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Abstract: Some, but not all, closed terms of the lambda calculus have
types; these types are exactly the theorems of intuitionistic implicational
logic. An extension of these simple (—) types to intersection (or —/\)
types allows all closed lambda terms to have types. The corresponding
—/\ logic, related to the Meyer—Routley minimal logic B* (without V),
is weaker than the —/\ fragment of intuitionistic logic. In this paper we
provide an introduction to the above work and also determine the —/A
logics that correspond to certain interesting subsystems of the full =A

type theory.

1 SimpLE TyreED LaMBDA CALCULUS

In standard mathematical notation “f : o« — 3” stands for “f is a function from

«»

o into 3.” If we interpret “:” as “c” we have the rule:
fra—p t:ax
f(t): B

This is one of the formation rules of typed lambda calculus, except that there
we write ft instead of f(t). In A-calculus, Ax.M represents the function f such
that fx = M. This makes the following rule a natural one:

x: o

M: B
MXM:x—fp

We now set up the A-terms and their types more formally.
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DeriNITION T (A-TERMS)

1. If x is a variable, x is a A-term.
2. If M and N are A-terms so is (MN) (APPLICATION).

3. If M is a A-term and x a variable, Ax.M is a A-term. (\-ABSTRACTION).

DEeriNiTION 2 (FREE AND BOUND VARIABLES) Any occurrence of a variable
x in a subterm Ax.N of M is a BOUND occurrence. Any occurrence of X in
M that is not bound is a FREE occurrence. FV(M) is the set of free variables
occurring in M. If FV(M) = (), M is said to be CLOSED.

DeriNiTION 3 (— TYPES)

I. a,b,c,... are ATOMIC TYPES.

2. If ¢ and {3 are types, then so is (0« — ). (¢ — [3) is an ARROW TYPE.

DeriNiTION 4 (TYPE AssiGNMENTS, CONTEXTS) If M is a A-term and « a
type, M : ®is a TYPE ASSIGNMENT. A CONTEXT is a set of type assignments
where the terms are distinct variables. Contexts are denoted by A, A’ Ay A, . ..

DEeriNiTION § (THE TYPE ASSIGNMENT SYSTEM TA)) — types are assigned
to A-terms as follows:

(VAR) Ax:obFx:a
AFM:a0—p AFN:«x
(—E)
AFMN:B
Ax:aFM:pB
(—1)

AFAMXM:x— B

We will sometimes write “-)” for the relation I~ of this system, to distinguish
it from other consequence relations.

DEeriNITION 6 (REDUCTION, NORMAL FORM) A-terms REDUCE when parts
are replaced as follows:

(B) (A.M)N > [N/x]M
(M) Ax.Mx > M Gf x € FV(M)).

A A-term, no part of which can be reduced by () or (1), is said to be in
STRONG NORMAL FORM. If a term can be reduced to a term in strong nor-
mal form it is said to HAVE STRONG NORMAL FORM.

(For more details on the A-calculus see Hindley and Seldin {11}.)
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ExampLE 7 Consider contexts A = {x:a,y:a—a—b,z:(a—b)—c}
and A’ ={y:a—a—b,z:(a—b) = c}. We have the following type as-
signment:

AFx:a AFy:a—a—b

(—E)
AFyx:a—b AFx:a
(—E)
AFyxx:b
(—=1)
A'Fz:(a—=b)—=c A'FAxyxx:a—b
(—E)
A" z(Axyxx) 1 ¢
(—1)
y:a—a—bkFAzz(Axyxx): ((a—=b)—c)—c
(—=1)

FAyAzz(Axyxx):(a—a—b)— ((a—b)—¢c)—c

‘We note that, looking only at the types in the above type assignment, we have
a natural deduction style proof of a theorem of the intuitionistic implicational
logic H_,. The final term Ay.Az.z(Ax.yxx) is a very compact representation of
the whole proof. Each application represents a modus ponens step and each
A-abstraction a use of the — introduction rule.

This applies in general:

TaHEOREM 8 (EQUIVALENCE OF TA) AND H_,)
(HM)I_)\MZOC & |_H~>O(

(For details on TA,, see Hindley {10].)

2 INTERSECTION TYPES

There are closed terms that do not have a simple type. For example, for the
term Ax.xx to have a type, we must have x : o« — 3 as well as x : «, which is
impossible in TA .

An intersection type assignment x : (o« — ) /\ oc allows x : o« — 3 as well as
x : « and so xx : 3 and Ax.xx : (o« = ) /A o — (. This is set up formally as
follows:

DeriNiTION 9 (—/\ OR INTERSECTION TYPES)

1. a,b,c,...are TYPES.

