod) — (g0 ® W)y ) of I by setting, for all £ € [Signl,
E<ZZO,¢,1P> —Cy ({Ez <5EN(f)2 (cp,q))) fe Sign(Zo,Z)}) .

It is not difficult to prove that E(¥0-®¥) s in fact a theory system of J.

PROPOSITION 14 Suppose that I = (Sign,SEN, C) is a m-institution, N a cate-
gory of natural transformations on SEN and € a collection of natural transformations
SEN? — SEN iz N. Forall £, € [Sign|, ¢, € SEN (Zo), E{Z0- 9%} s 4 theory
system of J.

Proof- Since E(o-®¥) s clearly a theory family, it suffices to show that, for all
I,5/ € |Signl, g € Sign(Z,%’), SEN (g) (Ego"b“”) CEZO® ") We have
Lo

z

SEN (g) (E<§°»¢>‘b>)

= SEN(g) (Cs ({Ex (SEN(f)? (¢, 1)) : f € Sign (Lo, 1)}))

C Cy (SEN(g) ({Es (SEN(f)? (¢, %)) : € Sign (Lo, 1)} ) )
= Cs ((Ex/ (SEN(9f)? (6,W)) : f € Sign(Zo,T))

C Cs ({Es (SEN (0 (¢, %)) :h € Sign (%0,')})
E><:Z/0>¢v1|)>

-5/
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O

The framework is now in place in order to proceed with the formulation
and proof of the analog of Herrmann’s Test for 7-institutions.

THEOREM I5 (herrmann’s test) Suppose that I = (Sign, SEN, C), with N a cate-
gory of natural transformations on SEN, is an N-protoalgebraic m-institution, and € a
collection of natural transformations SEN* — SEN in N. E is an N-equivalence system

for 3 if and only if, for all . € |Sign|, ¢, € SEN (X),

Es (0, ) C Cs (0) and (P, ) € QY (E<Z»¢w>). @)

Proof: Suppose that the two conditions in (2) hold for E. By Theorem 5] it
suffices to show that, for every T € ThFam (J), E (T) = Q™ (T).

Suppose, first, that X € [Sign|, ¢, € SEN (Z), such that ($,) € Ex (T).
This implies, by the definition of E (T), that

(v6) (Ex (SEN ()7 (0,)) € Tx).
Therefore,
Crr ({(Es/ (SEN ()% (0,1)) : f € Sign (£,2)}) C Ty

This shows that, for all ' € |Sign]|, Eg:,"b‘w C Ty/, i.e., that (5@ < T,
Thus, by N-protoalgebraicity, QN (E(5:®%)) < QN (T), and, since, by Con-
dition , (o, 9) € QY (E9¥))  we obtain that ($,p) € QY (T). This
concludes the proof that Ex (T) C QE (T) and, this holding for an arbitrary
¥ € [Sign|, we have E (T) < QN (T).

Suppose, for the reverse inclusion, that X € [Sign|, ¢, € SEN (X), such
that (¢,P) € QN (T). Then, since E is a subcollection of natural transfor-
mations in N and QM (T) is an N-congruence system, we get that, for every
Y’ €|Sign|, f € Sign (L, L),

(es/ (SEN(f) (4,)) ,ex/ (SEN (1 (¢,4)) ) € O} (T),

for all e € E. But, by Condition , €5/ (SEN(f)2 (d),d))) € Cy/ (0) C Tygy,
for all e € E, whence, by the compatibility property of QN (T) with T,
€5/ (SEN(f)2 (q>,¢)> € Ty, forall e € E, ie., Es/ (SEN(f)2 (q>,¢)> C Ty,
Since this holds for arbitrary £’ € [Sign| and arbitrary f € Sign(Z,%’), we
obtain that (¢,V) € Es (T). Thus, we have QN (T) C Ex (T). Now £ € [Sign|
being arbitrary, we get that QN (T) < E(T).

