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1 Introduction

The purpose of this note is to examine a few Henkin-style completeness proofs in the
area of instantial neighbourhood logic (INL). There are two reasons to look at these
constructions. First, while there is a completeness proof given in the paper introducing
INL, van Benthem et al. [13], the provision of a Henkin-style proof was flagged as an open
problem there and it seems not to have been addressed in publication. Whether INL was
strongly complete wasn’t in question and ultimately that isn’t our concern here. We are
interested in what the Henkin-style proof might look like. There is in Wang and Yu [14] a
Henkin-style proof for a system that can represent or simulate INL, but what we will give
here is a direct proof and we will discuss some similarities between the canonical models
in the conclusion.

Second, it is interesting to compare the Henkin constructions of INL to those of other
logics within the same area, namely those connected with “monotonic neighbourhood log-
ics” which are really logics whose operators are predicate liftings for the double covariant
powerset functor ℘2. It was pointed out in van Benthem et al. [13] that the INL modality
is a predicate lifting for ℘2, and we discuss elsewhere that the INL operator is capable
of expressing all the predicate lifting operators for ℘2, but here we want to look at com-
pleteness for some specific languages in that category. We examine specifically the cases
of full INL and, what we show elsewhere is the unary fragment of INL, i.e., this fragment
can express all unary predicate liftings for ℘2.

2 From Monotonic Modal Logic to INL

The setting in which monotonic modal logic is investigated has shifted somewhat in the
past 10 years or so. From a purely set theoretic point of view the models used within the
two contexts or paradigms remain the same. These models,M, are still triples ⟨W,N,V ⟩
consisting of a non-empty set W , a neighbourhood function N ∶W → ℘2(W ) that assigns
to each w ∈ W a set of subsets of W , N(w), which are the neighbourhoods of w, and
a valuation function V ∶ At → ℘(W ) which assigns each atom p ∈ At a set of “worlds”
V (p) at which p is true. The language is propositional usually with one modal operator
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◻. The difference between the two paradigms is really borne by the truth condition for
the ◻ operator. In the classic neighbourhood semantics M,w ⊧ ◻φ iff JφK ∈ N(w).1
But given that truth condition for ◻, in order for ◻ to be monotonic, i.e., if ⊧ φ → θ,
then ⊧ ◻φ → ◻θ,2 requires that N(w) always be closed under supersets. Using the
truth condition M,w ⊧ ◻φ iff ∃X ∈ N(w) such that X ⊆ JφK, however, automatically
generates a monotonic operator. This operator is one that has been used in Lewis’ work
on counterfactuals Lewis [6], evidence logics, e.g., van Benthem et al. [11], Baltag et al.
[1], Ding et al. [2], and non-adjunctive modal logic Nicholson [7]—in the latter work the
dual of that operator is taken as the truth condition for ◻. Other operators along similar
lines are discussed in Pacuit [8].

These additional operators vary the quantifiers both on the neighbourhood and on
the worlds, e.g., ∀X ∈ N(w) and X ∩ JφK ≠ ∅, respectively. Just taking the various
combinations of quantifiers gives rise to four operators:

• ∀X ∈ N(w), X ⊆ JφK

• ∀X ∈ N(w), X ∩ JφK ≠ ∅

• ∃X ∈ N(w) such that X ⊆ JφK

• ∃X ∈ N(w) such that X ∩ JφK ≠ ∅

the third of which is the “automatically monotonic” operator discussed above. We will
introduce our own nomenclature for these operators as follows:

• M,w ⊧ [A]φ iff ∀X ∈ N(w), X ⊆ JφK

• M,w ⊧ ⟨E⟩φ iff ∀X ∈ N(w), X ∩ JφK ≠ ∅

• M,w ⊧ [E]φ iff ∃X ∈ N(w) such that X ⊆ JφK

• M,w ⊧ ⟨A⟩φ iff ∃X ∈ N(w) such that X ∩ JφK ≠ ∅

using the ⟨⟩ notation to indicate that ⟨A⟩φ is ¬[A]¬φ, i.e., ⟨A⟩ is the DeMorgan dual of
[A]. Similarly for [E] and ⟨E⟩. What is interesting is that these operators can all be
defined using particular instances of the INL operator.

The language of INL, LINL, is a propositional language built up from atoms p, q, . . .
with Boolean connectives ¬,→,∨,∧, and the INL operator ◻(ψ1, . . . ψn;α) where the ψi

and α are formulas in LINL. Although a particular arity is given for an INL formula, as
we shall see the truth condition makes it easy to treat it as a variable arity operator like
◻(Ψ;α) where Ψ is a finite subset of LINL, denoted Ψ ⊆ω LINL.

The truth condition for ◻(ψ1, . . . , ψn;α) relative to model M and world w ∈ ∣M∣, its
domain, is as follows:

∃X ∈ N(w) such that X ⊆ JαK & [X ∩ Jψ1K ≠ ∅ & . . . ,X ∩ JψnK ≠ ∅].
1Note that we will use JθK as the set of worlds where θ is true in a model M, i.e., JφKM =

{w ∈W ∶ M,w ⊧ φ}, but leave the model implicit.
2⊧ α iff for allM and all w ∈ ∣M∣,M,w ⊧ α.
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Given that the treatment of the ψis in the truth condition is a large conjunction, we can
simply take {ψ1, . . . , ψn} = Ψ and get an easy treatment of the INL truth condition as:

M,w ⊧ ◻(Ψ;α) iff ∃X ∈ N(w) such that X ⊆ JαK & X ∩ JψK ≠ ∅ ∀ψ ∈ Ψ.

Since a conjunction of zero conjuncts is just The True, the truth condition for ◻(∅;α)
matches that of [E]α. Or one can think of it as: there is an X ∈ N(x) such that X ⊆ JαK
and for all ψ ∈ ∅,X ∩ JψK ≠ ∅. The operator ◻(θ;⊺) has the truth condition: there is an
X ∈ N(x) such that X ⊆ J⊺K and JθK∩X ≠ ∅. This operator can be reduced to: there is an
X ∈ N(x) such that X ∩ JθK ≠ ∅, the ⟨A⟩θ operator. So, ¬ ◻ (¬θ;⊺) is the operator [A]θ,
i.e., for all X ∈ N(x),X ⊆ JθK. Sticking with duals for a moment, the formula ¬ ◻ (∅; θ)
is the “transverse” operator from Nicholson [7]: for all X ∈ N(x), X ∩ JθK ≠ ∅, i.e., the
⟨E⟩θ operator above.

It is straightforward to see that [A] is a normal modal operator, so, it will obey the
rules:

AN if ⊧ φ, then ⊧ [A]φ, and

K ⊧ [A](φ→ θ) → ([A]φ→ [A]θ).

From that it follows that

Adj ⊧ [A](φ ∧ θ) ↔ ([A]φ ∧ [A]θ).

The reason we are highlighting the definability and properties of the [A] operator is that
it plays a very helpful and facilitating role in expressing the properties used below in
the Henkin constructions for INL in section 4. After discussing that, we will return to
discussing more of the unary connectives definable via the INL operator in section 6,
proving completeness of that unary language, and comparing the canonical models that
arise from the various constructions.

3 Axioms and Valid Rules for Full INL

Here we repeat the axiomatization of van Benthem et al. [12].