2. If a and {3 are types, so are (&« — 3) and (o A\ ).

DeriNiTION 10 (THE TYPE ASSIGNMENT SYSTEM TA)A)
Types are assigned to A-terms by (Var), (=E), (—]) and the following rules:

AFM:ax AFM:f3 AFM:aAB AFM:aAPB

(AI) -  —— (A\}E)
AFM:aAPB AFM:« AFEM:B
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AFAx.Mx:
AFM:«

We will sometimes write “b3A” for the - of this system.

x FV(M)  (n)

ExamprLE 11 Let A ={x: (a = b) A (a — c),y : a}. We have the following
type assignment:

AFx:(a—=b)A(a—c) AFx:(a—=b)A(a—c)

(AE) (AE)
AFx:a—Db AFy:a AFx:a—c AFy:a
(—E) (—E)
AFxy:b AFxy:c
(AD)
AFxy:bAc
(—=I)
x:(a—=b)Ala—c)FAyxy:a—bAc
m)
x:(a—=b)Ala—c)Fx:a—bAc
(—=1)

FAxx:(a—b)A(a—c)—a—bAc

The —/A\ type theory was first introduced by Coppo and Dezani {5}. A useful
survey article is Hindley {9].

An alternative formulation of TA)A replaces (/AE) and (1) by
AFM:ax oa<f
AFM:B

(<)

where < is a binary relation over types given by:

DEerINITION 12 (X)

Ax10MS RuLEks

Lx<a .0<P&pB <Y = a<ly
2.aN\Pp <« 6.x<P&a<y = a<pBAYy
3.aNAB <P 7270<P&c<T=>pB o0 ax—>T

4. (x = B)A(ox = v) < (o — BAY)

The standard (but equivalent) formulation replaces rule 6 by
x<aAa and
x<B&E<Y = aAS<BAY.
We can define = by
DeriNiTIONTI3 (=) a=Risa<f & B < a.

The commutative and associative properties for /\ are easy to prove.
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3 BY tHE <-LOGIC

Meyer realised that the <-postulates relate to his and Routley’s minimal rele-
vance logic B {13, 14].

DEeFINITION 14 THE LoGIc BT (wiTHOUT V)

Axioms

ar. Foa—

2. FaAp—-o«

a3. FaAP—=p

ag4. F(la—=PB)A(x—7v) = (x— BAY)

RuLEs

(—=E) a—pB,a =P

(A o, = AP
SUFFIXING a—p = (p—=v)—Dax—y
PREFIXING B —Y = (a2 B)—a—y

We will sometimes write “-pg+” for the I- of this system.

TueoreM 15 (EQUIVALENCE OF < AND B™)

1. If « < thenkg+ ax— B.

2. If Fg+ o then there are o and B where o = (7 — B1) A A(otn — Pn)
and for each i, oy < Bi.

Proor Venneri [15], Theorem 4.5. #

Theorem 16 below, which is proved in {2], provides us with a decision proce-
dure for B™.

TuEOREM 16 (DECISION PROCEDURE FOR B™)

o < {3 if and only if « is some intersection of atomic types ar,...,an and
arrow types (o1 — Y1),..., (&m — Ym) and (3 is some intersection of atomic
types by,..., by and arrow types (31 — 81),...,(Be — d¢) such that, (i)
{bq1,---, by} C {ai,...,an} and (i) for each i where 1 < i < e, there are
i1,...,)r € {1,---, m} where o, /\"'/\O(jr > Biandyj] /\'-'/\’Yjr < &;.

ExamprLE 17 The following formula is a theorem of B™

(la—=b)A(a—c)— (a—=bAC)A
[aABAgA(aAb—=c)A(c—a)A(a—e)—
aA(cANaAb—eANAa)A(aANdAb—e)A(aAb— c)]

since (a > b)A(a—c)<a—bAcandaAdAgA(aAb—=c)A(c—
a)A(a—e)<aA(cANaAb—oseAa)A(aANdAb—e)A(aAb —c),
so the result follows by Theorems 15 and 16.
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4 TaE Locic or TA A

As the types of TA) were theorems of H_,, a natural question arises: What log-
ical system is represented by the types of TAyA? This question was answered
for a combinatory logic version TA A of TAya by Venneri {16} and thus, it was
implicitly answered for TA)A using translations to and from A-terms to combi-
natory terms {1,2}.

DerINITION 18 (COMBINATORY TERMS)

1. S, K, | and variables are combinatory terms.

2. If X and Y are combinatory terms so is (XY) (APPLICATION).

Given a A-term M we can find a corresponding combinatory term My and,
conversely, for each combinatory term X there is a A-term X,. The process of
finding My relies on the presence of a bracket abstraction operator A*.