Suppose, conversely, that E is an N-equivalence system for J. Since the
first condition in (2) is part of the definition of an N-equivalence system, it
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suffices to prove that the second condition in (2) is also satisfied. By Theo-
rem 5, we have that E (T) = QN (T), for every theory family T of J. In par-
ticular, we obtain that, for all L € [Sign|, ¢, € SEN(I), Ex (EE® V) =
QY (E(59 W) Thus, it suffices to show that (¢, ) € Ex (E(=®¥)) je., that

(Vf) (Ez/ (SEN ()2 (C]),l]))) C Eg‘,‘d)’w). This is equivalent to

ex (SEN(f)z (q>,1p)) € Cyr ({Ez/ (SEN(f)Z (q>,¢)) .f € Sign (z,z/)}) ,

forall e € E, X’ € [Sign|, f € Sign(X,X’). But this is obvious because of the
reflexivity property of C. O

Now consider a m-institution J = (Sign, SEN, C), with N a category of
natural transformations on SEN, a functor SEN’ : Sign’ — Set, with N a cat-
egory of natural transformations on SEN’, and an (N, N’)-epimorphic transla-
tion (F, «) : SEN —%¢ SEN'. Given a theory family T’ € ThFaméF'oc> (SEN’)
of the (F, x)-min model of J on SEN’, recall that the collection o' (T') =T =
{Tx}sc|sign), defined, for all € [Sign|, by Tx = ocg1 (TF’(Z)), is a theory family
of J.

If, moreover, (F, «) : 77’ is an (N, N’)-logical morphism, with F an isomor-
phism, then, given a theory family T € ThFam(J), the collection
C'(x(T)) = T = {Tglsicisign, defined, for all £’ € [Sign’|, by
T, =Cg, (och (£1) <TF71 (Z,)>) is obviously a theory family of J’.

Both ' (T) and C’ (x (T)), as defined above, will be used in the formula-
tion of the following theorem, which forms a partial analog of Theorem 3.3.4

of {7l

THEOREM 16 LetJ = (Sign, SEN, C) be a m-institution and N a category of natural
transformations on SEN. Then the following statements are related by (1 — 2) — 3 —
4:

1. J bas an N-equivalence system E.
2. The collection E™ satisfies Properties 2 and 3 of Definition|i]

3. The N-Leibniz operator QN is monotone on theory families and, for every
(N, N)-logical morphism (F, &) : 3}-°°7, with F surjective,

o 1(QN(M) = QN(a(T)), forall T € ThFam(J).

4. The N-Leibniz operator QN is monotone on theory families and, for every
(N, N)-logical morphism (F, &) : 3}-°7, with F an isomorphism,

«(QN(T)) < QN(C(T))), forall T € ThFam(J).
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Proof:1 < 2 By Theorem [13} J has an N-equivalence system iff E™ is an N-
equivalence system for J. But E™ is an N-equivalence system for J if and
only if it satisfies Conditions 2 and 3 of the definition of an N-equivalence
system, since it automatically satisfies Condition 1, by its definition.

1—3 By Proposition J is N-protoalgebraic, whence QN is monotone on the-
ory families.

Suppose, next, that E is an N-equivalence system for J, (F, «) : 7-°°J an
(N, N)-logical morphism, with F surjective, and T € ThFam(J). Then
~1(T) € ThFam(J) and, for all £ € |Sign|, ¢, € SEN(Z), we have

(&, ¥) € o' (AR (T))
iff (as(d), (1])»6-0- ();)(T)
iff  (V)(Ep /) (SEN(F(f)?(xz (), os (b)) € Tr(z)
it (Vf)(Er(zy ((Xz/(SEN(f)Z( 1)) € Tesn)
iff  (Vf) (s (Ex/(SEN(F)2 (¢, ))CTF ")
iff (Vf)(Ezf(SEN() (b, ) € o (Trs) J)
iff  (d,¥) € QF (« 1(T)).

3—4 Let (F o) : J-°°J be an (N, N)-logical morphism, with F an isomor-
phism, and T € ThFam(J). Let, also, T’ = C(«(T)) € ThFam(J). We
have that T < o~ '(T’), whence, since J is N-protoalgebraic, QN (T) <
QN(a~1(T’)). Therefore, by the hypothesis, QN(T) < o 1(QN(T")),
which proves that

a(QN(T)) < QMN(T) = QMN(C(«(T))). o

Theorem [16| shows that, if a m-institution has an N-equivalence system,
then its N-Leibniz operator is monotone on theory families and “commutes
with inverse translations". Unlike the situation in the sentential logic frame-
work, where these two conditions characterize those logics possessing a system
of equivalence formulas, it does not seem to be the case for m-institutions that
Condition 1 above is equivalent with Condition 3 or Condition 4. Therefore, it
may be appropriate in this case to introduce the following two terms for classes
of m-institutions.

DEFINITION 17 Let J = (Sign, SEN, C) be a m-institution, with N a category
of natural transformations on SEN.

* J is said to be syntactically N-equivalential if there exists an N-
equivalence system E for J.