PL All theorems of Classical Propositional Logic

Mon ◻(ψ1, . . . , ψn;α) → ◻(ψ1 ∨ β1, . . . , ψn ∨ βn;α ∨ γ)

Weak ◻(Ψ;α) → ◻(Ψ′;α) when Ψ′ ⊆ Ψ ⊆ω LINL

Un ◻(ψ1, . . . , ψn;α) → ◻(ψ1 ∧ α, . . . , ψn ∧ α;α)

Lem ◻(Ψ;α) → ◻(Ψ ∪ {γ} ;α) ∨ ◻(Ψ;α ∧ ¬γ)

Bot ¬ ◻ (�;α)

and two rules:

MP If ⊢ φ and ⊢ φ→ ψ, then ⊢ ψ
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RE If ⊢ φ ↔ ψ and ⊢ θ, then ⊢ θ[ψ/φ] where θ[ψ/φ] is the result of replacing zero or
more occurrences of φ with ψ.

The proof system for INL is standard with the only official rules being modus ponens
and RE. The definition of Γ ⊢ φ being the usual derivability of (γ1∧ . . .∧γn) → φ for some
finite subset of Γ. Notions of consistency and maximal consistency are all standard. As
are the notions of proof sets for formulas and sets of formulas, i.e., ∣ψ∣ is the proof-set of
the formula ψ, which is the set of maximally INL-consistent sets which contain ψ.

First we will note a few additional theorems of this system. Recall that we are abbre-
viating ¬ ◻ (¬φ;⊺) by [A]φ, and ◻(∅;φ) by [E]φ.

Lemma 1. The following schema follow from the axioms above:

AMon ⊢ [A](θ1 → θ2) → (¬ ◻ (Ψ; θ2) → ¬ ◻ (Ψ; θ1))

AIN ⊢ [A](θ → β) → ¬ ◻ (¬β; θ)

ACut ⊢ [A](θ → β) → [¬ ◻ (Ψ;β) → (⋀{¬ ◻ (Φ; θ ∧ ¬ψ) ∶ ψ ∈ Ψ} → ¬ ◻ (Φ; θ))]

where Ψ,Φ ⊆ω LINL.

Proof. Observe that the INL modality is monotonic in its final argument, i.e. that ⊢ α → β
implies ◻(Ψ;α) → ◻(Ψ;β) ([13] Lem.4.2,p.125). For AMon, assume [A](θ1 → θ2), i.e. by
definition ¬ ◻ (¬(θ1 → θ2);⊺), which is classically ¬ ◻ (θ1 ∧ ¬θ2;⊺). Now assume ◻(Ψ; θ1).
By [Lem], either ◻(Ψ ∪ {¬θ2} ; θ1) ∨ ◻(Ψ; θ1 ∧ θ2). If ◻(Ψ; θ1 ∧ θ2) were the case, then
monotonicity in the final argument implies ◻(Ψ; θ2), proving AMon by contraposition. So
we need only show that ◻(Ψ∪{¬θ2} ; θ1) is inconsistent with our assumptions. Considering
◻(Ψ ∪ {¬θ2} ; θ1), by [Weak], we have ◻({¬θ2} ; θ1), so ◻(¬θ2; θ1) by definition. By [Un],
we have ◻(θ1∧¬θ2; θ1), and again by monotonicity, since ⊢ θ1 → ⊺, we have ◻(θ1∧¬θ2;⊺),
a contradiction.
For AIN, note that by definition of [A], AIN is equivalent to ◻(¬β; θ) → ◻(θ ∧ ¬β;⊺), so
assume ◻(¬β; θ). By [Un] we have ◻(θ∧¬β; θ), and by monotonicity we have ◻(θ∧¬β;⊺)
as desired.
The proof of ACut is slightly more involved. We must show ¬ ◻ (Φ; θ), assuming each of
the following,

(1) [A](θ → β) (1)

(2) ¬ ◻ (Ψ;β) (2)

(3) ⋀{¬ ◻ (Φ; θ ∧ ¬ψi) ∶ ψi ∈ Ψ} . (3)

Since Ψ is finite, say of size n, we fix an arbitrary order and refer to the elements as
ψ1...ψn ∈ Ψ. By the contraposition of [Weak], (2) implies ¬ ◻ (Φ ∪ {ψ1...ψi} ;β) for every
i ≤ n, and by [AMon] we have ¬ ◻ (Φ ∪ {ψ1...ψi} ; θ), since (1). Now notice that the
following is an instance of (the contrapositive of) [Lem],

¬◻(Φ∪{ψ1...ψn−1}∪{ψn} ; θ)∧¬◻(Φ∪{ψ1...ψn−1} ; θ∧¬ψn) → ¬◻(Φ∪{ψ1...ψn−1} ; θ) (4)

We have ¬ ◻ (Φ ∪ {ψ1...ψn−1} ∪ {ψn} ; θ) by the above argument, since n − 1 ≤ n. The
second conjunct comes from (3) by considering ψi = ψn−1, so one of the conjuncts of (3) is
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¬◻ (Φ; θ ∧¬ψn−1), which by the contrapositive of [Weak] implies ¬◻ (Φ∪ {ψ1...ψn−1} ; θ ∧
¬ψn−1). Given the above instance of [Lem], it follows that ¬ ◻ (Φ ∪ {ψ1...ψn−1} ; θ). We
then need only repeat this procedure n − 1 times, beginning by noting that ¬ ◻ (Φ ∪
{ψ1...ψn−1} ; θ) ↔ ¬◻ (Φ∪ {ψ1...ψn−2} ∪ {ψn−1} ; θ), giving us the first conjunct in another
instance of the [Lem], where the second, i.e., ¬◻(Φ∪{ψ1...ψn−2} ; θ∧¬ψn−1), again follows
from (3) and the contrapositive of [Weak], taking the set {ψ1...ψn−2}, and thus proving
¬ ◻ (Φ ∪ {ψ1...ψn−2} ; θ). Repeating the procedure n − 1 times thus proves ¬ ◻ (Φ; θ) as
desired.

The AMon schema says that the negation of the INL operator is anti-monotonic with
respect to implications that hold for every neighbourhood. Similarly, with AIN, if θ
always implies β for any neighbourhood, then if a neighbourhood is inside of θ it is inside
of β. ACut says that when one is in a neighbourhood throughout which θ is true, and θ
“always” implies β and whenever β is true throughout a neighbourhood, one of the ¬ψ
must also be true throughout the neighbourhood, then whatever follows from each of the
θ ∧ ¬ψ must also follow from θ alone. In effect, one can cut all the formulas in Ψ. A
specific example of ACut when both Φ and Ψ consist of two formulas is

[A](θ → β) → [¬ ◻ (γ, δ;β) → ((¬ ◻ (φ,ψ; θ ∧ ¬δ) ∧ ¬ ◻ (φ,ψ; θ ∧ ¬γ)) → ¬ ◻ (φ,ψ; θ))].

4 Henkin Completeness for full INL

The goal, of course, is to define a canonical model M∗ for INL in which its domain W ∗

is the set of all maximally INL-consistent sets, and for any maximally INL-consistent set
of formulas Γ, a neighbourhood function N∗ such that N∗(Γ) ⊆ ℘(W ∗). The denizens
of N∗(Γ) will be derived from sets of formulas of some description. As is common we
will refer to the set of all maximally consistent sets containing φ as ∣φ∣, and the set of all
maximally consistent sets Γ such that ∆ ⊆ Γ as ∣∆∣. Another way of specifying that is, of
course, ∣∆∣ = ⋂{∣φ∣ ∶ φ ∈∆}. As is well known, ∆ ⊢ φ iff ∣∆∣ ⊆ ∣φ∣.

In the construction of a canonical Henkin-style model in Ding et al. [2] for the logic
which just contains [E], the members of N∗(Γ), correspond to those sets of formulas
∆ that have the characteristic that if ∆ ⊢ φ, then [E]φ ∈ Γ.3 We will call such sets
respectful sets—relative to Γ or just say simply that ∆ respects Γ. In the case of the [E]
language N∗(Γ) = {∣∆∣ ∶∆ respects Γ}. The canonical neighbourhoods of any maximally
INL-consistent Γ, N∗(Γ), can be developed in a similar manner.