DeriNiTION 19 (H AND A)

Given A*, a bracket abstraction operator, the maps H from A-terms to combi-
natory terms, and A from combinatory terms to A terms are defined as follows:

A-TERMS TO COMBINATORS COMBINATORS TO A-TERMS

XA = X
XH = X Kn = Axy.x
Ax.M)yg = A*x.My Sa = Axyz.xz(yz)
(MN)p = (MpNp) h = Axx
(XY)a = Xi\Ya

The details of the abstraction operator A* need not concern us here. The rel-
evant requirement for a bracket abstraction operator is that it makes available
the following equivalence.

TaEOREM 20 If M is a A-term, My = M.

Proor Curry and Feys {7} or Dezani and Hindley {8]. i

The following is one of Venneri’s equivalent type assignment systems for com-
binatory logic {16} that is best suited to our purposes:

DeriniTION 21 (THE TYPE ASSIGNMENT SYSTEM TA’,)

Axioms RuLrEs
AF i — o (var), (—E),
AFK:a—=pB >« (<) and
AF*S: (= P —>vy)— (Al-s)

(g = B) = o1 Aoy =y
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where the new rule (AI-s) is
AF*X:a B=s(a) FV(X)=0
AF*X:aAP

where where s(«) is a substitution instance of .

The Venneri Hilbert-style logic, which we call V, that corresponds to this is:

DEeriNITION 22 (THE LOoGIiCc V)

Ax1oMms

ar. Foa— «
a2. Fa—op—-o«
3. Fla—=pR—-ovy)2(a—=B)—>oa—y

RuLEs

(suB-/A\) Any finite intersection of instances
of the same axiom is a theorem of V.

AFoa—pf AF«

(mP)
AP
Fpr a =B AFa
(RMP)
AFP

Here A is a set of formulas (or types) rather than a context.

The F defined here will sometimes be written as “-.” Venneri then proves:

TueorEM 23 (IX)H* X: a0 &Fy o
Note that this logic does not have (and cannot have) the full strength AI rule:

Ao AFP
AF AP

and that the < rule is replaced using the Routley—Meyer logic B*.

We also have the following connection between -, and F*:

THueEOREM 24 (EQUIVALENCE OF ) AND %)

O HX:a & F Xy a

) FaM:ax & F*My: o

Proor By Venneri {16} Theorem 2.13 and Remark 2.14 and Dezani and Hind-
ley {81 Theorem 3.11. Part (i) of the latter theorem gives (i) above and part (ii)
gives (ii). i
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Theorem 24 shows that the logic V is also the logic of the types of TA)A.
In {2] we proposed a A-calculus version of Definition 21, TA} 1, from which

a natural deduction style logic for TA A can be derived. This, of course, will be
equivalent to V.

DerFINITION 25 (THE system TA), 1)

(vAR) Ax:alH x:a
Ax:aFH M:B
AF MXxM:a— B

AHM:x—=p AF N:«x

A MN: B
AHM:x s(A)=A
AF M:aAs(x)
AHFM:x a<p
AF M:p

(—1)

(—E)

(AI-s’)

(RMP)

From this we define the corresponding natural deduction style logic.

DEeriNITION 26 (THE LoGgIic V)

(VAR) Aok o
A
(—1) Aarb
AFoa—p
AFa—p A«
(—E)
AFPB
AFa s(A)=A
(AI-s")
AF o As(x)
AFa Fpra—p
(rRMP)
A B

The - defined here will sometimes be written “F.” We show in [2} that:

THEOREM 27 (IM)A ), M:ax & (IM)A '_/M M:ax & ANy o &
A’ Hv o, where A’ is A with the ‘x; s deleted.
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5 INTERMEDIATE TYPE SYSTEMS

Urzyczyn has shown in [15] that, given a A and «, it is not decidable whether
there is a term M such that A = M : . Kurata and Takahashi {12} have shown
that this property is decidable when the rule (AI) (or (AI-s) is omitted. The
question arises what happens when other rules such as (AE), (<) or (1) are

omitted, as well as, or instead of (AI)? This question is tackled in another
paper {4]. What was needed first was an answer to the question: how many
different intermediate systems are there?

DEerFINITION 28 (=1)

If A and B are type systems, then A =1 B if and only if
VA, a, M)(AFAM:ax & AFgM: «x)

Systems with equivalent “inhabitation properties,” and so equivalent logics, are
given by a different kind of equivalence:

DEFINITION 29 (=)

If A and B are type systems, then A =, B if and only if
VA, )[(MJAFA M1« & (IM)AFg M : of
It is these distinct systems that we are interested in here.