* Jis said to be semantically N-equivalential if it is N-protoalgebraic
and, for every (N, N)-logical morphism (F, o) : J)-°“J, with F surjective,

“TNmM) =N« '(T)), forall T € ThFam(J).
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With Definition 17} the following illustrates the two-step hierarchy estab-
lished by Theorem

Syntactically N-Equivalential

Semantically N-Equivalential

In closing this section, it is now shown that, modulo some cardinality re-
strictions, syntactic N-equivalentiality implies the continuity of the N-Leibniz
operator on theory families.

Given a 7-institution J = (Sign, SEN, C), with N a category of natural
transformations on SEN, the N-Leibniz operator QN is said to be
p-continuous on the theory families ThFam (J) of J, for some infinite reg-
ular cardinal y, if, for every p-directed collection {T' : i € I} of theory families
of J, such that ;c; T' = {U;c; Tt Jrejsign) is also a theory family of J,

oN (U Ti> =JaoN ().

iel iel
THEOREM 18 LetJ = (Sign, SEN, C) be a m-institution, such that

max{|Sign|, max {Sign(Z,—)}} <wn, €))
> €|Sign|
for some infinite regular cardinal y, and N a category of natural transformations on

SEN. IfJ has an N-equivalence system €, with [E| < W, then QN is u-continuous on
ThFam (7).

Proof: Suppose that E, with |E| < p, is an N-equivalence system for J and that
{T': 1 € T} is a p-directed collection of theory families of J, such that J;o; T
is also a theory family of J. By Theorem 9} J is N-protoalgebraic, whence QN
is monotone on theory families and this immediately yields that QN (T!) <
QN (Uier TY), for all i € I, which shows that J;c; Q™ (TY) < QN (Ui TY).

For the reverse inclusion, suppose that £ € [Sign|, ¢, € SEN (Z), such
that (¢, ) € QF (Uie; T'). Hence, we obtain, by Theorem that (¢, V) €
Ex (Uier TY), ie., that

(vf) (EZ/ (SEN(f)? (6,w)) < UTE) -

iel

Since [E| < p and Inequality (3) holds, there exists, by the p-directedness of
{Tt:ie1),ani € I, such that

(v) (Ex/ (SEN(£)2 (¢, 9)) € TE).
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Therefore, (¢,p) € Ex (TY) = QfF (T') and, hence, folb (Uier TY) €
Uier QF (TY). £ € [sign| being arbitrary, this shows that QN (Ui T') <
Uier QN (TY) and, therefore, QN (Uier TY) = Uier QN (TY). Thus QN is in-
deed p-continuous on the theory families of J. O

Combining Theorem [18| with Theorem 0] we immediately obtain
THEOREM 19 LetJ = (Sign, SEN, C) be a mv-institution, such that

max{|Sign|, max {Sign(Z,—)}} <y,
> €|Sign|
for some infinite regular cardinal \, and N a category of natural transformations on
SEN. Suppose that I’ = (Sign’,SEN’ C’), with N’ a category of natural transfor-
mations on SEN', is an (N, N')-model of J via a surjective (N, N')-logical morphism
(F, o) = 959", If J bas an N-equivalence system €, with [E| < y, then QN is p-
continuous on ThFam (J7).

§  N-MATRIX SYSTEMS

Given a functor SEN : Sign — Set, with N a category of natural transforma-
tions on SEN, an N-matrix system ((SEN’ (F «)),T’) for SEN consists of a
functor SEN' : Sign’ — Set, with N’ a category of natural transformations on
SEN’, and a surjective (N, N’)-epimorphic translation (F, &) : SEN —¢ SEN’,
together with an axiom family T’ of SEN’. Given a class X of matrix systems
for SEN, K induces a closure system C¥ on SEN, defined, for all £ € [Sign|,
® U{¢p} C SEN(X), by

¢ € CE (@) iffforall ((SEN',(F,«)),T’) €K, £’ € |Sign|,f € Sign(L,L’),
ox/ (SEN (f) (@) C T4, implies «z/ (SEN (f) (p)) € T,

The last implication will be usually abbreviated in the form
(Vf) (az/ (SEN () (@)) C Ty, = azs (SEN (f) (¢)) € Ty/) .

LEMMA 20 Given a functor SEN : Sign — Set, with N a category of natural trans-

formations on SEN, and a class K of matrix systems for SEN, CX is a closure system on
SEN.