For the rest of this section we are considering only the full INL language, LINL.
Given an INL-maximally consistent set Γ, we define the set of formulas A(Γ) to be
{φ ∈ LINL ∶ [A]φ ∈ Γ}. A(Γ) represents all the formulas that are common among all the
neighbourhoods that Γ determines, i.e., all the neighbourhoods in N∗(Γ). It is an easy
exercise to verify that A(Γ) ⊢ φ iff [A]φ ∈ Γ.

To make the truth lemma for INL easily provable, we would want the ∣∆∣ in N∗(Γ) to
obey the following rule: for all Ψ ∪ {α} ⊆ω LINL,

∣∆∣ ⊆ ∣α∣ & ∣ψ∣ ∩ ∣∆∣ ≠ ∅ ∀ψ ∈ Ψ, only if ◻ (Ψ;α) ∈ Γ

3This kind of condition goes back to at least Hansen [3], and is refined in Ding et al. [2] to maximal
filters under certain constraints over the set of formulas which amount to the condition on ∆ just given.
Note, they are not ultrafilters on the set of formulas.
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since its antecedent would be the translation of the truth condition for ◻(Ψ;α) into the
context of this canonical neighbourhood model. We will call sets ∆ with this property,
Γ-faithful. However, taking N∗(Γ) to be the set of all Γ-faithful sets is problematic for
two reasons. First, it is not obvious how to construct such sets when a particular formula
◻(Ψ;α) ∈ Γ. Second, and of more concern, is that the whole language, LINL, is a Γ-faithful
set, which would mean that since ∣LINL∣ = ∅, ∅ ∈ N∗(Γ) for all Γ. To avoid that, we must
choose the sets in a different way and show that those sets are Γ-faithful.

We will relativize the notion of respectfulness to specific INL formulas rather than
a set alone. Let’s suppose that ◻(Ψ;α) ∈ Γ. Then we will say ∆ is ◻(Ψ;α)-respectful
(relative to Γ), when

1. ∆ ⊢ α, and

2. if ∆ ⊢ γ, ◻(Ψ;α ∧ γ) ∈ Γ.

Notice the following facts:

Lemma 2. Suppose ◻(Ψ;α) ∈ Γ where Γ is maximally INL-consistent, and ∆ is ◻(Ψ;α)-
respectful relative to Γ. Then, A(Γ) ∪∆ is ◻(Ψ;α)-respectful.

Proof. Suppose that A(Γ) ∪∆ ⊢ φ. Then there is a finite conjunction of formulas from
∆, ⋀ δ such that A(Γ),⋀ δ ⊢ φ. It then follows that A(Γ), α ∧ ⋀ δ ⊢ α ∧ φ. Thus,
A(Γ) ⊢ (α ∧ ⋀ δ) → (α ∧ φ) by classical logic, so [A]((α ∧ ⋀ δ) → (α ∧ φ)) ∈ Γ. But then
an instance of AMON, replacing the consequent with its contrapositive using RE is

[A]((α ∧⋀ δ) → (α ∧ φ)) → (◻(Ψ;α ∧⋀ δ) → ◻(Ψ;α ∧ φ))

However, since ∆ ⊢ ⋀ δ, and ∆ is assumed to be ◻(Ψ;α)-respectful, ◻(Ψ;α ∧ ⋀ δ) ∈ Γ.
Thus, ◻(Ψ;α ∧ φ) ∈ Γ. Clearly, A(Γ) ∪∆ ⊢ α since ∆ ⊢ α.

Also, {α} is ◻(Ψ;α)-respectful, so A(Γ) ∪ {α} is ◻(Ψ;α)-respectful. What is perhaps
tricker to see is the following:

Lemma 3 (Respect Preservation). If ∆ is ◻(Ψ;α)-respectful (relative to Γ), then provided
A(Γ) ⊆∆, ∆ ⊢ β and ¬ ◻ (Φ;β) ∈ Γ, ∆ ∪ {¬φ} is ◻(Ψ;α)-respectful for some φ ∈ Φ.

Proof. Suppose the conditions hold, but the consequent doesn’t. Then for each φ ∈ Φ,
there is γφ, such that ∆,¬φ ⊢ γφ, but ◻(Ψ;α∧γφ) ∉ Γ. By maximality of Γ, ¬◻(Ψ;α∧γφ) ∈
Γ.

There will also be, by compactness and classical logic, a formula, δβ which is the
conjunction of finitely many formulas from ∆ such that A(Γ), δβ ⊢ β, and for each φ′ ∈ Φ
a formula δφ′ which is a conjunction of formulas from ∆ such that A(Γ), δφ′∧¬φ′ ⊢ γφ′ . Let
δΦ = ⋀{δφ′ ∶ φ′ ∈ Φ}. Thus, by monotonicity of consequence and the deduction theorem,

A(Γ) ⊢ ((α ∧ (δβ ∧ δΦ)) ∧ ¬φ
′) → (α ∧ γφ′)

for each φ′ ∈ Φ. So, again by AMon, ¬ ◻ (Ψ; ((α ∧ δβ ∧ δΦ) ∧ ¬φ′)) ∈ Γ for each φ′ ∈ Φ.
Given that an instance of ACut is:

[A]((α ∧ δβ ∧ δΦ) → β) → [¬ ◻ (Φ;β) → (⋀{¬ ◻ (Ψ; (α ∧ δβ ∧ δΦ) ∧ ¬φ) ∶ φ ∈ Φ} → ¬ ◻ (Ψ; (α ∧ δβ ∧ δΦ)))]
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the fact that A(Γ) ⊢ (α ∧ δβ ∧ δΦ) → β and one of our assumptions is that ¬ ◻ (Φ;β) ∈ Γ
combined with the argument of the previous paragraph means that ¬◻(Ψ; (α∧δβ∧δΦ)) ∈ Γ.
But since all the conjuncts in δβ and δΦ are members of ∆, ∆ ⊢ (δβ ∧ δΦ). And given that
∆ is ◻(Ψ;α)-respectful, ◻(Ψ; (α ∧ δβ ∧ δΦ)) ∈ Γ, making Γ inconsistent. A contradiction.

This characteristic of ◻(Ψ;α)-respectful sets allows us to generate the elements of
N∗(Γ). A maximally ◻(Ψ;α)-respectful set is one such that it can’t be added to without
making it non-◻(Ψ;α)-respectful. So, if ∆ is maximally ◻(Ψ;α)-respectful, then if ∆∪{φ}
is ◻(Ψ;α)-respectful, φ ∈ ∆. From what we noted above, the maximally respectful sets
(relative to Γ) will also contain A(Γ). We just have to make sure such maximal sets exist.
We get that result by Zorn’s lemma.

Lemma 4 (Extension). Suppose ∆ is a ◻(Ψ;α)-respectful set relative to Γ, then it can
be extended to a maximally ◻(Ψ;α)-respectful set relative to Γ.

Proof. Suppose {∆i}i∈I is a chain of ◻(Ψ;α)-respectful sets. Consider ⋃{∆i}i∈I . Com-
pactness of consequence ensures that any disrespect of ◻(Ψ;α) which occurs must happen
within one of the members of the chain, which is impossible by assumption. So ◻(Ψ;α)-
respectfulness it is closed under unions of chains which is the condition for applying
Zorn’s lemma. Hence Zorn’s lemma implies that there are maximal elements extending
any ◻(Ψ;α)-respectful set.