TueoreM 30 The type systems in each of the following sets, denoted by the
rules they have in addition to (vaR), (—I) and (—E) are ~1-equivalent:

) + (n) + (AE),
Al + (<), (AI) +
<

(<
)+ (AE) + (), (<)

I.

(AD) + (<) + (AR),
)+ (AE) + ()

(A

(
2.
3. (AE)+ (M)
4. (AD)+ (AE)
5. (AD)+(n)
6. (AI)
7. (AE)

The systems, denoted by 1 to 8, are related as in the first graph in Figure 1,
with downward lines leading from stronger to weaker systems, and systems not
connected by downward lines in either direction (such as 2 and §, 3 and §, 3 and
4 etc.) are independent.

Proor Bunder [3] Theorems 2.3, 7.1 and 7.2. i
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8 8

Figure 1: Systems under ~1 and ~;, respectively

TueOREM 31 The systems in the sets 1 to 8 in Theorem 30 satisfy: 1 ~; 4,
3 =~ 7 and 5 =, 6. These are related, with notation as in Theorem 30, in the
second graph in Figure 1.

Proor Bunder [3] Theorems 2.3, 7.1 and 7.2. i

6 THE LoGics OF THE INTERMEDIATE SYSTEMS

TueoREM 32 The type systems having (var), (—1I), (—E) and either () (AI)+
(m) + (AE), (i) (AT) + (<), Gid) (AL + (<) + (AR), (v) (AL) + (<) + (AE) + (1)
or (v) (AI)+ (AE) (i.e. those labelled 1. and 4. in Theorem 30) have the Venneri
logic V or V'.

Proor Immediate, by way of Theorems 31 and 27. g

TueoreM 33 The type systems having (var), (—I) and (—E) (with, or with-
out (1)) has the logic H_,, but with formulas that may involve A.

Proor Obvious. g

TuroreM 34 The type theory based on (var), (—1), (—E) and (<) together
with either or both of (AE) and (1) (i. e. system 2 in Theorem 30) has a logic
based on (VAR), (—1I), (—E) and (rMmP).

Proor By an easy induction on the derivation of any A = M : « in the type
theory, and an application of Theorem 15. i

The remaining systems (3 and 7, on the one hand and 5 and 6 on the other) are
~s-equivalent to type systems with restrictions on the rules regarding <.

DEFINITION 35 (<_53 AND <33)

(<_23) is the (<) rule without postulates 2 and 3. (<;3) is the (<) rule with
only postulates 2 and 3.
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TueoREM 36 The type theory based on (var), (—1I), (—=E), (AI) and (1) is
~, equivalent to that based on (vaRr), (—I), (—=E), (AI) and (<5 3).

Proor {3} Corollary 5.5. il

TueoreM 37 The type theory based on (var), (—1), (—E) and (AE) is ~;
equivalent to that based on (vaRr), (— I), (— E) and (<23).

Proor {3} Corollary 5.5. #

To find the logics of types of these systems we need some results concerning
the restricted (<) rules and a weaker version of B*.
DeriniTION 38 (THE LOGIC B7)

The logic B~ has axioms (ar) and (a4) and all the rules of Bt.

LemMma 39 () If x <_,3thentp- & — 3.
() IfFg- octhena = (7 — B1)/A\---A(xn — Pn) and for each i, o <53 PBi.

Proor As for Venneri [16] Theorem 3.4. g

The following lemma (with an obvious proof) is required

LEmMMmA 40 a <3 B if and only if for some vy, either x = B Ay or x =y A B.

Now we can proceed to our final theorems.

TueoreM 41 The type theory based on (var), (—I), (—=E), (AI) and (n)
@i. e. systems 5 and 6 of Theorem 30) has the logic of types V', except with
B replaced by B.

Proor If] as before, we let A’ be A without the ‘x; s we prove by induction
on the derivation of
AFM:«x

in this system,
Ak«

in the given logic. For the type theory we use the system of rules, given in
Theorem 36, that includes (<_; 3). Every proof step taken in the type theory
has an obvious counterpart in the logic. In the case of (<_; 3) this is given by
Lemma 39. i
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THEOREM 42 The type theory based on (vaRr), (—I), (—E), and (AE) has the
logic of types V’, except with (RmP) replaced by, for arbitrary sets of formulas
A:

AFa/NApB — «

AFPAx— «

Proor The proof is as for Theorem 41 except that any use of <, 3 can be
replaced by a use of one of the new axiom schemes. il
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