Proof: Suppose that L’ € [Sign|, f € Sign(Z,X’), ® C SEN(X) and ¢ € O.
Then we have, for all <<SEN’, (F, oc)> ,T’> € K, az/ (SEN (f) (®)) C T{, implies
that as/ (SEN (f) (¢)) € T£,. Therefore ¢ € C¥ (@) and C¥ is inflationary.

If £ € [Sign|and ® C ¥ C SEN (X), then, if ¢ € CE (@), we have, for all
((SEN',(F,a)),T’) €K, that

(Vf) (z/ (SEN () (@)) C Ty, implies az/ (SEN () ($)) € Ty/) .
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Therefore, for all £’ € |Sign|, f € Sign(X,%’), we have ay: (SEN (f) (V) C
T{, implies «z/ (SEN (f) (®)) C Ty, which gives a5/ (SEN (f) (¢)) € T{, and,
hence, ¢ € C§ (V). Thus, C¥ is also monotone.

Now suppose that X € |[Sign|, ® U {¢} < SEN(Z), such that
¢ € C¥ (CX (®@)). This means that, for all ((SEN’, (F «)),T’) €K,

(Vf) (s (SEN (f) (C% (®@))) C Ty, implies ox/ (SEN (f) (¢p)) € T3)) .

But then, we have, for all £’ € [Sign|, f € Sign (X, X’), az/ (SEN (f) (®)) C T,
implies, by the definition of C¥, that oy (SEN (f) (C¥ (®))) C T{,, which
yields that oy (SEN (f) (¢)) € T{,, whence ¢ € C§ (@) and C¥ is idempotent.

Finally, suppose X;,X, € |[Sign|, f € Sign(X;,X;) and ® U {¢$p} C
SEN (Z1), such that ¢ € C§ (®). Thus, for all ((SEN' (F,a)),T') €K,

5 f

9 h

ZI
(Vg) (xz/ (SEN (g) (®)) C Ty, implies «s/ (SEN(g) () € Ty/).
Hence, we have, for all £’ € [Sign|, h € Sign (X;,X'),

oz (SEN (h) (SEN (f) (®))) C T4 iff az+ (SEN (hf) (®)) C TL,

implies as/ (SEN (hf) ($)) € T, iff a5/ (SEN (h) (SEN (f) (¢))) € Ty, whence
SEN (f) (¢) € C§, (SEN (f) (®)), and C¥ is also structural. O

Given a 7-institution J = (Sign,SEN, C), with N a category of natural
transformations on SEN, an N-matrix system <<SEN " (F, oc)> T/ > for SEN is

said to be an N-matrix system for Jif C < CH{SEN".(F.e)) 7)) " A class K of
N-matrix systems for a -institution J = (Sign, SEN, C) is said to be strongly
adequate for Jif and only if C = CX.

Given a 7-institution J = (Sign, SEN, C), with N a category of natural
transformations on SEN, the N-Lindenbaum bundle for J is the class L)
of all matrix systems of the form ((SEN, (Isign, 1)), T), with T € ThFam (J),
where by (Isign, 1) : SEN —%¢ SEN is denoted the identity (N, N)-epimorphic
translation. By MtSysN (J) is denoted the class of all N-matrix systems for J.

The following lemma characterizes those N-matrix systems for SEN that
are N-matrix systems for a m-institution J = (Sign, SEN, C).

LEMMA 21 Let J = (Sign,SEN, C) be a m-institution and N a category of natural
transformations on SEN. The N-matrix system ((SEN’, (F, «)) , T’ for SEN is an
N-matrix system for J if and only if, for all . < |Sign|, ® U{$} C SEN (X),

¢ € Cs (D)
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implies for all ¥’ € |Sign|, f € Sign (X, L’)
oy (SEN (f) (©)) C T4, implies x5/ (SEN () ($)) € T

Proof: <<SEN " (F, oc)> ST/ > is an N-matrix system for J if and only if C <
CU((SEN'.(F.e)), T')} if and only if, for all £ € [Sign|, ® U{¢p} C SEN (1),

¢ € Cs (@) implies ¢ € C{Z<<SEN,‘<F’°‘>>’T'>} (@)

if and only if, for all £ € [Sign|, ® U{$} C SEN(X), ¢ € Cx (®) implies, for all
Y’ €|Sign|, f € Sign (X, L),

as (SEN (f) (@) C Ty, implies s/ (SEN (f) (¢p)) € Ty O

It is not very difficult to see that both L) and MtSys™ (J) are strongly
adequate classes of N-matrix systems for J.