We can now show that maximally ◻(Ψ;α)-respectful sets relative to Γ are Γ-faithful.

Lemma 5 (Respectful to Faithful). Suppose ∆ is a maximally ◻(Ψ;α)-respectful set
relative to Γ, then ∆ is Γ-faithful.

Proof. We will show that ∆ obeys the following condition that is equivalent to Γ-faithfulness:

∣∆∣ ⊆ ∣β∣ & ¬ ◻ (Φ;β) ∈ Γ only if ∃φ ∈ Φ s.t. ∣∆∣ ⊆ ∣¬φ∣.

Suppose that ∣∆∣ ⊆ ∣β∣ and ¬◻(Φ;β) ∈ Γ. Now, since ∆ is ◻(Ψ;α)-respectful, we know
that ∆ ∪A(Γ) is ◻(Ψ;α)-respectful. But since ∆ is maximally ◻(Ψ;α)-respectful, that
means A(Γ) ⊆∆. But that means by Respect Preservation, that for some φ ∈ Φ, ∆∪{¬φ}
is ◻(Ψ;α)-respectful. Again, by the maximal respectfulness of ∆, ¬φ ∈∆. Thus, there is
some φ ∈ Φ such that ∣∆∣ ⊆ ∣¬φ∣.

Finally, we can define the canonical model.

Definition 1. The INL-canonical modelM∗ is the trio ⟨W ∗,N∗, v∗⟩ in which

1. W ∗ is the set of all maximally INL-consistent sets from LINL.

2. for each Γ ∈W ∗, N∗(Γ) = {∣∆∣ ∶∆ is maximally ◻(Ψ;α)-respectful for some ◻ (Ψ;α) ∈ Γ}

3. v∗(p) = ∣p∣ for each atomic sentence p in LINL.

With these results and definitions in place we can prove the truth lemma.

Lemma 6. If θ ∈ LINL, and Γ ∈W ∗, then M∗,Γ ⊧ θ iff θ ∈ Γ.
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Proof. The basis case of the induction is of course thatM∗,Γ ⊧ p iff Γ ∈ v∗(p) = ∣p∣, and
Γ ∈ ∣p∣ iff p ∈ Γ.

Our induction hypothesis that M∗,Γ ⊧ θ′ iff θ′ ∈ Γ for θ′ less complex than θ is
equivalent to saying ∣θ′∣ = Jθ′K∗ = {Γ ∶ M∗,Γ ⊧ θ′}.

The interesting case is just when we consider θ = ◻(Ψ;α). The only if direction
follows by the truth condition for ◻(Ψ;α) and the Respect to Faithful lemma that shows
the elements of N∗(Γ) are Γ-faithful sets.

For the if direction, suppose ◻(Ψ;α) ∈ Γ. Then, we know that A(Γ) ∪ {α} is an
◻(Ψ;α)-respectful set, so it can be extended to a maximal such set, ∆. Clearly, ∣∆∣ ⊆ ∣α∣.
All we have left to show is that that set overlaps all ∣ψ∣ for ψ ∈ Ψ. Suppose that for some
ψ, ∣ψ∣ ∩ ∣∆∣ = ∅. Then, ∆ ⊢ ¬ψ. Since ∆ is ◻(Ψ;α)-respectful, ◻(Ψ;α ∧ ¬ψ) ∈ Γ. Via
Weak, since {ψ} ⊆ Ψ, ◻(ψ;α∧¬ψ) ∈ Γ. But since ⊢ [A]((α∧¬ψ) → ¬ψ)—[A] is a normal
modal operator—by the AIN schema, and RE (replacing ¬¬ψ with ψ to the left of the
‘;’) we have ¬ ◻ (ψ;α ∧ ¬ψ) ∈ Γ, contradicting the consistency of Γ. Thus, there is an
X ∈ N∗(Γ), namely ∣∆∣, such that X ⊆ ∣α∣, and X ∩ ∣ψ∣ ≠ ∅ for all ψ ∈ Ψ. By the induction
hypothesis on ψ and α, since they are less complex than ◻(Ψ;α), there is X ∈ N∗(Γ),
such that X ⊆ JαK∗, and X ∩ JψK∗ ≠ ∅ for all ψ ∈ Ψ, i.e.,M∗,Γ ⊧ ◻(Ψ;α).

Theorem 1 (van Benthem et al. [13]). INL is strongly complete with respect to Instantial
Neighbourhood Structures.

5 Unary INL

We already know there are sublanguages of INL that hold some interest: the language of
just [E] or just ⟨E⟩, for example. But we want to consider the sublanguage of INL in
which the only INL formulas that are allowed are of the form ◻(∅; θ), ◻(⊺; θ), ◻(θ;⊺),
and ◻(θ,¬θ;⊺) for arbitrary θ over this restricted language. This language is interesting
because it allows us to derive a collection of unary connectives for these neighbourhood
frames. We have already seen that ◻(∅; θ) and ◻(θ;⊺) can give us [E] and [A], respec-
tively. The operators ◻(⊺; θ) and ◻(θ,¬θ;⊺) will be less familiar, but quite interesting.

Starting with ◻(⊺; θ), its truth condition is: there is an X ∈ N(x) such that X ⊆ JθK
and X ∩ J⊺K ≠ ∅, i.e., there is a non-empty neighbourhood that is contained in JθK.4 This
is like a non-empty cousin of the usual [E] operator. For that reason we will call it [e]—it
is historically younger than [E], and less trivial. Note, however, that in a language that
just contained [E] the non-empty cousin [e] isn’t definable. ¬[E]� ∧ [E]θ can guarantee
that ∅ is not a neighbourhood and there is a (non-empty) X ∈ N(x) such that X ⊆ JθK,
but that is much stronger than saying just that there is a non-empty neighbourhood
supporting θ, i.e. X ⊆ JθK; ◻(⊺; θ) can be true while ∅ ∈ N(x).

Finally, there is the particular instance of the general form ◻(φ,ψ;γ) which is ◻(θ,¬θ;⊺)
for which the truth condition is: there is an X ∈ N(x) such that X ⊆ J⊺K and X∩JθK ≠ ∅ ≠
J¬θK∩X. Put another way, there is an X ∈ N(x) that overlaps both θ and ¬θ or, perhaps,
there is a neighbourhood that doesn’t decide θ. As an instance of an INL-operator, this
is to be expected. While most unary modal operators don’t say something about both φ
and its negation, there are some that do, e.g., φ is contingent. However, contingency can

4This operator seems to have first appeared in Lewis’ work on counterfactuals, cf. Lewis [6, p. 199].

Australasian Journal of Logic (23:2) 2026, Article no. 3



156

be expressed using the conjunction and a usual Kripkean ◇ operator: ◇φ ∧◇¬φ. If we
take [R]θ to stand for ◻(θ,¬θ;⊺), then [R]θ isn’t reducible to a boolean combination of
unary operators, but, like contingency, is equivalent to [R]¬θ.

We should note that including the [A] is actually redundant; it can be defined using
just [E], [e], and [R]:

[A]ψ ∶= (¬[R]ψ ∧ ⟨e⟩ψ) ∨ (¬[E]⊺ ∨ ([E]� ∧ ¬[e]⊺)

which the reader can check semantically. However, we will include [A] for economy’s sake.
Two things make this restricted language interesting. First is that if one restricts to

just the form of operators described, that means the completeness proof given above goes
outside of the language. Notice that if we want a neighbourhood ∆ that will overlap both
θ and ¬θ, when ◻(θ,¬θ;⊺) ∈ Γ, where Γ is a maximally consistent set of the restricted
language, then we would want to construct a ◻(θ,¬θ;⊺)-respectful set (relative to Γ).
But that requires formulas like ◻(θ,¬θ;β) ∈ Γ. But then Γ would not be contained in the
relevant fragment of LINL, so the method of construction has to change.

Second, this restricted language is expressively complete for all unary predicate liftings
for the double covariant powerset functor. This is not something that we can show in
detail here, as it requires developing a lot of coalgebraic background.5 For this paper we
will stick to discussing Henkin-style completeness constructions for this language.

6 Henkin Completeness for unary INLs

In what follows we will look at the Henkin constructions for each of the unary languages
discussed in the previous section. After which, we will combine the languages and look at
the canonical model for that combined language. To keep the parameters of this unary
language clear, we will define a separate language from LINL for each operator and one
for the whole language of unary INL, LUINL. Each of LEINL, LeINL, and LRINL will be
generated from a set of atoms p ∈At by the following BNFs:

EINL φ ∶= p ∣ ¬φ ∣ (φ ∧ φ) ∣ (φ ∨ φ) ∣ (φ→ φ) ∣ (φ↔ φ) ∣ [E]φ

eINL φ ∶= p ∣ ¬φ ∣ (φ ∧ φ) ∣ (φ ∨ φ) ∣ (φ→ φ) ∣ (φ↔ φ) ∣ [e]φ

RINL φ ∶= p ∣ ¬φ ∣ (φ ∧ φ) ∣ (φ ∨ φ) ∣ (φ→ φ) ∣ (φ↔ φ) ∣ [R]φ

The whole language of LUINL is generated by:

φ ∶= p ∣ ¬φ ∣ (φ ∧ φ) ∣ (φ ∨ φ) ∣ (φ→ φ) ∣ (φ↔ φ) ∣ [E]φ ∣ [e]φ ∣ [R]φ ∣ [A]φ

The abbreviations of ⟨∗⟩ for ∗ ∈ {A,E, e} will be the respective dual operators. Notice
that the [A] operator doesn’t occur in the simpler languages of the [e], [E], and [R]
operators. It is only definable once we have those operators together, so we only include
it in that larger language. � and ⊺ will be defined in the usual way.

5However, the interested reader may check this by a long, but routine, method in coalgebraic modal
logic. Using the method of extracting (unary) predicate liftings for ℘2 (see [5]), they may enumerate
all 16 unary singleton predicate liftings. It then takes only a little work to see that each of these are
definable by [e], [E], [R].
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6.1 Axioms

Next, we will define a Hilbert-style proof system for each of the operators and for the
combined language of UINL. The pure axioms (only involving one kind of connective) for
each of the connectives are as follows6:

• The axiom for [E], i.e., EINL, (AKA EM) is:

⊢ [E](φ ∧ ψ) → [E]φ (Monotonicity for E)

• The axioms for [e], i.e, eINL, are:

⊢ [e](φ ∧ ψ) → [e]φ (Monotonicity for e)

⊢ ¬[e]� (Consistency for e)

• The axioms for [R], i.e., RINL, are:

⊢ ¬[R]� (NR)

⊢ [R]φ↔ [R]¬φ (RR)

⊢ (¬[R]ψ ∧ ¬[R]φ) → ¬[R](φ ∧ ψ) (RRR)

• Each connective ∗ ∈ {E, e,R} obeys the following rule RE∗:

• If ⊢ φ↔ ψ, then ⊢ [∗]φ↔ [∗]ψ.

The axioms for the system UINL are those above and the following:

• All the axioms and rules above, and

• The axioms for [A] are:

⊢ [A](φ ∧ ψ) ↔ ([A]φ ∧ [A]ψ)

⊢ [A]⊺

• If ⊢ φ↔ ψ, then ⊢ [A]φ↔ [A]ψ.

• The axioms for [E] and [e] are:

⊢ [e]φ→ [E]φ (eE)

⊢ ([E]φ ∧ ¬[E]�) → [e]φ (Ee)

• The axioms for [A] and [R]:

⊢ [R]φ→ (¬[A]φ ∧ ⟨A⟩φ) (RAA)

⊢ [A](φ↔ ψ) → ([R]φ↔ [R]ψ) (ARR)

6Note that none of the axioms above has modal depth more than 1, so this is a one-step axiomatization
as discussed in other work on coalgebraic modal logic, cf. Kurz and Rosicky [4], Schröder and Pattinson
[9, 10]
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• The axioms for [E], [e], and [A] are:

⊢ ([E]φ ∧ [A]ψ) → [E](φ ∧ ψ) (EAE)

⊢ ([e]φ ∧ [A]ψ) → [e](φ ∧ ψ) (eAe)

⊢ ¬[e]⊺ → [A]� (eA)

• The axioms for [R], [e], and [E] are:

⊢ (¬[R]φ ∧ [e]ψ) → ([e](ψ ∧ ¬φ) ∨ [e](ψ ∧ φ)) (Ree)

• The axioms for [R], [E], [e], and [A] are:

⊢ ¬[R]φ→ ((⟨A⟩φ ∧ [A]ψ) → [e](φ ∧ ψ)) (RAe)

We will take a moment to notice some important consequences. First, notice that
([A]φ∧[E]⊺) → [E]φ is essentially a special case of ([E]φ∧[A]ψ) → [E](φ∧ψ). Further-
more, both [e] and [E] are monotonic operators. Also note that (⟨e⟩φ ∧ ¬[A]φ) → [R]φ
which we will refer to as (eAR) is a special case of the contrapositive of RAe which would
also use the equivalence of [R]φ and [R]¬φ. Also notice that from NR, RR, and RE for
[R], if ⊢ φ, then ¬[R]φ (since � is equivalent to ¬⊺, we also have ¬[R]⊺).

Here we will give a justification that RRR, Ree, and RAe are valid for all neighbour-
hood frames.

Lemma 7. RRR, Ree, and RAe are valid for all neighbourhood frames.

Proof. RRR: Suppose that M,w ⊧ ¬[R]φ ∧ ¬[R]ψ. Unpacking that definition, we get
that for all X ∈ N(w), X ⊆ JφK or X ⊆ J¬φK, and for all X ∈ N(w), X ⊆ JψK or X ⊆ J¬ψK.
Let X ∈ N(w). Then, there are four combinations: 1) X ⊆ JφK and X ⊆ JψK, 2) X ⊆ JφK
and X ⊆ J¬ψK, 3) X ⊆ JψK and X ⊆ J¬φK, 4) X ⊆ J¬φK and X ⊆ J¬ψK. If 1), then
X ⊆ Jφ∧ψK. If 2-4, then X ⊆ J¬φK∪ J¬ψK = J¬(φ∧ψ)K. So, for all X ∈ N(w), X ⊆ Jφ∧ψK
or X ⊆ J¬(φ ∧ ψ)K, i.e.,M,w ⊧ ¬[R](φ ∧ ψ).

Ree: If M,w ⊧ ¬[R]φ ∧ [e]ψ, then there is a non-empty neighbourhood of w, X,
that is contained in JψK and each neighbourhood is contained in either JφK or J¬φK, so
X ⊆ JψK ∩ JφK or X ⊆ JψK ∩ J¬φK, i.e.,M,w ⊧ [e](ψ ∧ ¬φ) ∨ [e](ψ ∧ φ).

RAe: If M,w ⊧ ¬[R]φ and M,w ⊧ ⟨A⟩φ ∧ [A]ψ, then all neighbourhoods of w are
contained in one of JφK or J¬φK, and JψK. But there is at least one neighbourhood, X,
that overlaps JφK, so X ⊆ JφK, but then X ⊆ JψK ∩ JφK and it must be non-empty, i.e.,
M,w ⊧ [e](φ ∧ ψ).