PROPOSITION 22 Given a m-institution I = (Sign, SEN, C), with N a category of
natural transformations on SEN, both its N-Lindenbaum bundle LY and the collection
of all N-matrix systems MtSys™ (J) are strongly adequate for J.

We revisit now Theorem [11]in the language of N-matrix systems. We also
prove some further results paralleling some of the matrix preservation theo-
rems for equivalential sentential logics (see {6] and {7D.

Let J = (Sign,SEN, C) be a m-institution, N a category of natural trans-
formations on SEN and E a subcollection of natural transformations SEN? —
SEN in N. The N-matrix system ((SEN’, (F, «)) , T’) for J is said to have the
analytical congruence property relative to E or, more simply, to be E-
analytical if QN'(T’) = E’(T’), where E’ is the collection of natural trans-
formations in N’ corresponding to E via the (N, N’)-epimorphic property. A
class K of N-matrix systems for J is said to be E-analytical if every N-matrix
system in K is E-analytical.

Theorem |11 has the following translation when it is stated in the language
of the N-matrix systems for a 7-institution J.

THEOREM 23 (second version of theorem Let 3 = (Sign,SEN,C)
be a T-institution, N a category of natural transformations on SEN and € a subcollection
of natural transformations SEN* — SEN in N. E is an N-equivalence system for J if
and only if MtSys™ (9) is E-analytical.

Let J = (Sign,SEN, C) be a m-institution and N a category of natural
transformations on SEN. Given two N-matrix systems ((SEN’ (F/ a/)) , T')
and <<SEN”, (F”, oc”>> ,T”> for J, an (N’,N”)-epimorphic translation (F, «) :
SEN’ —%¢ SEN" is said to be a strict translation

<F, (X> . <<SEN/, <F/, OC/>> ,T/> _,se <<SEN”, <FH,(XH>> ,T//>

if:
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* the following triangle commutes and

SEN
<F ,) O/ Ni’, (X”>
SEN F, o) - SEN

» forall € [Sign|, ¢ € SEN (X),

PROPOSITION 24 Let I = (Sign,SEN, C) be a r-institution and N a category of
natural transformations on SEN. Let

O(> . <<SEN/, <F/, OC/>> ,T/> _,se <<SEN”, <FH,(XH>> ,T”>

be a strict translation from the N-matrix system ({(SEN'  (F/, « > T > for J onto the
N-matrix system ((SEN" ( F” Y, T") for 9. Then <<SEN ')y, T") 45 E-
analytical iff ((SEN" (F" o’")) , T"") is E-analytical.

Proof- Tt suffices to show that QN (T’) = E/ (T’) if and only if QN" (T”) =
E” (T"). To do this, it is shown, first, that, for all £ € [Sign’|,

ax (Ex (o' (T"))) = Eg(5) (T"),
i.e., that for all £ € [Sign’|, ¢, € SEN (X’),
(b, ) € Ex (ocf] (T") iff (os (), ox () € Eg(z) (T"”). )

We have
(0, ) € Ex (o (T”))
iff (vf) (EL, (SEN'( )) (T,/ ))
iff  (vf) (ozr (Ef (SEN 2 (¢, )CT” )
iff (V) (E 2 (o) (SEN ()2 (¢ ,¢))) cTy )
i (v1) (Ef, SEN”( F(R)° (e (), (w)))gmz,))
iff (o (¢ z(¢)>eE;’(z) (T").

Suppose, now, that QN (T’) = E/(T’). Then we have, for all £ € |Sign’|,
¢, € SEN' (%),

(s (¢), s (W) € Of5) (T”)
iff (P, V) € oy (QN” (")
iff (¢, ) € QY (T (T”)) (by Lemma 5.21 of [27)
iff ($,P) € Ef (a1 (T”)) (by the hypothesis)
ift (os (¢), s (P)) € Efiy) (T”)  (by the Equiv. ().
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Since (F, ) is surjective, we obtain that QN (T = e (T").
Suppose, conversely, that QN"(T”) = E”(T"). Then we have, for all £ €
[Sign’|, ¢, € SEN' (L),

(¢, 0) € QY (T) iff (d, ) € OF (o )
ift (b, V) € ay < T”)) (by Lemma 5.21 of {27}
iff (s (), oz () € QN” (T")
iff (as (d),as (W) ) € E” T”) (by the hypothesis)
iff (o,V) € Ez (o T” ) (by the Equivalence (4))
it (¢, ) € Ex(T'). O
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