6.2 Canonical Models

As in the INL completeness proof, the goal is to ultimately define N∗UINL(Γ), and if we
were to simply select from the definition of N∗ above those sets ∆ that were appropriate
for this case, we would take the ◻(φ,¬φ;⊺)-respectful sets for each ◻(φ,¬φ;⊺) ∈ Γ. But
as we said above, such a Γ would not be contained in the fragment of LINL equivalent to
LUINL. Nevertheless, the relevant condition that the members of N∗UINL(Γ) should meet
is just the specific case of faithfulness for the restricted language, i.e.,
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Definition 2 (Agnostic). Let Γ be a maximally consistent set of UINL sentences. Then
∆ is an agnostic set if and only if:

∀ψ, ∣∆∣ ∩ ∣ψ∣ ≠ ∅ ≠ ∣¬ψ∣ ∩ ∣∆∣ only if [R]ψ ∈ Γ.

This is referred to as being agnostic since if ∆ doesn’t decide ψ, it is agnostic about
it. But as was the case with INL, we will define other sets that will have this property.
It would be wonderfully convenient if N∗UINL(Γ) were simply defined by the union of the
canonical neighbourhood functions for the other operators:

N∗UINL(Γ) = N
∗

EINL(Γ) ∪N
∗

eINL(Γ) ∪N
∗

RINL(Γ)

when those sets on the right hand side of the ‘=’ are defined within the context of the
whole language of UINL. But this is not quite the case. The last neighbourhood function
has to be restricted so that each set used to define it contains A(Γ). We will explain why
later.

6.2.1 Canonical Models for EINL and eINL

As we discussed above, when Γ is a maximally consistent set of sentences EINL sentences,
we say ∆ is E-respectful (of Γ) if and only if:

∀ψ, ∣∆∣ ⊆ ∣ψ∣ only if [E]ψ ∈ Γ.

There will also be the concept of an e-respectful set (relative to Γ) mutatis mutandis to
the definition above.7

Since ∣∆∣ ⊆ ∣ψ∣ is equivalent to ∆ ⊢ ψ, ∣∆∣ ⊆ ∣ψ∣ is compact. The following is an
immediate result of that compactness and Zorn’s lemma as was done for INL, although
one could use a Lindenbaum-type construction.

Lemma 8. If ∆ is a E or e-respectful set, then it can be extended to a maximal such set
with respect to ⊆. Furthermore, maximal “respectful” sets are deductively closed.

Thus, we can give the following definitions for the canonical models of EINL and eINL:

• M∗

EINL = ⟨W
∗

EINL,N
∗

EINL, v
∗

EINL⟩ where

– W ∗

ENIL are the maximmaly consistent EINL sets,

– for Γ ∈W ∗

EINL, N
∗

EINL(Γ) = {∣∆∣ ∶∆ is maximally E-respectful relative to Γ}

– v∗EINL(p) = ∣p∣ ⊆W
∗

EINL for p ∈At.

• M∗

eINL = ⟨W
∗

eINL,N
∗

eINL, v
∗

eINL⟩ where

– W ∗

eNIL are the maximmaly consistent eINL sets,

– for Γ ∈W ∗

eINL, N
∗

eINL(Γ) = {∣∆∣ ∶∆ is maximally e-respectful relative to Γ}

7The completeness proofs for similar languages can be found in Ding et al. [2], those languages include
a universal modality, and what we call an respectful set (relative to Γ) is derived from the idea of a
maximal filter over the set of proof sets used in that paper.
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– v∗eINL(p) = ∣p∣ ⊆W
∗

eINL for p ∈At.

It is also easy to see that in the context of UINL where we have all the interaction
axioms for the operators, e-respectful sets are E-respectful sets, and they will be consis-
tent since ¬[e]� is a theorem, so an inconsistent e-respectful set would require Γ to be
inconsistent. Since [E]� is a consistent formula, it is possible to have an inconsistent and
E-respectful set ∆′, but then its maximal extension will be the set of all formulas, and of
course ∣∆′∣ = ∅. In that case there is just one maximal E-respectful set; that is so even
when one is just in the context of EINL. So, we have the following:

Lemma 9. When Γ is a maximally UINL-consistent set, if ¬[E]� ∈ Γ, then the E-
respectful sets are the same as the e-respectful sets.

Proof. All e-respectful sets are E-respectful by the eE axiom. For the direction assume
¬[E]� ∈ Γ. Suppose ∆ is E-respectful. Then since if ∣∆∣ ⊆ ∣ψ∣, [E]ψ ∈ Γ, it follows by the
Ee axiom that [e]ψ ∈ Γ since ¬[E]� ∈ Γ.

Another important feature of respectful sets which involves reference to the [R]-
operator is the UINL analog of respect preservation:

Lemma 10 (UNIL Respect Preservation). For any maximally UNIL-consistent set Γ, if
¬[R]ψ ∈ Γ, then for any e-respectful set ∆, either ∆ ∪ {ψ} or ∆ ∪ {¬ψ} is e-respectful.

Proof. Suppose that ¬[R]ψ ∈ Γ. For reductio assume neither ∣∆∣ ∪ ∣ψ∣ nor ∣∆∣ ∪ ∣¬ψ∣
is respectful. So there are θ1 and θ2 such that ∆ ∪ {ψ} ⊢ θ1 and ∆ ∪ {¬ψ} ⊢ θ2, but
neither [e]θ1 nor [e]θ2 is in Γ. By compactness there is a finite subset of ∆, ∆′ such that
∆′ ∪{ψ} ⊢ θ1 and ∆′ ∪{¬ψ} ⊢ θ2, so ⊢ [e](⋀∆′ ∧ψ) → [e]θ1 and ⊢ [e](⋀∆′ ∧¬ψ) → [e]θ2
since [e] is a monotonic operator (note that ∆′ must be consistent since ∆ is a e-respectful
and ∆′ ⊆ ∆). But (¬[R]ψ ∧ [e](⋀∆′)) → ([e](⋀∆′ ∧ ψ) ∨ [e](⋀∆′ ∧ ¬ψ)) is an instance
of (Ree), which implies that at least one of [e](⋀∆′ ∧ψ) or [e](⋀∆′ ∧¬ψ) is in Γ, which
means that at least one of [e]θ1 or [e]θ2 is in Γ, a contradiction.

Almost immediately we can get the following:

Corollary 1. If Γ is maximally UINL-consistent, then maximally E- and e-respectful sets
relative to Γ are agnostic.

Proof. Suppose ¬[R]φ ∈ Γ, we wish to show that if ∆ is maximally either E- or e-respectful
relative to Γ, then ∆ is agnostic. We will show that in either case ∆ contains either φ or
¬φ; this property is just the contrapositive of the agnostic property since ¬[R]φ ∈ Γ iff
[R]φ ∉ Γ. Suppose that ∆ is E-respectful. If [E]� ∈ Γ, then there is only one maximally
E-respectful set, namely LUNIL, and ∣∆∣ = ∣LUINL∣ = ∅, so trivially, ∣∆∣ ⊆ ∣¬φ∣ or ∣∆∣ ⊆ ∣φ∣.
If ¬[E]� ∈ Γ, then the E-respectful sets are the same as the e-respectful sets so the
maximally e-respectful case will work for both kinds of maximally respectful sets. Since
∆ is maximally e-respectful that means at least one of ∆∪{φ} or ∆∪{¬φ} is e-respectful
by the lemma above, so by maximality, one of φ or ¬φ is in ∆ already.
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While the E and e-respectful sets are agnostic, it is not clear that those are all that are
needed in the UINL setting. It doesn’t seem to be the case that being, say, an e-respectful
set guarantees that it overlaps both φ and ¬φ when [R]φ ∈ Γ. It isn’t even particularly
clear that one can create a maximally e-respectful set that would provide that property.
So we need an additional kind of respectful set. For that, we will turn to defining the
canonical models for RINL.

6.2.2 Canonical Models for RINL

First, we have the respectful sets or RINL.

Definition 3. Suppose Γ is a maximally RINL-consistent set of formulas. Then ∆ is an
R-respectful set (relative to Γ) iff:

1. ∆ is RINL-consistent, and

2. ∆ ⊆ {θ ∶ ¬[R]θ ∈ Γ}.

Again, any R-respectful set will have maximal extensions since consequence is com-
pact. When ∆ is maximally R-respectful relative to a maximally RINL-consistent set Γ,
if φ ∉ ∆, then either [R]φ ∈ Γ or ∆ ∪ {φ} ⊢ �. We can then give the definition of the
canonical RINL model.

• M∗

RINL = ⟨W
∗

RINL,N
∗

RINL, v
∗

RINL⟩ where

– W ∗

RNIL are the maximally RINL-consistent sets,

– for Γ ∈W ∗

RINL, N
∗

RINL(Γ) = {∣∆∣ ∶∆ is maximally R-respectful relative to Γ}

– v∗RINL(p) = ∣p∣ ⊆W
∗

RINL for p ∈At.

Now consider the set Φ = {¬θ ∈ LRINL ∶ θ ⊢ φ or θ ⊢ ¬φ}∩ {θ ∶ ¬[R]θ ∈ Γ} where Γ is a
maximally RINL consistent set and [R]φ ∈ Γ.

Lemma 11 (R-Extension). If Γ is maximally RINL-consistent set, and [R]φ ∈ Γ, then Φ
as defined above is R-respectful.

Proof. By definition, Φ ⊆ {θ ∶ ¬[R]θ ∈ Γ} by the RR axiom, so it satisfies one condition
on being R-respectful.

First, we note that ⊬ φ and ⊬ ¬φ. If either of those held, then ⊢ ¬[R]φ, so ¬[R]φ ∈ Γ
by maximality, so Γ would be RINL-inconsistent contrary to assumption.

Claim: Φ ⊬ �. If it did, there would be some finite conjunction of ¬θ from Φ such
that ⋀¬θ ⊢ �. There are three options: 1) all θ are such that θ ⊢ φ, 2) all θ are such that
θ ⊢ ¬φ, or 3), there are some of each. In either of the first two cases it would follow that
⊢ ⋁ θ, but then either ⊢ φ or ⊢ ¬φ which we have already concluded are not the case. So
suppose there are some of each kind of θ. Refer to the θ that prove φ as θ∗ and those that
prove ¬φ as θ̄. Our assumption can now be expressed as ⋀¬θ̄ ∧ ⋀¬θ∗ ⊢ � which implies
that ⋀¬θ̄ ⊢ ⋁ θ∗, so ⋀¬θ̄ ⊢ φ since each of the θ∗ prove φ. But for each of the θ̄, θ̄ ⊢ ¬φ,
so φ ⊢ ⋀¬θ̄. Thus, ⊢ φ↔ ⋀¬θ̄. So, by RE for [R], [R]φ↔ [R]⋀¬θ̄ ∈ Γ, but since each
of the ¬[R]¬θ̄ ∈ Γ, by multiple applications of RRR, ¬[R]⋀¬θ̄ ∈ Γ. So, ¬[R]φ would have
to be in Γ making Γ inconsistent.

Australasian Journal of Logic (23:2) 2026, Article no. 3



162

Now, since Φ is R-respectful, it can be extended to a maximally R-respectful set, Φ+.
Such a set will not decide φ. Suppose one Φ+ did. Then there would be a finite set of θ
from Φ+ that together proved one of φ or ¬φ. Say ⋀ θ ⊢ φ. Since for each θ, ¬[R]θ ∈ Γ,
by multiple uses of RRR ¬[R]⋀ θ ∈ Γ. But if Φ+,⋀ θ ⊢ �, then by classical reasoning,
Φ+ would have to be inconsistent with at least one of the θs, which it isn’t. So ⋀ θ ∈ Φ+.
However, since ⋀ θ ⊢ φ and ¬[R]⋀ θ ∈ Γ as we noted above, ¬⋀ θ ∈ Φ. But then Φ+ would
be inconsistent contrary to it being R-respectful.

It is also easy to see that maximal R-respectful sets are agnostic. If ¬[R]φ ∈ Γ and ∆
is maximally R-respectful relative to Γ, then by RR ¬φ ∈ {θ ∶ ¬[R]θ ∈ Γ}. If φ ∈ ∆, then
∣∆∣ ⊆ ∣φ∣. If φ ∉∆, then it must be that ∆∪ {φ} ⊢ �. So ∆ ⊢ ¬φ. Thus, ∣∆∣ ⊆ ∣¬φ∣. Either
way, either ∣∆∣ ⊆ ∣φ∣ or ∣∆∣ ⊆ ∣¬φ∣. So ∆ is agnostic. It is uncomplicated to see now that
R-respectfulness will accomplish the task for RINL.

6.2.3 Canonical Models for UINL

Turning back to UINL, suppose that Γ is a maximally UINL-consistent set. Recall that
we refer to the set {ψ ∶ [A]ψ ∈ Γ} as A(Γ). The set A(Γ) is, in many cases, an R-respectful
set. The contrapositive of the ARR axiom says ([A]φ ∨ [A]¬φ) → ¬[R]φ, which means
A(Γ) ⊆ {θ ∶ ¬[R]θ ∈ Γ}. So, as long as ¬[A]� ∈ Γ, i.e., A(Γ) is consistent, it is R-respectful.
It is because [A]� is UINL-consistent that we can’t simply add N∗RINL(Γ) to the canonical
neighbourhood function to get a canonical frame for UNIL. When [A]� ∈ Γ, there are no
R-respectful sets which are compatible with containing the whole of A(Γ). We will say
more about this choice in the conclusion, but for the moment we have the following
compatibility.

Lemma 12. Suppose that Γ is a maximally UINL-consistent set. Then if ∆ is R-respectful
and A(Γ) ⊆∆, it is e-respectful.

Proof. Suppose that A(Γ)∪∆ ⊢ α, then there is a finite subset of ∆, that we can conjoin
together as ⋀ θ, such that A(Γ),⋀ θ ⊢ α. Then A(Γ) ⊢ ⋀ θ → α. Thus, [A](⋀ θ → α) ∈ Γ.
By, many uses of the RRR axiom, ¬[R]⋀ θ ∈ Γ. Also, by definition of being R-respectful
and being contained in ∆, A(Γ),⋀ θ ⊬ �, so ⟨A⟩⋀ θ ∈ Γ. Since ¬[R]⋀ θ → ((⟨A⟩⋀ θ ∧
[A](⋀ θ → α)) → [e](⋀ θ ∧ (⋀ θ → α)) is an instance of RAe, [e](⋀ θ ∧ (⋀ θ → α)) ∈ Γ, but
[e](⋀ θ ∧ (⋀ θ → α)) is equivalent to [e](⋀ θ ∧ α) and [e] is monotonic, so [e]α ∈ Γ.

Now we can define the canonical structure for UINL:

• M∗

UINL = ⟨W
∗

UINL,N
∗

UINL, v
∗

UINL⟩ where

– W ∗

UNIL are the maximally UINL-consistent sets,

– for Γ ∈W ∗

UINL, N
∗

UINL(Γ) =

N∗EINL(Γ) ∪N
∗

eINL(Γ) ∪ {∣∆∣ ∈ N
∗

RINL(Γ) ∶ A(Γ) ⊆∆}

– v∗UINL(p) = ∣p∣ ⊆W
∗

RINL for p ∈At.

In this definition we are taking the constructions of the sets in the various N∗(Γ) to be
starting from the language LUINL rather than their respective fragments. What we can
then say is that each ∣∆∣ ∈ N∗(Γ) is such that A(Γ) ⊆ ∆ and that it is agnostic. Before
proving the truth lemma for UINL, we will make a final observation.
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Corollary 2. If Γ is a maximally UINL consistent set, then ∅ ∈ N∗UINL(Γ) iff N
∗

EINL(Γ) =
{∅}.

Lemma 13 (Truth Lemma). For all φ ∈ LUINL,M∗

UINL,Γ ⊧ φ iff φ ∈ Γ for all maximally
UINL-consistent sets of sentences Γ.

Proof. We will omit the subscript ‘UINL’. The case for [R] is slightly non-standard. For
the atomic case we need to note that JpK = ∣p∣. The induction hypothesis supposes that
JφK = ∣φ∣. The boolean cases run as per usual.

If [E]φ ∈ Γ or [e]φ ∈ Γ, then {φ} is E or e respectful, so we can create a maximally
respectful extension that proves φ which will be an element of N∗(Γ).

For the converse we will separate the cases. IfM∗,Γ ⊧ [e]φ, then there is a non-empty
element of N∗(Γ), say ∣∆∣, such that ∣∆∣ ⊆ ∣φ∣ by the induction hypothesis. There are three
options, ∆ is either E-respectful, e-respectful, or R-respectful. In the latter two cases we
know that ∆ is e-respectful so [e]φ ∈ Γ. If it is the first case, since ∣∆∣ is non-empty and
E-respectful, then N∗EINL ≠ {∅} by the corollary above, so ¬[E]� ∈ Γ, thus the E- and
e-respectful coincide, so ∆ is e-respectful and [e]φ ∈ Γ.

On the other hand, if M∗,Γ ⊧ [E]φ, then there is ∣∆∣ ∈ N∗(Γ) such that ∣∆∣ ⊆ ∣φ∣.
If [E]� ∈ Γ, then since [E] is monotonic, [E]φ ∈ Γ. If ¬[E]� ∈ Γ, then N∗EINL(Γ) =
N∗eINL(Γ), so whichever part of N∗ ∣∆∣ comes from, it is e-respectful, so it is, in this case,
also E-respectful, thus [E]φ ∈ Γ.

Suppose that [R]φ ∈ Γ. Then by the R-Extension Lemma we can extend Φ as defined
above to an element Φ+ of N∗(Γ) which overlaps both ∣φ∣ and ∣¬φ∣. By induction hypoth-
esis JφK = ∣φ∣. It then follows that J¬φK = ∣¬φ∣ by the usual argument for the negation
case. Thus,M∗,Γ ⊧ [R]φ.

Conversely, supposeM∗,Γ ⊧ [R]φ, so by definition there is ∣∆∣ ∈ N∗(Γ) that overlaps
JφK and J¬φK by induction hypothesis JφK = ∣φ∣, so by the usual argument for the negation
case J¬φK = ∣¬φ∣; thus ∣∆∣ overlaps both ∣φ∣ and ∣¬φ∣. Since all elements of N∗(Γ) are
agnostic, [R]φ ∈ Γ.

Suppose that [A]φ ∈ Γ. If N∗(Γ) is empty, the condition holds trivially. If it isn’t
empty, as we have argued A(Γ) ⊆ ∆ for all ∣∆∣ ∈ N∗(Γ), thus ∣∆∣ ⊆ ∣φ∣ and by induction
hypothesis ∣∆∣ ⊆ JφK. So by definitionM∗,Γ ⊧ [A]φ.

Conversely, suppose M∗,Γ ⊧ [A]φ. If [A]� ∈ Γ, then trivially [A]φ ∈ Γ by the
normality of [A]. So suppose [A]� ∉ Γ. Thus, A(Γ) is consistent, and e-respectful, so it
can be extended to a non-empty ∣∆∣ ∈ N∗(Γ). So there are non-empty members of N∗(Γ)
and in all those cases ∣∆∣ ⊆ JφK by assumption, which by the induction hypothesis means
∣∆∣ ⊆ ∣φ∣. Suppose for reductio that ¬[A]φ ∈ Γ. We wish to show that ⟨e⟩φ ∈ Γ. Assume
that [e]¬φ ∈ Γ. Then we could extend {¬φ} to a maximally e-respectful set ∆ such that
∣∆∣ ⊆ ∣¬φ∣, and ∣∆∣ would be non-empty since it is maximally e-respectful. But by our
supposition ∣∆∣ ⊆ ∣φ∣ which could only be if it were empty. Thus, ⟨e⟩φ ∈ Γ. Given our
supposition for reductio, [R]φ ∈ Γ by the eAR theorem: (⟨e⟩φ ∧ ¬[A]φ) → [R]φ. By the
R-extension Lemma there is a maximally R-respectful set that doesn’t decide φ, call it
Φ+. But then ∣Φ+∣ /⊆ ∣φ∣, contrary to our initial supposition, so [A]φ ∈ Γ.
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7 Conclusion

We will make three comments by way of conclusion. The first is that for each of the
operators e,E,R, the associated canonical model M∗

INL is core complete. What that
means is that the neighborhood functions are core complete sets, i.e., N∗(Γ) for those
canonical models are such that for any Y ∈ N∗(Γ), there is a ⊆-minimal element X ⊆ Y
which is also in N∗(Γ).8 The reason for this, of course, is that the sets from which the
elements of N∗(Γ) are made are maximally respectful. However, in the case of N∗UINL(Γ)
it is slightly more complicated because of the need for the three sets. The issue that comes
up is that the members of N∗RINL(Γ) will not be maximally e-respectful, but since all the
R-respectful sets included will contain A(Γ), they will all be e-respectful, and so will be
contained in the maximally e-respectful sets. So when the empty set is not a member
of the set of neighbourhoods, the core of N∗UNIL(Γ) is its eINL component. So it is core
complete. However, unlike in the other operator cases, the N∗(Γ) for UINL may not be
core reduced.

Second, the logic developed in Wang and Yu [14] uses two operators: one for worlds
and one for neighbourhoods. In the canonical model construction the set A(Γ)—or what
amounts to that set—is explicitly included in all the sets in the neighbourhoods. What
is interesting is that although A(Γ) is also included in the R-respectful sets explicitly for
the UINL canonical model, it is automatically included in the sets for the INL canonical
model. This difference is curious. What occurs in both Wang and Yu [14] and the language
of UINL above is the simulation of, respectively, all and only some INL modalities, using
unary operators. However, it is difficult to offer a really concrete explanation of that
similarity and why it is present in the “simulations” of INL operators but not for the
direct INL construction. Another curious feature is that making reference to the A(Γ)
set in the INL case facilitates the proofs of the results.

Finally, we will comment on why we chose not to make use of the following as the
definition of R-respectfulness: ∆ ⊢ φ, then ¬[R]φ ∈ Γ. This would be coherent with the
other respectfulness conditions, and a maximally R-respectful set would always contain
A(Γ) regardless of whether [A]� is in Γ. But that condition would be at odds with
the UINL-consistency of [A]� ∧ ¬[E]�. As the reader can verify, this formula is true iff
N(w) = ∅. But were [A]�∧¬[E]� ∈ Γ and we used this revised R-respectfulness condition,
∅ ∈ N∗UINL(Γ). However, the condition we actually used, avoids that result.
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